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ABSTRACT OF THE DISSERTATION

Twisted intertwining operators, tensor products of twisted modules, and their

associativities

By JISHEN DU

Dissertation Director:

Yi-Zhi Huang

In this dissertation, we introduce a notion of twisted intertwining operator, which

generalizes (untwisted) intertwining operators among (untwisted) modules for a ver-

tex operator algebra V to the setting of twisted modules. This notion of twisted in-

tertwining operator does not require that the associated automorphisms commute or

have finite order. We establish the skew-symmetry and contragredient isomorphisms

between spaces of twisted intertwining operators and also prove several properties of

twisted intertwining operators. Using twisted intertwining operators, we introduce a

notion of P (z)-tensor product W1⊠P (z)W2 of two objectsW1 andW2 in a category of

g-twisted V -modules for g in a subgroup G of Aut(V ). We give a set-theoretic con-

struction of the P (z)-tensor product, where the contragredient module W1 P (z)W2 of

W1 ⊠P (z) W2 can be realized as a subspace of (W1 ⊗W2)
∗. We find a criterion for

a linear functional λ ∈ (W1 ⊗W2)
∗ being contained in W1 P (z)W2. Using the set-

theoretic construction and the criterion, we prove that when the category C of twisted

modules satisfies suitable conditions, the associativity for twisted intertwining oper-

ators among objects in C holds. As a result, we construct a family of associativity

isomorphisms for the P (z)-tensor product bifunctors in a suitable sense.
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Preface

Chapters 2-7 of this dissertation have appeared in the published paper [DH], which

is a joint work with the author’s advisor, Prof. Yi-Zhi Huang. Compare to [DH], the

settings and notations in this dissertation are slightly different.
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Chapter 1

Introduction

This dissertation is on the tensor structure of the category of twisted modules for a

vertex operator algebra.

The main results of this dissertation are a construction of P (z)-tensor product

bifunctors, proving the associativity of twisted intertwining operators and a con-

struction of the associativity isomorphisms for the P (z)-tensor product bifunctors.

1.1 The untwisted theory

1.1.1 VOAs and their module categories I: formal calculus

Vertex operator algebras (VOAs) and vertex algebras (VAs) were primarily defined

and studied by Frenkel, Lepowsky, and Meurman and by Borcherds in their studies

of infinite-dimensional Lie algebras and the Monster finite simple group (see [FLM4]

and [B]). (In this dissertation, we would always work with VOAs rather than VAs). In

quantum physics, VOAs arose naturally in the study of 2-dimensional conformal field

theory (CFT) and string theory (see [MS] and [BPZ]). From an algebraic perspective,

the notion of VOA can be viewed as a simultaneous generalization of the notion of

Lie algebra and the notion of commutative associative algebra. The major axiom for



2

VOA is the Jacobi identity, that is, if (V, YV ,1, ω) is a VOA, then for any u, v ∈ V ,

x−1
0 δ

(
x1 − x2
x0

)
YV (u, x1)YV (v, x2)− x−1

0 δ

(
x2 − x1
−x0

)
YV (v, x2)YV (u, x1)

=x−1
1 δ

(
x2 + x0
x1

)
YV (YV (u, x0)v, x2), (1.1)

where x0, x1, x2 are formal variables, δ(x) =
∑

n∈Z x
n is a formal series, and YV (·, x)·

is a linear map V ⊗ V → V [[x, x−1]], called the vertex operator map, satisfying the

lower truncation property, i.e., YV (u, x)v ∈ V ((x)) for any u, v ∈ V (see the full

definition of a VOA in [LL]). the ‘three-variables’ delta functions in (1.1) should be

understood as the following:

δ

(
x1 − x2
x0

)
=
∑
n∈Z

x−n0 (x1 − x2)
n =

∑
n∈Z,k∈N

(
n

k

)
(−1)kx−n0 xn−k1 xk2,

δ

(
−x2 + x1

x0

)
=
∑
n∈Z

x−n0 (−x2 + x1)
n =

∑
n∈Z,k∈N

(
n

k

)
(−1)n−kx−n0 xn−k2 xk1,

δ

(
x2 + x0
x1

)
=
∑
n∈Z

x−n1 (x2 + x0)
n =

∑
n∈Z,k∈N

(
n

k

)
x−n1 xn−k2 xk0.

One should notice that δ
(
x1−x2
x0

)
and δ

(
−x2+x1
x0

)
are two different formal series.

As a generalization of both Lie algebras and commutative associative algebras,

VOAs are expected to—and indeed do—admit a rich and deep representation theory.

The major axiom for an ordinary module (W,YW ) for a VOA V is also the Jacobi

identity for modules, that is, for any u, v ∈ V ,

x−1
0 δ

(
x1 − x2
x0

)
YW (u, x1)YW (v, x2)− x−1

0 δ

(
x2 − x1
−x0

)
YW (v, x2)YW (u, x1)

=x−1
1 δ

(
x2 + x0
x1

)
YW (YV (u, x0)v, x2), (1.2)

where W =
∐

n∈CW(n) is a C-graded vector space over C, and YW : V ⊗ W →

W [[x, x−1]] is a linear map, called the vertex operator map on module, satisfying the
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lower truncation property. (See the full definition of a module for a VOA in [LL]).

For any n ∈ C, the weight space W(n) is the eigenspace of the Virasoro operator

L(0) corresponding to the eigenvalue n. The notion of ordinary module was later

generalized to the notion of generalized module, also known as logarithmic module,

by Lepowsky, Huang, and Zhang (see [HLZ1]). For a generalized module W for a

VOA, the Virasoro operator L(0) only need to be locally finite (i.e. the module can

be written as direct sum of generalized eigenspaces of L(0)), instead of semisimple.

There is the gradation W =
∐

n∈CW[n], where W[n] is the generalized eigenspace of

the Virasoro operator L(0) corresponding to the eigenvalue n. Since in this paper we

would always work with generalized modules, for simplicity, we shall omit the word

‘generalized’ and say ‘module’ as short for generalized module.

It turns out that the category of modules for a VOA is extremely interesting.

Roughly, a nice module category for a VOA has a sophisticated tensor category

structure. We will mention some most important results on the category of modules

for a VOA in the next section.

Now, it is time to mention the most crucial concept which gives birth to the giant

theory on the tensor category structure for VOAs, intertwining operators among

three modules. My favorite slogan of intertwining operator is the following one:

Q: How to define W1 ⊠W2?

A: Define HomV (W1 ⊠W2,W3) for every W3, before we can define W1 ⊠W2.

This is such a universal principle in the spirit of Yoneda’s lemma. In fact, for any

category C, we know that Cop → SetC, a 7→ HomC(a,−) is a fully faithful functor,

where SetC is the category of functors from C to the category of sets. In other words,

knowing a is equivalent to knowing HomC(a,−). Here, one might be reminded of the

saying “The human essence is no abstraction inherent in each single individual. In

its reality it is the ensemble of the social relations.”
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Indeed, intertwining operators bijectively correspond to elements in HomV (W1 ⊠

W2,W3).

Given three V -modules Wi, i = 1, 2, 3, an intertwining operator of type
(

W3

W1W2

)
is

a linear map Y : W1 ⊗W2 → W3{x}[log x] satisfying certain axioms, among which

the most important one is again, the Jacobi identity for intertwining operators, that

is, for any u ∈ V , w1 ∈ W1,

x−1
0 δ

(
x1 − x2
x0

)
YW3(u, x1)Y(w1, x2)− x−1

0 δ

(
x2 − x1
−x0

)
Y(w1, x2)YW2(u, x1)

=x−1
1 δ

(
x2 + x0
x1

)
Y(YW1(u, x0)w1, x2). (1.3)

Here, the codomain of Y is

W3{x}[log x] =

{∑
n∈C

N∑
k=0

wn,k x
n(log x)k

∣∣∣∣∣N ∈ N, wn,k ∈ W3

}
.

Notice that for any VOA V and V -module W , the vertex operators YV and YW are

special intertwining operators of types
(
V
V V

)
and

(
W
VW

)
, respectively.

One thing we should mention here is that intertwining operator is weight-compatible

in the following sense: for any intertwining operator Y of type
(

M
W1W2

)
, write

Y(w1, x)w2 =
∑
n∈C

N∑
k=0

Yn,k(w1)(w2)x
−n−1 log(x)k, (1.4)

where Yn,k(w1) ∈ HomC(W2,W3), then

wt
(
Yn,k(w1)(w2)

)
= wt(w1) + wt(w2)− n− 1,

for any homogeneous w1 ∈ W1, w2 ∈ W2, (1.5)

where wt(w) is the L(0)-eigenvalue (i.e. weight) for an L(0)-generalized eigenvector

w, and ‘homogeneous’ means being an L(0)-generalized eigenvector.
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Jacobi identities for VOAs, modules for a VOA, and intertwining operators are

very power tools for VOA theorists effectively developing many important theorems.

The reason why they are so handy to use is the formal calculus theory, which was

initiated by Frenkel, Lepowsky and Meurman in [FLM4] and further developed by

Frenkel, Huang, and Lepowsky in [FHL]. In formal calculus, the properties of delta

function were very well understood which allows people to do complicated calculation

involving delta function conveniently without actually looking into every monomial in

a formal series. Later, to fit in the setting of generalized module, the formal calculus

theory was generalized to the logarithmic formal calculus theory by Huang, Lep-

owsky, and Zhang at the beginning of their series papers (see Chapter 3 in [HLZ2]).

The notion of a tensor product bifunctor ⊠ on the module category for a VOA

can be immediately written down once we have a suitable definition of intertwining

operator. Given V -modules W1 and W2, consider the following category:

Object: (M,Y), where M is a V -module,

and Y is an intertwining operator of type

(
M

W1W2

)
;

Morphism: Hom
(
(M1,Y1), (M2,Y2)

)
=
{
f ∈ HomV (M1,M2)

∣∣Y2(w, x) =f ◦ Y1(w, x)
}
.

Here, one should naturally extend f : M1 → M2 to a map f : M1{x}[log x] →

M2{x}[log x]. Then, we can have the following definition:

Definition 1.1.1 (/). The tensor product (W1⊠W2,Y⊠) of W1 and W2 is the initial

object in the above category.

In other words, every intertwining operator of type
(

M
W1W2

)
for some module M

factors through the tensor product W1⊠W2 in a unique way. This property uniquely

characterizes W1 ⊠W2, up to an isomorphism in the above category. Moreover, it is

easy to check that −⊠− is a bifunctor.
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It looks really nice. Actually, the module W1 ⊠W2 is indeed isomorphic to the

P (z)-tensor product we have constructed in this work.

However, if what we want is a tensor in the monoidal category sense, then not

only the bifunctor itself, but an associativity isomorphism is needed as well. An

associativity isomorphism is a natural isomorphism from the functor −⊠ (−⊠−) to

the functor (−⊠−)⊠− satisfying a certain pentagon axiom. If one tries to construct

an associativity isomorphism for the tensor product ⊠, since the only tool one can

use is the universal property of ⊠, one would realize that the most reasonable idea is

to consider the following diagram:

W1⊗

(W2 ⊠W3{x23}[log x23])

(W1 ⊠W2{x12}[log x12])

⊗W3

W1 ⊗W2 ⊗W3

W1 ⊠ (W2 ⊠W3)

{x23, x1,23}[log x23, log x1,23]

(W1 ⊠W2)⊠W3

{x12, x12,3}[log x12, log x12,3]
the pushout?

⟲

⟲

f

g

(1.6)

where x12, x12,3, x23, x1,23 are four formal variables. One could try the following strat-

egy: (1) find the pushout; (2) prove that f and g are isomorphism; (3) use g−1 ◦ f to

produce a module map W1 ⊠ (W2 ⊠W3) → (W1 ⊠W2)⊠W3.

The author personally has no idea about how to directly realize the above strategy.

In fact knowing what is actually going on under the complex-analytic viewpoint, one

can see that this strategy is far from feasible. The extremely deep complex geometry

behind - the genus zero part of a CFT (see [H2]) - is perfectly hidden under this

purely formal perspective.
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This difficulty is the reason why one cannot go further without the complex-

analytic viewpoint we would introduce in the next section. Without the complex-

analytic approach, one can define the notions of VOAs, modules, intertwining oper-

ators, and therefore the tensor product bifunctors (Definition 1.1.1). One can also

study individual modules, for example theories on construction of VOAs and modules.

However, one cannot study the associativity of the tensor product.

Therefore, one need to step out of the scope of formal calculus, and begin to use

a complex-analytic perspective, starting from replacing the formal variable x in an

intertwining operator Y(·, x)· by a complex variable z.

1.1.2 VOAs and their module categories II: complex analyt-

icity

Revisiting: the notion of VOAs, modules, and intertwining operators

Continue from the previous subsection, we mentioned that one need to consider

Y(·, z)· where z is a complex variable. Let’s start from the special cases, namely

vertex operators YV for a VOA V , and YW for a V -module W . We first introduce

some notations. For a C-graded vector space W =
∐

n∈CW[n], define

W =
∏
n∈C

W[n], W ′ =
∐
n∈C

(W[n])
∗.

We know that W ∗ = W ′. If (W,YW ) is a V -module, for any v ∈ V and w ∈ W , we

write

YW (v, x)w =
∑
n∈Z

(YW )n(v)(w)x
−n−1, (1.7)

where (YW )n(v) ∈ End(W ) (this is the logarithm-free version of (1.4)). In particular

this notation works for YV for a VOA V .
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Let’s go back to the notion of VOAs, modules, and intertwining operators. In fact,

there is an equivalent complex-analytic version of definitions of VOAs, modules, and

intertwining operators. For VOAs, one obtains an equivalent definition by replacing

the Jacobi identity (1.1) by the following axiom: for any v1, v2, v3 ∈ V and v′ ∈ V ′,

there exists a rational function

f(z1, z2) =
g(z1, z2)

(z1 − z2)kzl1z
m
2

, (1.8)

where g(z1, z2) ∈ C[z1, z2], and k, l,m ∈ N, such that the series

⟨v′, YV (v1, z1)YV (v2, z2)v3⟩ =
∑
m,n∈Z

⟨v′, (YV )m(v1)(YV )n(v2)v3⟩ z−m−1
1 z−n−1

2 ,

⟨v′, YV (v2, z2)YV (v1, z1)v3⟩ =
∑
m,n∈Z

⟨v′, (YV )m(v2)(YV )n(v1)v3⟩ z−m−1
2 z−n−1

1 ,

⟨v′, YV (YV (v1, z1 − z2)v2, z2)v3⟩=
∑
m,n∈Z

⟨v′, (YV )n((YV )m(v1)v2)v3⟩ (z1 − z2)
−m−1z−n−1

2

are absolutely convergent to f(z1, z2), on the region given by 0 < |z2| < |z1|, the

region given by 0 < |z1| < |z2|, the region given by 0 < |z1 − z2| < |z2|, respectively.

This axiom is called the duality property for VOAs.

For modules for a VOA, one obtains an equivalent definition of modules for a VOA

by replacing the Jacobi identity (1.2) by the following duality property for modules :

for any v1, v2 ∈ V , w ∈ W and w′ ∈ W ′, there exists a rational function

f(z1, z2) =
g(z1, z2)

(z1 − z2)kzl1z
m
2

, (1.9)

where g(z1, z2) ∈ C[z1, z2], and k, l,m ∈ N, such that the series

⟨w′, YW (v1, z1)YW (v2, z2)w⟩ =
∑
m,n∈Z

⟨w′, (YW )m(v1)(YW )n(v2)w⟩ z−m−1
1 z−n−1

2 ,
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⟨w′, YW (v2, z2)YW (v1, z1)w⟩ =
∑
m,n∈Z

⟨w′, (YW )n(v2)(YW )m(v1)w⟩ z−n−1
2 z−m−1

1 ,

⟨w′, YW (YV (v1, z1 − z2)v2, z2)w⟩=
∑
m,n∈Z

⟨w′, (YW )n((YV )m(v1)v2)w⟩ (z1 − z2)
−m−1z−n−1

2

are absolutely convergent to f(z1, z2), on the region given by 0 < |z2| < |z1|, the

region given by 0 < |z1| < |z2|, the region given by 0 < |z1 − z2| < |z2|, respectively.

For p ∈ Z, let lp(z) be the single-valued branch of the multivalued logarithm

function Log(z) on z ∈ C× with ℑ(lp(z)) ∈ [2pπ, 2(p+1)π) for any z ∈ C×. By (1.5),

for any z ∈ C×, p ∈ Z, and intertwining operator Y of type
(

W3

W1W2

)
, one can view

Yp(w1, z)w2 as an element in W3. Here, Yp(w1, z)w2 is defined as the following:

Yp(w1, z)w2 =
∑

n∈Z,k∈N

e(−n−1)lp(z)lp(z)
kYn,k(w1)w2 ∈ W3. (1.10)

We denote Y0(w1, z)w2 by Y(w1, z)w2.

For intertwining operators, one obtains an equivalent definition of intertwining

operators by replacing the Jacobi identity (1.3) by the following duality property for

modules : for any v ∈ V , w1 ∈ W1, w2 ∈ W2, w
′
3 ∈ W3, there exists a function

f(z1, z2) =
N∑
i=1

ai(z1 − z2)
kizli1 e

mil0(z2)l0(z2)
pi , (1.11)

where N ∈ Z+, ai ∈ C, ki, li,∈ Z, mi ∈ C, pi ∈ N for i = 1, . . . , N , such that the

series

⟨w′
3, YW3(v, z1)Y(w1, z2)w2⟩

def
=
∑
m∈Z,

n∈C,k∈N

⟨w′
3, (YW3)m(v)Yn,k(w1)w2⟩ ·

z−m−1
1 e(−n−1)l0(z2)l0(z2)

k, (1.12)

⟨w′
3,Y(w1, z2)YW2(v, z1)w2⟩

def
=
∑
m∈Z,

n∈C,k∈N

⟨w′
3,Yn,k(w1)(YW2)m(v)w2⟩ ·
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z−m−1
1 e(−n−1)l0(z2)l0(z2)

k,

⟨w′
3,Y(YW1(v, z1 − z2)w1, z2)w2⟩

def
=

∑
m∈Z,

n∈C,k∈N

⟨w′
3, (Y)n,k((YW1)m(v)w1)w2⟩ ·

(z1 − z2)
−m−1e(−n−1)l0(z2)l0(z2)

k (1.13)

are absolutely convergent to f(z1, z2), on the region given by 0 < |z2| < |z1|, the

region given by 0 < |z1| < |z2|, the region given by 0 < |z1 − z2| < |z2|, respectively.

Notice that in the duality properties for VOA, modules, and intertwining algebras,

the correlation function f(z1, z2) is unique. Moreover, it depends on the four alge-

bra/module/dual space elements multi-linearly, and depends on the complex variables

z1, z2 holomorphically.

P (z)-tensor products and their associativity isomorphisms

Definition 1.1.2. Let z ∈ C×. We say I : W1 ⊗W2 → W3 is a P (z)-intertwining

map of type
(

W3

W1W2

)
, if there exists an intertwining operator Y of type

(
W3

W1W2

)
, such

that I(w1 ⊗ w2) = Y(w1, z)w2 (recall (1.10)).

Definition 1.1.3. Suppose W1, W2 are V -modules for a VOA V , and z ∈ C×. A

P (z)-tensor product of W1 and W2 is a pair (W1 ⊠P (z)W2,⊠P (z)), where W1 ⊠P (z)W2

is a V -module, and ⊠P (z) is a P (z)-intertwining map of type
(
W1⊠P (z)W2

W1W2

)
, such that

for any V -module M and P (z)-intertwining map I of type
(

M
W1W2

)
, there uniquely

exists a module map f : W1 ⊠P (z) W2 → M , such that f ◦ ⊠P (z) = I, where f :

W1 ⊠P (z) W2 → W3 is the map naturally induced by f .

We need to mention that Definition 1.1.3 cannot guarantee the existence of a

P (z)-tensor product for two modules. However, under suitable conditions, we have

a set-theoretic construction where we realize W1 ⊠P (z) W2 as a subquotient space of

(W1 ⊗W2)
∗∗ (see Theorem 6.0.9). Throughout the background section, we assume

that P (z)-tensor product for any two modules always exists.
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For the P (z)-intertwining map ⊠P (z), we write ⊠P (z)(w1 ⊗ w2) = w1 ⊠P (z) w2,

called P (z)-tensor product elements, which is contained in W1 ⊠P (z) W2. It is not

hard to prove that

{πn(w1 ⊠P (z) w2)|n ∈ C, w1 ∈ W1, w2 ∈ W2} (1.14)

spans W1 ⊠P (z) W2, where πn : W → W[n] is the projection defined for any C-graded

vector space W =
∐

n∈CW[n]. By the definition of P (z)-intertwining map, there

exists an intertwining operator, denoted by Y⊠P (z)
, of type

(
W1⊠P (z)W2

W1W2

)
, such that

Y⊠P (z)
(w1, z)w2 = w1 ⊠P (z) w2 for w1 ∈ W1, w2 ∈ W2.

A P (z)-tensor product is holomorphically dependent on a nonzero complex num-

ber z. One can think that
∐

z∈C× W1 ⊠P (z) W2 → C× is an infinite-dimensional

holomorphic vector bundle over C×, whose local trivialization and transition map

are given by the parallel transport isomorphisms, see (6.14). However, for w1 ∈ W1,

w2 ∈ W2, the map z 7→ w1 ⊠P (z) w2 is not a holomorphic section of the bundle, but

can only be viewed as a multivalued analytic section.

Therefore, compare to Definition 1.1.1, only the definitions of P (z)-intertwining

map and P (z)-tensor product allow one to study the theory using a complex-analytic

point of view, which is necessary for constructing the associativity isomorphism.

We can do the similar thinking as diagram (1.6). The first problem is that the

image of a P (z)-intertwining map is contained in the algebraic completion W of a

module W , instead of W itself. Therefore, in the following diagrams, the desired

maps f and g cannot be easily defined.

W1 ⊗W2 ⊠P (z2) W3 W1 ⊗ (W2 ⊠P (z2) W3)

W1 ⊗W2 ⊗W3 W1 ⊠P (z1) (W2 ⊠P (z2) W3)

? ·⊠P (z1)
·

1W1
⊗(·⊠P (z)·)

f

(1.15)
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W1 ⊠P (z3) W2 ⊗W3 (W1 ⊠P (z3) W2)⊗W3

W1 ⊗W2 ⊗W3 (W1 ⊠P (z3) W2)⊠P (z4) W3

? ·⊠P (z4)
·

(·⊠P (z3)
·)⊗1W3

g

(1.16)

In diagram (1.15), if the map ‘?’ wants to make the right triangle commutes, we

know that ‘?’ has to send w1 ⊗ πn(w2 ⊠P (z2) w3) to w1 ⊠P (z1) πn(w2 ⊠P (z2) w3) for any

n ∈ C, which hopefully means that it should send w1⊗(w2⊠P (z2)w3) to
∑

n∈Cw1⊠P (z1)

(πn(w2 ⊠P (z2) w3)) (unless some pathological is happening here). Therefore, because

the left triangle commutes, we know that

f(w1 ⊗ w2 ⊗ w3) =
∑
n∈C

w1 ⊠P (z1)

(
πn(w2 ⊠P (z2) w3)

)
. (1.17)

The above equation is not rigorous, since the right-hand side, as an infinite sum of

elements in W1 ⊠P (z1) (W2 ⊠P (z2) W3), is not well-defined. However, if for any

w′ ∈
(
W1 ⊠P (z1) (W2 ⊠P (z2) W3)

)′
, w1 ∈ W1, w2 ∈ W2, w3 ∈ W3,

the series

〈
w′,Y⊠P (z1)

(w1, z1)Y⊠P (z2)
(w2, z2)w3

〉
=
∑
n∈C

〈
w′,Y⊠P (z1)

(w1, z1)πn

(
Y⊠P (z2)

(w2, z2)w3

)〉
(1.18)

is absolutely convergent, then Y⊠P (z1)
(w1, z1)Y⊠P (z2)

(w2, z2)w3 can be viewed as an el-

ement in
((
W1 ⊠P (z1) (W2 ⊠P (z2) W3)

)′)∗
=
(
W1 ⊠P (z1) (W2 ⊠P (z2) W3)

)′′
. Through-

out the background section, we assume that every module W that we consider sat-

isfies that dimW[n] < ∞. In fact, this assumption occurs in the main results of

this dissertation, for example Theorem 1.3.1. Under this assumption, we identify
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(
W1 ⊠P (z1) (W2 ⊠P (z2) W3)

)′′
with W1 ⊠P (z1) (W2 ⊠P (z2) W3). Therefore,

Y⊠P (z1)
(w1, z1)Y⊠P (z2)

(w2, z2)w3 = w1 ⊠P (z1) (w2 ⊠P (z2) w3)

can be viewed as an element in W1 ⊠P (z1) (W2 ⊠P (z2) W3), which rigorizes (1.17).

Therefore, if we assume that for any modules M1 and Wi, i = 1, . . . , 4, that we

consider, and any pair of intertwining operators Y1, Y2 of types
(

W4

W1M1

)
and

(
M1

W2W3

)
,

the series

⟨w′
4,Y1(w1, z1)Y2(w2, z2)w3⟩ =

∑
n∈C

⟨w′
4,Y1(w1, z1)πn (Y2(w2, z2)w3)⟩ , (1.19)

is absolutely convergent, then we know that the function f in diagram (1.15) can be

rigorously defined by (1.17).

However, it is not suitable to require that (1.19) is absolutely convergent for any

z1, z2 ∈ C×. By (1.12) in the duality of intertwining operator, we know that in

the special case W1 = V , W4 = M1, and (Y1,Y2) = (YM1 ,Y2), (1.19) is absolutely

convergent on and only on the region given by 0 < |z2| < |z1|. We say that (Y1,Y2)

satisfies the convergence assumption for products if (1.19) is absolutely convergent on

the region given by 0 < |z2| < |z1|.

Similarly, if we assume that for any modules M2 and Wi, i = 1, . . . , 4, that we

consider, and any pair of intertwining operators Y3, Y4 of types
(

W4

M2W3

)
and

(
M2

W1W2

)
,

the series

⟨w′
4,Y3(Y4(w1, z3)w2, z4)w3⟩ =

∑
n∈C

⟨w′
4,Y3 (πn (Y4(w1, z3)w2) , z4)w3⟩ , (1.20)

is absolutely convergent, then we know that the function g in diagram (1.16) can be
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rigorously defined by

g(w1 ⊗ w2 ⊗ w3) = (w1 ⊠P (z3) w2)⊠P (z4) w3. (1.21)

Also, by the special case W1 = V , M2 = W2, and (Y3,Y4) = (Y3, YW2), (1.20) is

absolutely convergent on and only on the region given by 0 < |z3| < |z4|, because

of (1.13) in the duality property for intertwining operators. We say that (Y3,Y4)

satisfies the convergence assumption for iterates if (1.20) is absolutely convergent on

the region given by 0 < |z3| < |z4|.

Throughout the background section, we assume the for any intertwining operators

Y1, Y2, Y3, Y4 of suitable types among modules that we consider, (Y1,Y2) satisfies

the convergence assumption for products and (Y3,Y4) satisfies the convergence as-

sumption for iterates. Under this assumption, f and g are always well-defined.

Once f and g in diagrams (1.15) and (1.16) are rigorously defined, one wants to

find a module map A
P (z3),P (z4)
P (z1),P (z2)

: W1⊠P (z1) (W2⊠P (z2)W3) → (W1⊠P (z3)W2)⊠P (z4)W3

such that the following diagram commutes:

W1 ⊗W2 ⊗W3 W1 ⊠P (z1) (W2 ⊠P (z2) W3)

(W1 ⊠P (z3) W2)⊠P (z4) W3

f

g

A
P (z3),P (z4)

P (z1),P (z2)

By the definitions (1.17) and (1.21) of f and g, we know that

A
P (z3),P (z4)
P (z1),P (z2)

(
w1 ⊠P (z1) (w2 ⊠P (z2) w3)

)
= (w1 ⊠P (z3) w2)⊠P (z4) w3. (1.22)

Notice that if there exists a module isomorphism A
P (z3),P (z4)
P (z1),P (z2)

satisfying (1.22), then it

is unique and this map could be the associativity isomorphism we want.

Notice that f and g can be characterized by categorical properties. Given modules

W1,W2,W3 and z1, z2 ∈ C× with |z2| < |z1|, we define the following category, denoted
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by CW1,W2,W3

prod,z1,z2
:

Object: (M, I), where M is a V -module,

and I :W1 ⊗W2 ⊗W3 →M, there exists intertwining operators Y1,Y2,

such that I(w1 ⊗ w2 ⊗ w3) = Y1(w1, z1)Y2(w2, z2)w3,

Morphism: Hom
(
(M1, I1), (M2, I2)

)
=
{
f ∈ HomV (M1,M2)

∣∣ I2 = f ◦ I2
}
.

We claim that
(
W1 ⊠P (z1) (W2 ⊠P (z2) W3), f

)
is an initial object of the category

CW1,W2,W3

prod,z1,z2
. Similarly, for z3, z4 ∈ C× with |z3| < |z4|, we can define a category

CW1,W2,W3

iter,z3,z4
, such that

(
(W1 ⊠P (z3)W2)⊠P (z4)W3, g

)
is an initial object of the category

CW1,W2,W3

iter,z3,z4
.

It is not very hard to prove that the existence of the isomorphism A
P (z3),P (z4)
P (z1),P (z2)

satisfying (1.22) is equivalent to the fact that the categories CW1,W2,W3

prod,z1,z2
and CW1,W2,W3

iter,z3,z4

are equal. Therefore, we should study the condition

CW1,W2,W3

prod,z1,z2
= CW1,W2,W3

iter,z3,z4
. (1.23)

Explicitly, (1.23) means that for any intertwining operators Y1,Y2 of any suitable

types, there exists intertwining operators Y3,Y4 of suitable types, such that

Y1(w1,z1)Y2(w2,z2)w3 = Y3(Y4(w1,z3)w2,z4)w3.

And vice versa, for any suitable Y3,Y4, there exist Y1,Y2 such that the above equality

holds.

In general, for arbitrary z1, z2, z3, z4 ∈ C×, (1.23) looks impossible to prove. In-

spiration still comes from the duality for intertwining operators, which says that

YW3(u, z1)Y(w1, z2)w2 = Y(YW1(u, z1 − z2)w1, z2)w2, (1.24)
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for z1, z2 ∈ C× with 0 < |z1 − z2| < |z2| < |z1|. In other words, for any intertwining

operators Y of type
(

W3

W1W2

)
, we know that

(
W3, YW3(·, z1)Y(·, z2) ·

)
=
(
W3,Y(YW1(·, z1 − z2)·, z2) ·

)
∈ Obj

(
CW1,W2,W3

prod,z1,z2

)
∩Obj

(
CW1,W2,W3

iter,z1−z2,z2

)
. (1.25)

Therefore, maybe we should only expect that (1.23) holds if

z3 = z1 − z2, z4 = z2. (1.26)

We say that the associativity of intertwining operators holds, if for any modules

W1,W2,W3 under consideration, and any z1, z2 ∈ C× with 0 < |z1 − z2| < |z2| < |z1|,

CW1,W2,W3

prod,z1,z2
= CW1,W2,W3

iter,z1−z2,z2 .

In the series of work [HL2]-[HL4], [H1] by Huang and Lepowsky, they proved

the associativity of intertwining operator for the rational case (i.e. lower-bounded

modules are all completely reducible) under certain assumptions. In the series of

work [HLZ1]-[HLZ8], by Huang, Lepowsky and Zhang, they proved the associativity

of intertwining operator for the general (i.e. non-rational) case under the same type

of assumptions.

The major assumption they made is called the convergence and extension assump-

tion. Roughly, it says that any product

⟨w′
4,Y1(w1, z1)Y(w2, z2)w3⟩ (1.27)

among modules under consideration should be absolutely convergent on the region

given by 0 < |z2| < |z1|. Moreover, the function (1.27) converges to can be analytically



17

extended to the region given by 0 < |z1 − z2| < |z2|, on which the function can be

written as an absolutely convergent series ‘of the form same as an iterate (of two

intertwining operators), i.e., (1.28)’. Similarly, any iterate

⟨w′
4,Y3(Y4(w1, z1 − z2)w2, z2)w3⟩ (1.28)

among modules under consideration should be absolutely convergent on the region

given by 0 < |z1 − z2| < |z2| to a function which can be analytically extended to the

region given by 0 < |z2| < |z1|, on which it can be written as an absolutely convergent

series ‘of the form same as a product (of two intertwining operators), i.e., (1.27)’. (We

would use product/iterate as short for product/iterate of two intertwining operator)

Here, a punchline could be:

If a product looks like an iterate, then it is equal to an iterate;

conversely, if an iterate looks like a product, then it is equal to a product.

Remark 1.1.4. The convergence and extension assumption was later proved in [H4]

for intertwining operators among C1-cofinite modules, using regular singular differen-

tial equation theory, which enables Huang-Lepowsky-Zhang’s theory to be applied to

many concrete examples. For example, for C2-cofinite VOA, every grading-restricted

module is C1-cofinite. Also, recently, Huang proved that the P (z)-tensor product of

two C1-cofinite modules is still C1-cofinite (see [H17]).

1.2 The twisted theory-a parallel generalization

Before we introduce the notion of twisted module, one thing need to be emphasized

is that everything given in the sub-section 1.1.2, has been generalized to the twisted

module case in this dissertation. The generalized notions are more complicated than

their untwisted counterparts, mainly because the correlation functions are much more
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complicated and multivalued. But the philosophy on the construction of the P (z)-

tensor product and of the associativity isomorphism are the same.

The major difference is the following. Despite the involvedness of these complex-

analytic assumptions (including convergence and extension assumptions), Huang-

Lepowsky’s and Huang-Lepowsky-Zhang’s work mainly used the algebraic approach,

i.e., the Jacobi identity and the formal calculus method. This is natural - one should

always use the algebraic approach whenever “one can”, i.e., when there is a Jacobi

identity to use, because although often lengthy and extremely technical, formal delta-

function calculus offers an effective way to do computations and prove theorems, and

therefore has been foundational to the VOA theory.

However, in this dissertation, we have developed and mainly used a systematic

complex-analytic approach. There are many good reasons to develop such an ap-

proach. One simple reason is that we do not know how to write down a Jacobi iden-

tity for the definition of the notion of a twisted intertwining operator for nonabelian

orbifold theory (i.e., the group of automorphisms associated to the orbifold theory is

nonabelian). Especially for the case when the associated group of automorphisms is

both infinite and nonabelian, it seems very difficult to write down a Jacobi-identity

version of definition of the twisted intertwining operator. Even if we have a Jacobi-

identity version of definition, the duality property and therefore the complex-analytic

approach are more natural and closer to the perspective of 2D CFTs in theoretical

and mathematical physics.

1.2.1 Twisted modules for a VOA

The notion of (generalized) twisted modules for a VOA is a generalization of the

notion of modules for a VOA. The theory on twisted modules corresponds to orbifold

CFTs, which are CFTs constructed from known theories and their automorphisms.

Therefore, the theory on twisted modules is also called ‘orbifold theory’. The first ex-
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ample of orbifold theory was the moonshine module VOA V ♮ constructed by Frenkel,

Lepowsky and Meurman in mathematics (see [FLM2]-[FLM4]). Their construction of

V ♮ proved the McKay-Thompson conjecture, profoundly relating number theory and

finite group theory. Later, this VOA V ♮ played a major role in Borcherds’ proof of

the rest of Conway–Norton Conjectures. FLM’s construction introduced a new string

theory, which was later interpreted by physicists as an “orbifold theory”. In string

theory, the more general systematic study of orbifold CFTs was started by Dixon,

Harvey, Vafa and Witten [DHVW1] [DHVW2]. See [H15] for an exposition of general

results, conjectures and open problems in the construction of orbifold CFTs using the

approach of the representation theory of vertex operator algebras.

Let V be a VOA, and g ∈ Aut(V ). A g-twisted V -module is a pair (W,YW ),

where W =
∐

n∈CW[n] is a C-graded vector space, and YW : V ⊗W → W{x}[log x]

is a linear map, satisfying certain axioms. The most important two axioms are the

duality property and the equivariance property. The duality property for a g-twisted

V -module is the same as the duality property for a (untwisted) V -module, while the

only difference is that the correlation function is no longer a rational function in z1, z2,

but a function of the form

f(z1, z2) =
N∑

i,j,k,l=0

aijklz
mi
1 z

nj

2 (logz1)
k(logz2)

l(z1 − z2)
−t (1.29)

for N ∈ N, m1, . . . ,mN , n1, . . . , nN ∈ C and t ∈ N. The form (1.29) is already

much more complicated than the form of correlation function (1.11) in the duality of

(untwisted) intertwining operators. It looks wild. Fortunately, we have a control on

its multivaluedness, which is called the equivariance property :

(YW )p+1(gv, x) = (YW )p(v, x), for any p ∈ Z, v ∈ V. (1.30)

(see (1.10) for the definition of (YW )p+1)
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It is natural to expect that Huang-Lepowsky-Zhang’s result ([HLZ1]-[HLZ8]) has

generalizations in orbifold theory.

In [K3], Kirillov Jr. stated that the category of g-twisted modules for a vertex

operator algebra V for all g in a finite subgroup G of the automorphism group of V is

a G-equivariant fusion category (G-crossed braided (tensor) category in the sense of

Turaev [Tu2]). For general V , this is certainly not true. The vertex operator algebra

V must satisfy certain conditions. Here is a precise conjecture formulated by Huang

in [H10]:

Conjecture 1.2.1. Let V be a vertex operator satisfying the following three conditions

1. For n < 0, V(n) = 0; V(0) = C1; and as a V -module, V is equivalent to its

contragredient V -module V ′.

2. Every lower-bounded generalized V -module is completely reducible.

3. V is C2-cofinite.

Let G be a finite group of automorphisms of V . Then the category of g-twisted V -

modules for all g ∈ G is a G-crossed braided tensor category.

We also conjecture that the category of g-twisted V -modules for all g ∈ G is a G-

crossed modular tensor category in a suitable sense. Since the definitions of G-crossed

modular tensor category in [K3] and [Tu2] are different, more work needs to be done

to find out which definition is the correct one for the category of twisted modules for

a vertex operator algebra. But we do believe that this stronger G-crossed modular

tensor category conjecture should be true in a suitable sense.

This dissertation has constructed a tensor product bifunctor, and proven the ex-

istence of an associativity isomorphism under certain assumptions, among which the

most crucial one is called the convergence and extension assumption. See section 1.3

for details. These results are all necessary for proving Conjecture 1.2.1.



21

In the case that G is trivial, i.e. the untwisted theory, Conjecture 1.2.1 and

even the stronger G-crossed modular tensor category conjecture is true by Huang-

Lepowsky-Zhang [HLZ1]-[HLZ8] and Huang [H4]-[H7]. Thus, the G-crossed modular

tensor category conjecture is a natural generalization of its untwisted version.

In the case that the fixed point subalgebra V G of V under G satisfies the conditions

in Conjecture 1.2.1 above, the category of V G-modules is a modular tensor category.

In this case, Conjecture 1.2.1 can be proved using the modular tensor category struc-

ture on the category of V G-modules and the results on tensor categories by Kirillov

Jr. [K1] [K2] [K3] and Müger [Mü1] [Mü2]. In the special case that G is a finite cyclic

group and V satisfies the conditions in Conjecture 1.2.1, Carnahan-Miyamoto [CM]

proved that V G also satisfies the conditions in Conjecture 1.2.1. In the case that G

is a finite cyclic group and V is in addition a holomorphic vertex operator algebra

(meaning that the only irreducible V -module is V itself), Conjecture 1.2.1 can be

obtained as a consequence of the results of van Ekeren-Möller-Scheithauer [EMS] and

Möller [Mö] on the modular tensor category of V G-modules. Assuming that G is a fi-

nite group containing the parity involution and that the category of grading-restricted

V G-modules has a natural structure of vertex tensor category structure in the sense of

[HL1], McRae [Mc] constructed a nonsemisimple G-crossed braided tensor category

structure on the category of grading-restricted (generalized) g-twisted V -modules.

For a general finite group G, the conjecture that the fixed point subalgebra V G

of V under G also satisfies the conditions in Conjecture 1.2.1 is still open and seems

to be a difficult problem. On the other hand, using twisted modules and twisted

intertwining operators to construct G-crossed braided tensor categories seems to be

a more conceptual and direct approach. If this approach works, we expect that

the category of V G-modules can also be studied using the G-crossed braided tensor

category structure on the category of twisted V -modules.

In the case that the vertex operator algebra V does not satisfy the three conditions
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in Conjecture 1.2.1 and/or the group G is not finite, it is not even clear what the

precise conjecture should be. This was proposed as an open problem in [H10].

1.2.2 Twisted intertwining operators

Intertwining operators among twisted modules (what we called twisted intertwining

operators) associated to commuting automorphisms of finite order appeared implicitly

in the work [FFR] of Feingold, Frenkel and Ries and were introduced explicitly by Xu

in [X] in terms of a generalization of the Jacobi identity for twisted modules. Xu’s

Jacobi identity works because in [X], only modules twisted by automorphisms in a

finite abelian group are considered.

In [H9], Huang introduced a definition of twisted intertwining operators among

modules twisted by noncommuting automorphisms. In that definition, the correlation

function in the duality property satisfies a special explicit form. It turns out that

the definition in [H9] is not general enough to study orbifold theory associated to a

nonabelian group of automorphisms, since the explicit form of the correlation function

implicitly indicates the commutativity of the automorphisms involved.

In this dissertation, we have introduced the most general notion of twisted in-

tertwining operator, where no explicit form needs to be satisfied. In this definition,

the correlation functions are multivalued functions whose single-valued branches are

indexed by elements of the fundamental group of some configuration space, and are

determined only by the image of an anti-homomorphism from the fundamental group

to the group of automorphisms ⟨g1, g2⟩ generated by g1, g2 (if the twisted intertwining

operator is of type
(
g1g2
g1 g2

)
). This definition of twisted intertwining operator is general

enough for studying the orbifold theory associated to a nonabelian group of automor-

phisms. In order to give the correct notion of P (z)-tensor product of twisted modules,

we need to use the most general twisted intertwining operators. If we use only a cer-

tain special set of twisted intertwining operators as in [H9] to define and construct the
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P (z)-tensor product bifunctor, we would obtain a quotient of the correct P (z)-tensor

product structure. The notion of P (z)-tensor product has been foundational for the

theory from the beginning. See the full definition of twisted intertwining operator in

Definition 3.0.23.

Moreover, based on our definition of twisted intertwining operators, we have

proved some properties of twisted intertwining operators that are essential for the

construction of G-braided vertex tensor categories. For example, we have constructed

skew-symmetry isomorphisms Ω± and contragredient isomorphismsA± between spaces

of twisted intertwining operators. Although these isomorphisms occurred and played

crucial roles in the untwisted theory, since we have used our most general notion of

intertwining operator, the proof of their existence was new and used the complex-

analytic approach.

1.2.3 Associativity of twisted intertwining operators

The strategy of proving the associativity of twisted intertwining operators is the

same as Huang-Lepowsky’s and Huang-Lepowsky-Zhang’s proof of the associativity

of intertwining operators among untwisted modules (see the subsection 1.1.2.2).

The difference is that in their proof, the most crucial tool developed is a condition

called P (z)-compatibility. Since the untwisted intertwining operator can be defined

using the Jacobi identity, which is algebraic. The P (z)-compatibility condition in

[HLZ4] is a purely algebraic statement, which is invalid under our notion of twisted

intertwining operator and the complex analytic setting. To solve this problem, we

have introduced a new condition, which is a complex-analytic statement although we

also call it the P (z)-compatibility condition. It looks very different from the algebraic

version of P (z)-compatibility condition in [HLZ4]. Whether they are equivalent when

the twisted modules considered are actually untwisted is still unclear, which is an

interesting unsolved problem.
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The complex analytic P (z)-compatibility condition serves the same function as the

algebraic one, in the sense that we still can develop the same useful tool in our complex

analytic setting (See [DH]). Again, since our notions of twisted intertwining operator

and of P (z)-compatibility condition are very different, the method of developing these

tools is new.

Also, the convergence and extension assumptions in the dissertation are stronger

than their untwisted version in [H1] and [HLZ7]. This is because of two reasons. First,

the multivaluedness occurring in twisted modules and twisted intertwining operators

is much more complicated than the untwisted case. Therefore, some result can be

easily proved in the untwisted case is no longer true in the twisted setting. Therefore,

we indeed need stronger assumptions. Second, from the experience of Huang’s work

on proving these assumptions using regular singular differential equation theory (see

[H4]), although stronger, the assumptions we have made are still reasonable and hope-

ful to be proved under certain cofiniteness condition using the twisted generalization

of Huang’s work [H4], which is another ongoing project (see [Ta1] and [Ta2]).

1.2.4 G-crossed braided tensor category

The notion of G-crossed braided tensor category was firstly introduced by Turaev in

[Tu1] and [Tu2], where this notion was designed to study certain TQFTs with an

extra symmetry described by a group G.

Let G be a group.

Definition 1.2.2. A G-equivariant category is a tuple

(
C, {ϕg}g∈G, {αg,h}g,h∈G

)
,

where
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1. C is an abelian category over C with a G-grading, namely, a decomposition

C =
⊕
g∈G

Cg, (1.31)

where each Cg is an abelian full subcategory of C, and HomC(Cg, Ch) = 0 if g ̸= h;

2. {ϕg}g∈G is a family of endofunctors ϕg : C → C, and {αg,h}g,h∈G is a family of

natural isomorphisms αg,h : ϕg ◦ ϕh ⇒ ϕgh.

Moreover, the following conditions hold:

1. ϕg(W ) ∈ Object (Cghg−1), for any g, h ∈ G, and W ∈ Object (Ch);

2. ϕg = idC;

3. the following diagram commutes:

ϕf ◦ (ϕg ◦ ϕh) = (ϕf ◦ ϕg) ◦ ϕh ϕfg ◦ ϕh

ϕf ◦ ϕgh ϕfgh

(αf,g)ϕh(−)

ϕf ((αg,h)−) αfg,h

αf,gh

Definition 1.2.3. A G-crossed braided tensor category is a tuple

(
C, {ϕg}g∈G, {αg,h}g,h∈G, V, -⊗ -, a-,-,-, l-, r-, {Jg-,-}g∈G, B-,-

)
,

where

1. (C, {ϕg}g∈G, {αg,h}g,h∈G) is a G-equivariant category;

2. (C, V, -⊗-, a-,-,-, l-, r-) is an abelian monoidal category over C, where V is the unit

object, -⊗- is the tensor product bifunctor, a-,-,- is the associativity isomorphism,

and l-, r- are the left and right unital isomorphisms, respectively. We require

that the bifunctor -⊗- is C-bilinear;
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3. W1 ⊗W2 ∈ Object(Cgh), for any W1 ∈ Object(Cg) and W2 ∈ Object(Ch);

4. For each g ∈ G, Jg : ϕg ◦ (- ⊗ -) ⇒ ϕg(-) ⊗ ϕg(-) is a natural isomorphism.

Moreover, (ϕg, J
g) forms a tensor functor. Namely, V ∼= ϕg(V ) and the follow

diagram commutes:

(ϕg(W1)⊗ ϕg(W2))⊗ ϕg(W3) ϕg(W1)⊗ (ϕg(W2)⊗ ϕg(W3))

ϕg(W1 ⊗W2)⊗ ϕg(W3) ϕg(W1)⊗ (ϕg(W2 ⊗W3))

ϕg((W1 ⊗W2)⊗W3) ϕg(W1 ⊗ (W2 ⊗W3))

aϕg(W1),ϕg(W2),ϕg(W3)

Jg
W1,W2

⊗idϕg(W3)
idϕg(W1)

⊗Jg
W2,W3

Jg
W1⊗W2,W3

Jg
W1,W2⊗W3

ϕg(aW1,W2,W3
)

5. BW1,W2 : W1 ⊗W2 → ϕg(W2) ⊗W1 is a natural transformation, where W1 ∈

Object(Cg), W2 ∈ Object(C).

Moreover, the following diagrams commute:

1. For g1, g2 ∈ G, W1 ∈ Object(Cg1), W2 ∈ Object(Cg2), and W3 ∈ Object(C),

(W1 ⊗W2)⊗W3 W1 ⊗ (W2 ⊗W3)

(ϕg1(W2)⊗W1)⊗W3 ϕg1(W2 ⊗W3)⊗W1

ϕg1(W2)⊗ (W1 ⊗W3) (ϕg1(W2)⊗ ϕg1(W3))⊗W1

ϕg1(W2)⊗ (ϕg1(W3)⊗W1)

aW1,W2,W3

BW1,W2
⊗idW3

BW1,W2⊗W3

aϕg1 (W2),W1,W3 (J
g1
W2,W3

)−1⊗idW1

idϕg1 (W2)
⊗BW1,W3

aϕg1 (W2),ϕg1 (W3),W1
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and

W1 ⊗ (W2 ⊗W3) (W1 ⊗W2)⊗W3

W1 ⊗ (ϕg2(W3)⊗W2) ϕg1g2(W3)⊗ (W1 ⊗W2)

(W1 ⊗ ϕg2(W3))⊗W2 (ϕg1g2(W3)⊗W1)⊗W2

(ϕg1(ϕg2(W3))⊗W1)⊗W2

(aW1,W2,W3
)−1

idW1
⊗BW2,W3

BW1⊗W2,W3

(aW1,ϕg2 (W3),W2
)−1 (aϕg1g2 (W3),W1,W2

)−1

BW1,ϕg2 (W3)
⊗idW2

((αg1,g2 )
−1
W3

⊗idW1
)⊗idW2

2. For g, h ∈ G, and W1,W2 ∈ Object(C),

ϕg(ϕh(W1))⊗ ϕg(ϕh(W2)) ϕgh(W1)⊗ ϕgh(W2)

ϕg(ϕh(W1)⊗ ϕh(W2))

ϕg(ϕh(W1 ⊗W2)) ϕgh(W1 ⊗W2)

(αg,h)W1
⊗(αg,h)W2

Jg
ϕh(W1),ϕh(W2)

Jgh
W1,W2

ϕg(Jh
W1,W2

)

(αg,h)W1⊗W2

3. For g, g1 ∈ G, W1 ∈ Object(Cg1), and W2 ∈ Object(C),

ϕg(W1)⊗ ϕg(W2) ϕg(W1 ⊗W2)

ϕgg1g−1(ϕg(W2))⊗ ϕg(W1) ϕg(ϕg1(W2)⊗W1)

ϕgg1(W2)⊗ ϕg(W1) ϕg(ϕg1(W2))⊗ ϕg(W1)

Jg
W1,W2

Bϕg(W1),ϕg(W2) ϕg(BW1,W2
)

(αgg1g
−1,g)W2

⊗idϕg(W1)

(
Jg
ϕg1 (W2),W1

)−1

(αg,g1 )
−1
W2

⊗idϕg(W1)

1.3 Main results

Let (V, Y, ω,1) be a vertex operator algebra. Let C be a category of twisted V -

modules, namely, a full subcategory of the category of all g-twisted V -modules, where
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g ∈ Aut(V ). We say that the category C satisfies the associativity of twisted

intertwining operators, if the following two properties are satisfied.

1. LetW1, W2, W3,M1, W4 be any g1-, g2-, g3-, g2g3-, g1g2g3-twisted V -modules in

C, respectively. For any twisted intertwining operators Y1, Y2 of types
(

W4

W1 M1

)
,(

M1

W2 W3

)
, respectively, there exists a g1g2-twisted V -moduleM2 in C, and twisted

intertwining operators Y3, Y4 of type
(

M2

W1 W2

)
,
(

W4

M2 W3

)
, respectively, such that

for any wi ∈ Wi, i = 1, 2, 3, and w′
4 ∈ W ′

4, the equation (1.33) holds on the

region given by

0 < |z1 − z2| < |z2| < |z1|,

|arg(z1 − z2)− arg(z1)| <
π

2
, |arg(z1)− arg(z1)| <

π

2
. (1.32)

2. LetW1, W2, W3,M2, W4 be any g1-, g2-, g3-, g1g2-, g1g2g3-twisted V -modules in

C, respectively. For any twisted intertwining operators Y3, Y4 of types
(

M2

W1 W2

)
,(

W4

M2 W3

)
, respectively, there exists a g2g3-twisted V -moduleM1 in C, and twisted

intertwining operators Y1, Y2 of type
(

W4

W1 M1

)
,
(

M1

W2 W3

)
, respectively, such that

for any wi ∈ Wi, i = 1, 2, 3, and w′
4 ∈ W ′

4, the equation (1.33) holds on the

region given by (1.32).

⟨w′
4,Y1(w1, z1)Y2(w2, z2)w3⟩ = ⟨w′

4,Y3(Y4(w1, z1 − z2)w2, z2)w3⟩ . (1.33)

We have the following theorem.

Theorem 1.3.1. Suppose C satisfies assumptions 6.0.7, 8.0.1, and 8.0.5. In other

words,

1. For any twisted module W in C, the nilpotent part LW (0)N of LW (0) is nilpotent

on W .
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2. For any twisted module W in C, LW (1) is locally nilpotent.

3. For any z ∈ C×, and twisted modules W1 and W2 in C, W1 P (z)W2 is also in C

4. The contragredient of an object in C is also in C. The direct sum of two objects

in C is also in C.

5. For any twisted module W in C and n ∈ C, dim(W[n]) < ∞. Equivalently,

W ∼= W ′′ for any twisted module W in C.

6. Let W1, W2, W3, M1, M2, W4 be any g1-, g2-, g3-, g2g3-, g1g2-, g1g2g3-twisted

V -modules in C, respectively. Let Y1, Y2, Y3, Y4 be any twisted intertwining

operators of types
(

W4

W1 M1

)
,
(

M1

W2 W3

)
,
(

M2

W1 W2

)
,
(

W4

M2 W3

)
, respectively.

(a) (Y1,Y2) satisfies the regular singular point property and the convergence

and extension property for products.

(b) (Y3,Y4) satisfies the regular singular point property and the convergence

and extension property for iterates.

7. C is closed under taking image in the sense of Definition 7.0.22.

Furthermore, we assume

8. Let W1, W2, W3, M1, Y1, Y2 be as in 6. For any w3 ∈ W3, w
′
4 ∈ W ′

4, z1, z2 ∈ C

satisfying (1.32), and n ∈ C, the functional λ̃
(2)
n (w3, w

′
4; z1, z2) ∈ (W1 ⊗W2)

∗

defined in (9.4) is P (z1 − z2)-C-embeddable.

Then, the associativity of twisted intertwining operators for C holds.

The C-embeddability mentioned in condition 8. in Theorem 1.3.1 can be easily proved

under some conditions. Therefore, we have the following two Corollaries.
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Corollary 1.3.2. Suppose C satisfies Condition 1-7 in Theorem 1.3.1. Furthermore,

we assume that for any g ∈ {h ∈ Aut(V )|Obj(Ch) ̸= ∅}, any g-twisted module gener-

ated by one element is an object of C. Then, the associativity of twisted intertwining

operators for C holds.

Corollary 1.3.3. Suppose C satisfies Condition 1-7 in Theorem 1.3.1. Furthermore,

we assume

1. For any g ∈ {h ∈ Aut(V )|Obj(Ch) ̸= ∅}, any grading-restricted g-twisted

module generated by one element is an object of C.

2. Let W1, W2, W3, M1, Y1, Y2 be as in condition 7. in Theorem 1.3.1. There

exists NY1,Y2 ∈ N such that λ̃
(2)
n (w3, w

′
4; z1, z2) = 0, for any n ∈ C with ℜ(n) <

−NY1,Y2, w3 ∈ W3, w
′
4 ∈ W ′

4, and (z1, z2) satisfying (11.1).

(See (9.4) for the definition of λ̃
(2)
n .)

Then, the associativity of twisted intertwining operators for C holds.

Suppose that G is a subgroup of Aut(V ). We denote by GMgr(G) the category of

all grading-restricted g-twisted generalized V -modules for all g ∈ G. As a corollary

of 1.3.1, we have

Corollary 1.3.4. Let G be a subgroup of Aut(V ). Assume that the following condi-

tions are satisfied:

1. For g ∈ G, there are only finitely many irreducible grading-restricted g-twisted

V -modules.

2. For g ∈ G, every grading-restricted g-twisted V -module is completely reducible.

3. For g1, g2 ∈ G, and grading-restricted g1-, g2-, g1g2-twisted V -modules W1, W2,

and W3, the fusion rule NW3
W1W2

:= dimVW3
W1W2

is finite.
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4. For any g ∈ G, and irreducible grading-restricted g-twisted V -moduleW , LW (0)N

is nilpotent.

5. Let W1, W2, W3, M1, M2, W4 be any g1-, g2-, g3-, g2g3-, g1g2-, g1g2g3-twisted

V -modules in C, respectively. Let Y1, Y2, Y3, Y4 be any twisted intertwining

operators of types
(

W4

W1 M1

)
,
(

M1

W2 W3

)
,
(

W4

M2 W3

)
,
(

M2

W1 W2

)
, respectively.

(a) (Y1,Y2) satisfies the convergence and extension property for products.

(b) (Y3,Y4) satisfies the convergence and extension property for iterates.

(c) There exists N ∈ N such that λ̃
(2)
n (w3, w

′
4; ζ1, ζ2) = 0, for any n ∈ C with

ℜ(n) < −N , w3 ∈ W3, w
′
4 ∈ W ′

4, and (ζ1, ζ2) ∈ F2(C×).

(See (9.4) for the definition of λ̃
(2)
n .)

Then, the associativity of twisted intertwining operators for GMgr(G) holds.

The associativity of twisted intertwining operators is equivalent to the existence of

a canonical associativity isomorphism for the P (z)-tensor product of twisted modules.

To be specific, a lemma is the following:

Lemma 1.3.5. Suppose C is a category of twisted V -modules such that for any z ∈

C×, and any W1 and W2 in C, the P (z)-tensor product W1 ⊠P (z) W2 of W1 and W2

in C exists. The followings are equivalent:

1. The category C satisfies the associativity of twisted intertwining operators.

2. For any z1, z2 ∈ C satisfying (1.32), there exists a unique natural isomorphism

AP (z1−z2),P (z2)
P (z1),P (z2)

: −⊠P (z1) (−⊠P (z2) −) ⇒ (−⊠P (z1−z2) −)⊠P (z2) −

such that for any twisted modules W1, W2, and W3 in C, the map

(
AP (z1−z2),P (z2)
P (z1),P (z2)

)
W1,W2,W3

: W1 ⊠P (z1) (W2 ⊠P (z2) W3)
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→ (W1 ⊠P (z1−z2) W2)⊠P (z2) W3

satisfies that

(
AP (z1−z2),P (z2)
P (z1),P (z2)

)
W1,W2,W3

(w1 ⊠P (z1) (w2 ⊠P (z2) w3)) =

(w1 ⊠P (z1−z2) w2)⊠P (z2) w3, for any wi ∈ Wi, i = 1, 2, 3. (1.34)

As results of Lemma 1.3.5, Theorem 1.3.1, and Corollary 1.3.4, we have the fol-

lowing corollaries:

Corollary 1.3.6. Assume C is a category of twisted modules satisfying all the condi-

tions in Theorem 1.3.1, or 1.3.2, or 1.3.3. View −⊠P (z1)(−⊠P (z2)−) and (−⊠P (z1−z2)

−)⊠P (z2) − as two functors from C × C × C to C. Then, for any z1, z2 ∈ C satisfying

(1.32), there exists a unique natural isomorphism

AP (z1−z2),P (z2)
P (z1),P (z2)

: −⊠P (z1) (−⊠P (z2) −) ⇒ (−⊠P (z1−z2) −)⊠P (z2) −

satisfying (1.34).

Corollary 1.3.7. Let G be a subgroup of Aut(V ). Assume all conditions in Corollary

1.3.4 are satisfied. View − ⊠P (z1) (− ⊠P (z2) −) and (− ⊠P (z1−z2) −) ⊠P (z2) − as two

functors from GMgr(G)×GMgr(G)×GMgr(G) to GMgr(G). Then, for any z1, z2 ∈

C satisfying (1.32), there exists a unique natural isomorphism

AP (z1−z2),P (z2)
P (z1),P (z2)

: −⊠P (z1) (−⊠P (z2) −) ⇒ (−⊠P (z1−z2) −)⊠P (z2) −

satisfying (1.34).
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Chapter 2

Twisted Modules

We recall in this section the notions of (generalized) twisted module for a vertex

operator algebra.

Let (V, Y, ω,1) be a vertex operator algebra. Let g be an automorphism of V . We

first recall the definition of generalized g-twisted V -module first introduced in [H8].

In particular, in this paper, the vertex operator map for a g-twisted V -module in

general contain the logarithm of the variable and the operator L(0) in general does

not have to act semisimply.

Definition 2.0.1. A g-twisted generalized V -module (without a g-action) is a C-

graded vector space W =
∐

n∈CW[n] (graded by weights) equipped with a linear map

Y g
W : V ⊗W → W{x}[log x],

v ⊗ w 7→ Y g
W (v, x)w =

∑
n∈C

K∑
k=0

(Y g
W )n,k(v)(w)x

−n−1(log x)k

satisfying the following conditions:

1. The equivariance property: For p ∈ Z, z ∈ C×, v ∈ V and w ∈W ,

(Y g
W )p+1(gv, z)w = (Y g

W )p(v, z)w,
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where for p ∈ Z, (Y g
W )p(v, z) is the p-th analytic branch of Y g

W (v, x).

2. The identity property: For w ∈W , Y g
W (1, x)w = w.

3. The duality property: For any u, v ∈ V , w ∈ W and w′ ∈ W ′, there exists a

multivalued analytic function of the form

f(z1, z2) =
N∑

i,j,k,l=0

aijklz
mi
1 z

nj

2 (logz1)
k(logz2)

l(z1 − z2)
−t (2.1)

for N ∈ N, m1, . . . ,mN , n1, . . . , nN ∈ C and t ∈ N, such that the series

⟨w′, (Y g
W )p(u, z1)(Y

g
W )p(v, z2)w⟩ =

∑
n∈C

⟨w′, (Y g
W )p(u, z1)πn(Y

g
W )p(v, z2)w⟩,

⟨w′, (Y g
W )p(v, z2)(Y

g
W )p(u, z1)w⟩ =

∑
n∈C

⟨w′, (Y g
W )p(v, z2)πn(Y

g
W )p(u, z1)w⟩,

⟨w′, (Y g
W )p(YV (u, z1 − z2)v, z2)w⟩ =

∑
n∈C

⟨w′, (Y g
W )p(πnYV (u, z1 − z2)v, z2)w⟩

are absolutely convergent in the regions |z1| > |z2| > 0, |z2| > |z1| > 0, |z2| >

|z1 − z2| > 0, respectively, and their sums are equal to the branch

fp,p(z1, z2) =
N∑

i,j,k,l=0

aijkle
milp(z1)enj lp(z2)lp(z1)

klp(z2)
l(z1 − z2)

−t

of f(z1, z2) in the region |z1| > |z2| > 0, the region |z2| > |z1| > 0, the region

given by |z2| > |z1 − z2| > 0 and | arg z1 − arg z2| < π
2
, respectively.

4. The L(0)-grading condition: Let LgW (0) = (Y g
W )1,0(ω). Then for n ∈ C, w ∈

W[n], there exists K ∈ Z+ such that (LgW (0)− n)Kw = 0.

5. The L(−1)-derivative property: For v ∈ V ,

d

dx
Y g
W (v, x) = Y g

W (LV (−1)v, x).



35

Definition 2.0.2. A g-twisted generalized V -module with a g-action is a C ×

C/Z-graded vector space W =
∐

n∈C,α∈C/ZW
[α]
[n] (graded by weights and g-weights)

equipped with a linear map

Y g
W : V ⊗W → W{x}[log x],

v ⊗ w 7→ Y g
W (v, x)w =

∑
n∈C

K∑
k=0

(Y g
W )n,k(v)(w)x

−n−1(log x)k,

and a ⟨g⟩-module structure (where ⟨g⟩ denote the cyclic group generated by g), sat-

isfying the following conditions:

1. Write W[n] =
∐

α∈C/ZW
[α]
[n] . Then, W =

∐
n∈CW[n] equipped with Y g

W is a

g-twisted generalized V -module without a g-action.

2. The g-grading condition: Write W [α] =
∐

n∈CW
[α]
[n] . For α ∈ C/Z, w ∈ W [α],

there exists Λ ∈ N, such that (g − e2πiα)Λw = 0.

3. The g-compatibility condition: For u ∈ V , gY g
W (u, x) = Y g

W (gu, x)g. In other

words, the action of g on W is a module automorphism.

A generalized twisted module is said to be ordinary if LgW (0) is diagonalizable.

Since modules that are considered are all generalized, we will omit the word ‘gener-

alized’ throughout this work.

A lower-bounded g-twisted V -module (with or without a g-action) is a g-twisted

V -module W (with or without a g-action) such that for each n ∈ C, W[n+l] = 0

for sufficiently negative real number l. A g-twisted V -module W (with or without a

g-action) is said to be grading-restricted if it is lower bounded and for each n ∈ C,

dimW[n] <∞.

For a subgroup G ≤ Aut(V ), let GMgr(G) be the category of grading-restricted

g-twisted V -modules for g ∈ G. Let GMgr be the category GMgr(Aut(V )).
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For simplicity, we shall sometimes omit the subscript W and the superscript g.

For example, we denote the twisted vertex operator map Y g
W by Y g, YW or even Y ,

the Virasoro action LgW (n) by L(n) for n ∈ Z.

Throughout this work, the phrase ‘without a g-action’ can be omitted. In other

words, a g-twisted V -module refers to a g-twisted V -module without a g-action. When

we refer to a g-twisted V -module with a g-action, the phrase ‘with a g-action’ will be

stated explicitly.

Without otherwise specified,W ,W1,W2,W3 are g-, g1-, g2-, g3-twisted V -modules

(i.e., twisted V -modules without group actions).

Remark 2.0.3. The following fact looks obvious but actually need a proof. Let x1, x2

be formal variables. Then,

⟨w′, Y g
W (u, x1)Y

g
W (v, x2)w⟩ =

N∑
i,j,k,l=0

aijklx
mi
1 x

nj

2 (log x1)
k(logx2)

l ·
(
ι12(x1 − x2)

−1
)t
,

(2.2)

where ι12(x1−x2)
−1 =

∑
k∈N x

−k−1
1 xk2. Without loss of generality, we can assume u ∈

V [a+Z], v ∈ V [b+Z], a, b ∈ C×. Then we know that Y g
W (u, x1) ∈ x−a1 End(W )[[x1, x

−1
1 ]][log x1],

and Y g
W (v, x2) ∈ x−b2 End(W )[[x2, x

−1
2 ]][log x2]. Then, (2.2) relies on not only the du-

ality but also the fact that

(
(−a+ Z) ∪ ∪Ni=1(mi + Z)

)
× {0, . . . , N ′},(

(−b+ Z) ∪ ∪Ni=1(ni + Z)
)
× {0, . . . , N ′}

are unique expansion sets, where N ′ is N plus the largest possible power of log x in

Y g
W (u, x) and Y g

W (v, x) (See [HLZ5] for the definition of unique expansion set).

From the duality, Remark 2.0.3, and the fact that Y g
W (ω, x) ∈ End(W )[[x, x−1]],

using Cauchy formula (see Proposition 7.0.10 and Corollary 7.0.12), we can prove the
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commutator formula and therefore the Virasoro-bracket relation,

[L(m), Y g
W (v, x)] =

∑
k∈N

(
m+ 1

k

)
xm−k+1Y g

W (L(k − 1)v, x), for any m ∈ Z, v ∈ V.

(2.3)

In particular, letting m = 0, the L(0)-bracket formula holds. Therefore, Proposition

3.20 in [HLZ2] for Y = Y g
W still holds here, which means the L(0)-grading is compati-

ble with the action of components of Y g
W , i.e. for any n ∈ C, k ∈ N, and homogeneous

v ∈ V,w ∈ W ,

wt ((Y g
W )n,k(v)(w)) = wt v + wtw − n− 1. (2.4)

Remark 2.0.4. In Definition 2.0.1, we do not require a usually necessary axiom,

which is the lower truncation property. A g-twisted V -module (W,Y g
W ) is said to be

lower truncated if

for any v ∈ V,w ∈ W,n ∈ C and k ∈ N,

(Y g
W )n+l,k(v)(w) = 0, for sufficiently large l ∈ N. (2.5)

For those versions of definition of module using Jacobi identity, lower truncation

property is needed to make sure that the Jacobi identity is well-defined. However, if

one uses duality to define module, the lower truncation property does not have to be

in the definition any longer.

Lower truncation property is a weaker condition than lower-bounded. By (2.4),

any lower-bounded twisted module is automatically lower truncated. Moreover, by

(2.4), a lower-bounded twisted module is actually fully truncated. (See Assumption

4.0.1)

Remark 2.0.5. By letting v = ω in (2.3), we know that any twisted V -module W
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is a module for Virasoro algebra L. Since Ln 7→ L−n is an anti-automorphism of

Virasoro algebra, W ′ has a natural L-module structure given by

⟨L(n)W ′w′, w⟩ = ⟨w′, L(−n)Ww⟩ , n ∈ Z, w ∈ W,w′ ∈ W ′.

Let (W,Y g
W ) be a g-twisted V -module. Let h be an automorphism of V and let

ϕh(Y
g
W ) : V ⊗W → W{x}[logx]

v ⊗ w 7→ ϕh(Y
g)(v, x)w

be the linear map defined by

ϕh(Y
g
W )(v, x)w = Y g

W (h−1v, x)w.

Then we have:

Proposition 2.0.6. The pair (W,ϕh(Y
g
W )) is an hgh−1-twisted V -module. Moreover,

when W is a module with g-action, for any n ∈ Z, the map w 7→ g−nw is an isomor-

phism between (W,Y g
W ) and (W,ϕgn(Y

g
W )) (as g-twisted V -modules with g-action).

We shall denote the hgh−1-twisted V -module in the proposition above by ϕh(W ).

Note that when h = g, we obtain a g-twisted module ϕg(W ) for which the twisted

vertex operator is given by

ϕg(Y
g
W )(v, x)w = Y g

W (g−1v, x)w.

But this g-twisted V -module is equivalent to the original g-twisted module W if W

has a g-action. The equivalence is given by g−1 : W →W since we have

g−1Y g
W (v, x)g = Y g

W (g−1v, x) = ϕg(Y
g
W )(v, x)
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for v ∈ V . By the equivariance property, we have (Y g
W )p(g−1v, x) = (Y g

W )p+1(v, x)

and, if

Y g
W (v, x)w =

K∑
k=0

∑
n∈C

(Y g
W )−n−1,k(v)x

n(log x)k

for v ∈ V and w ∈W , we have

Y g
W (g−1v, x)w =

K∑
k=0

∑
n∈C

(Y g
W )−n−1,k(v)e

2πinxn(log x+ 2πi)k.

We also need contragredient twisted V -modules. Let (W,Y g
W ) be a g-twisted V -

module. Let W ′ be the graded dual of W . Define a linear map

(Y g
W )′ : V ⊗W ′ → W ′{x}[logx],

v ⊗ w′ 7→ (Y g
W )′(v, x)w′

by

⟨(Y g
W )′(v, x)w′, w⟩ = ⟨w′, Y g

W (exL(1)(−x−2)L(0)v, x−1)w⟩

for v ∈ V , w ∈ W and w′ ∈ W ′.

Proposition 2.0.7. Let LgW (0)N be the nilpotent part of LgW (0). Suppose LgW (0)N is

nilpotent on W (not just locally nilpotent). Then, the pair (W ′, (Y g
W )′) is a g−1-twisted

V -module.

The proof of this result is a special case of the proof of Theorem 5.0.1 in Section

4 with W1 = V , g1 = 1V , g2 = g, W2 = W3 = W , and Y = YW . Since the proof of

Theorem 5.0.1 uses only the definition of (Y g
W )′, quoting the proof of Theorem 5.0.1

to give a proof of Proposition 2.0.7 does not constitute circular reasoning.

The g−1-twisted V -module (W ′, (Y g
W )′) is called the contragredient module of

(W,Y g
W ).
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Chapter 3

Twisted Intertwining Operators

In this chapter, we introduce a notion of twisted intertwining operators which is

more general than the one in [H9]. We also give the basic results on such twisted

intertwining operators.

3.0.1 Multivalued functions on configuration spaces

For any set X and n ∈ Z+, define F1(X) = X, and Fn(X) = {(z1, . . . , zn)∈Xn| zi ̸=

zj for any i ̸= j} for n > 1. It’s easy to see that Fn can be an endofunctor on some

categories, for example, the category of sets, topological spaces, smooth manifolds,

complex manifolds and so on. Let F 0
1,1(C×) be the topological space given by cutting

F2(C×) along the positive real lines in the a1-, a2- and a1−a2-planes, that is, the sets

{(a1, a2) ∈ F2(C×) | a1 ∈ R+},

{(a1, a2) ∈ F2(C×) | a2 ∈ R+},

{(a1, a2) ∈ F2(C×) | a1 − a2 ∈ R+},

with these sets attached to the upper half a1-, a2- and a1−a2-planes. More explicitly,

F 0
1,1(C×) is the topological space which set-theoretically is equal to F2(C×). The
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collection of open sets of F 0
1,1(C×) is the minimal collection which satisfies the open

sets axioms and contains

• open sets of F2(C×) in the standard metric space topology,

• the set {(a1, a2) ∈ F2(C×)| ℜ(a1) > 0, ℑ(a1) ≥ 0},

• the set {(a1, a2) ∈ F2(C×)| ℜ(a2) > 0, ℑ(a2) ≥ 0},

• the set {(a1, a2) ∈ F2(C×)| ℜ(a1 − a2) > 0, ℑ(a1 − a2) ≥ 0}.

Clearly, F 0
1,1(C×) has a unique structure of complex manifold with boundary such that

the set-theoretically identity map F 0
1,1(C×) → F2(C×) is holomorphic.

For any (z1, z2) ∈ F 0
1,1(C×), choose a continuous path γ in F 0

1,1(C×) from (z1, z2)

to (−3,−2). Such a path exists and is unique up to boundary-fixing homotopy due to

the fact that F 0
1,1(C×) is path-connected and simply connected. The path γ induces

an isomorphism π1(F2(C×), (z1, z2)) → π1(F2(C×), (−3,−2)), which is independent

on the choice of γ. Using this isomorphism, we can identify elements in π1(F2(C×), x)

for different x ∈ F2(C×). Therefore, in the following, we would define b12, b13 and

b23 as three elements in π1(F2(C×), (−3,−2)). But b12, b13, b23 also can be viewed as

elements in π1(F2(C×), x) for arbitrary x ∈ F2(C×).

Let b12 be the element in π1(F2(C×), (−3,−2)) represented by the loop

[0, 1] ∋ t 7→ (−2 + e2πit+π,−2).

Let b13 be the element in π1(F2(C×), (−3,−2)) represented by the loop

[0, 3] ∋ t 7→


(−1 + 2eπit+π,−2), 0 ≤ t ≤ 1,

(eπi(t−1),−2), 1 ≤ t ≤ 2,

(−2 + e−πi(t−2),−2), 2 ≤ t ≤ 3.
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Let b23 be the element in π1(F2(C×), (−3,−2)) represented by the loop

[0, 1] ∋ t 7→ (−3, 2e2πit+π).

It can be check that

b13b12b23 = b12b23b13 = b23b13b12. (3.1)

Note that F2(C×) is homotopically equivalent to the configuration space F3(C). So,

the fundamental group of F2(C×) is in fact the pure braid group PB3 = π1(F3(C)).

We know that F2(C×) is isomorphic to the group defined using the generators b12, b13, b23

and the relations (3.1).

Definition 3.0.1. Let M be a complex manifold (with or without boundary). A

multivalued analytic function on M is a collection (Ax)x∈M , where Ax is a subset of

the stalk of the holomorphic function sheaf on M at x. such that

• For any continuous path γ : [0, 1] →M , and ψ ∈ Aγ(0), the analytic continuation

of ψ along γ exists. Moreover, the germ at γ(1) represented by this analytic

continuation is contained in Aγ(1).

• For any x, y ∈M , and ψx ∈ Ax, ψy ∈ Ay, there exists a continuous path γ such

that ψy can be obtained by doing the analytic continuation of ψx along γ.

Equivalently, a multivalued analytic function on M is a path-connected component

of the étalé space of the holomorphic function sheaf on M .

Definition 3.0.2. A maximally extended single-valued branch of a multivalued an-

alytic function (Ax)x∈F2(C×) on F2(C×), is a (single-valued) analytic function ϕ on

F 0
1,1(C×), such that for any x ∈ F2(C×), the germ at x represented by ϕ is contained

in Ax.
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Let f(z1, z2) be a multivalued function on F2(C×), and let f e(z1, z2) be a maxi-

mally extended single-valued branch of f(z1, z2). For any loop γ : [0, 1] → F2(C×),

we can do the analytic continuation of f e(z1, z2) along γ and obtain another maxi-

mally extended single-valued branch of f(z1, z2). Since we know that the maximally

extended single-valued branch we obtain only depends on the homotopy class of γ,

we denote this maximally extended single-valued branch by

f [γ](z1, z2),

where [γ] is the element in π1(F2(C×)). In this way, we get a right action of the group

π1(F2(C×)) on the set of maximally extended single-valued branches of f(z1, z2),

defined by

g. (f e(z1, z2)) = f g(z1, z2), g ∈ π1(F2(C×)). (3.2)

It is not hard to check that this is a transitive right action, i.e.,

• Any maximally extended single-valued branches of f(z1, z2) is equal to f
g(z1, z2)

for some g ∈ π1(F2(C×)).

• e. (f g(z1, z2)) = f g(z1, z2), for any g ∈ π1(F2(C×)), where e is the identity

element in the group π1(F2(C×)).

• (g1g2). (f
g(z1, z2)) = f gg1g2(z1, z2) = g2. (g1.f

g(z1, z2)), for any g, g1, g2 ∈

π1(F2(C×)).

Remark 3.0.3. The above definitions and the group action can be generalized to gen-

eral complex manifolds, especially some more complicated configuration spaces. For

any complex manifold, one can do cuttings along some (real) codimension 1 subman-

ifolds with boundaries such that the original manifold remains connected and becomes

simply connected. Once fixing such a cutting, one can define the notion of maximally
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extended single-valued branch, and obtain the right action of the fundamental group

on the set of maximally extended single-valued branches of a multivalued function.

Definition 3.0.4. For any complex manifold M where we have defined the notion

of maximally extended single-valued branch of a multivalued function on M (see

Remark 3.0.3), a multivalued function with a preferred (maximally extended single-

valued) branch is a pair (f, f e) where f is a multivalued function on M , and f e is a

maximally extended single-valued branch of f .

Remark 3.0.5. For example, we can define the notion of a multivalued function with

a preferred branch on Fk,l (see Condition 3.0.13), since the space F 1
k,l has been defined

(see the two paragraphs following Condition 3.0.13).

Remark 3.0.6. We cannot add two multivalued function together (we can do scalar

multiplication tho). However, the space of multivalued functions with a preferred

branch form a commutative associative algebra over C, because we can do linear com-

bination of the preferred maximally extended single-valued branches.

Definition 3.0.7. Let δ = (δ1, . . . , δn), where δi ∈ {0,∞}, i = 1, . . . , n. Suppose

f(z1, . . . , zn) is a multi-valued analytic function defined on an open region Ω of Cn.

We say (z1, . . . , zn) = δ is a component-isolated singularity of f(z1, . . . , zn) if there

exists r ∈ Rn
+ such that ∆×

In,0,δ
(r) ⊂ Ω, where ∆×

In,0,δ
(r) is defined in Appendix A,

(A.1). Let A ∈ GL(n,C) and β ∈ Cn (written as a row vector). Then ζ1, . . . , ζn given

by

(ζ1, . . . , ζn) = (z1, . . . , zn)A− β

are also independent variables. Define

g(ζ1, . . . , ζn) = f
(
(ζ1, . . . , ζn)A

−1 + βA−1
)
. (3.3)

For δ ∈ (C ∪ {∞})n, we say that (ζ1, . . . , ζn) = δ is a component-isolated singularity
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of f(z1, . . . , zn) if (ζ1, . . . , ζn) = δ is a component-isolated singularity of g(ζ1, . . . , ζn).

Remark 3.0.8. Notice that (ζ1, . . . , ζn)(= (z1, . . . , zn)A−β) = δ being a component-

isolated singularity of a function is not equivalent to (z1, . . . , zn) = δA−1 + βA−1

being a component-isolated singularity of the same function. This is because we have

different sets of independent variables. For example, consider f(z1, z2) =
1

z1−z2 . Since

(ζ1, ζ2) = (0, 0) is a component-isolated singularity of the function g(ζ1, ζ2) = 1/ζ1,

we also say that (z1 − z2, z2) = (0, 0) is a component-isolated singularity of f(z1, z2).

In this case, z1 − z2 and z2 are independent variables. However, (z1, z2) = (0, 0) is

clearly not a component-isolated singularity of f(z1, z2). In this case, the independent

variables are z1 and z2.

We say that two component-isolated singularities (z1, . . . , zn)A − β = δ and

(z1, . . . , zn)A
′ − β′ = δ′ are equivalent if there exists a matrix U in the subgroup

of GLn(C) generated by all permutation matrices and invertible diagonal matrices

such that A′ = AU , β′ = βU and δ′ = δU .

Example 3.0.9. Let S ⊂ C be a non-empty finite set. Let A ∈ GLn(C), β ∈ Cn, δ =

(δ1, . . . , δn) ∈ {0,∞}n. Let I∞ = {i|δi = ∞}, (β̃1, . . . , β̃n) = βA−1, and A−1 = (bij).

• Let f(z1, . . . , zn) be a multi-valued analytic function on Fn(C− S) ⊂ Cn. Then the

component-isolated singularities of f(z1, . . . , zn) are the followings.

- I∞ = ∅. β̃1, . . . , β̃n are all distinct. For any j with β̃j ∈ S, the j-th column of

A−1 has only one nonzero entries. Then, (z1, . . . , zn)A−β = δ is a component-

isolated singularity.

- I∞ = {i0}. Let J∞ = {j|bi0j ̸= 0}, J0 = {1, . . . , n}−J∞. Then bi0j are all equal

for j ∈ J∞. For j ∈ J0, β̃j are all distinct. For j ∈ J∞, β̃j are all distinct. For

any j ∈ J0, and β̃j ∈ S, the j-th column of A−1 has only one nonzero entry.

Then, (z1, . . . , zn)A− β = δ is a component-isolated singularity.
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• Let f(z1, . . . , zn) be a multi-valued analytic function on (C − S)n ⊂ Cn. Then

(z1, . . . , zn)A− β = δ is a component-isolated singularity if and only if the followings

are satisfied. For any j, #I∞∩{i|bij ̸= 0} ≤ 1. For those j with #I∞∩{i|bij ̸= 0} = 0

and β̃j ∈ S, the j-th column of A−1 has only one nonzero entry.

Definition 3.0.10. Let f(z1, . . . , zn) be a multi-valued analytic function defined on

an open region of Cn. Let δ = (δ1, . . . , δn) ∈ {0,∞}n. Suppose (z1, . . . , zn) = δ is

a component-isolated singularity of f(z1, . . . , zn). Let {f b(z1, . . . , zn)}b∈B be the set

of all single valued branches of f(z1, . . . , zn) near δ with cuts at zi ∈ R+. Then for

each b ∈ B, there exists rb ∈ Rn
+ such that f b(z1, . . . , zn) is analytic on ∆×

In,0,δ
(rb).

We say that (z1, . . . , zn) = δ is a regular singularity of f(z1, . . . , zn) if there exists

K ∈ N, Di = ∪Ni
j=1r

(i)
j + N (or Di = ∪Ni

j=1r
(i)
j − N) where r(i)1 , . . . , r

(i)
Ni

∈ C for δi = 0

(or δi = ∞), and α
(b)
a1,j1;...;an,jn

∈ C, such that on the region ∆×
In,0,δ

(rb), the right-hand

side of the following equation is absolutely convergent, and

f b(z1, . . . , zn) =
n∑
i=1

∑
ai∈Di

K∑
j1,...,jn=0

α
(b)
a1,j2;...;an,jn

za11 (log z1)
j1 · · · zann (log zn)

jn . (3.4)

Let A ∈ GL(n,C) and β ∈ Cn be the same as above. We say that (ζ1, . . . , ζn) = δ

is a regular singularity of f(z1, . . . , zn) if (ζ1, . . . , ζn) = δ is a regular singularity of

g(ζ1, . . . , ζn), where g(ζ1, . . . , ζn) is give by (3.3).

Remark 3.0.11. We generalize the notion of component-isolated singularity and

regularity singularity in the following sense. Let δ ∈ {0,∞}n. Let Ω be an open

region in Cn. Let f be a multi-valued analytic function defined on Ω. Let ψ be a

injective holomorphic map from U to Cn, where U is an open subset of Ω. We say

ψ(z1, . . . , zn) = δ is a component-isolated singularity, or regular singularity of f if

(z1, . . . , zn) = δ is a component-isolated singularity, or regular singularity of f ◦ ψ−1,

respectively. If ψ(z1, . . . , zn) = (z1, . . . , zn)A−β, then it is consistent with Definitions

3.0.7 and 3.0.10.
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Remark 3.0.12. Let I ⊂ {1, . . . , n}. Without Loss of Generality, assume I =

{1, . . . ,m}. Let Ω be open regions in Cn and let f be a multi-valued analytic function

defined on Ω of Cn. Let δ ∈ {0,∞}n−m. Let X be a subset of Cm. Let ψ =

(ψ1, . . . , ψn−m) be a holomorphic map from an open subset U of Ω to Cn−m satisfying:

1. The matrix
(

∂ψi

∂zm+j

)
1≤i,j≤n−m

is nondegenerate everywhere.

2. For any (z̃1, . . . , z̃m) ∈ X,the set {(z1, . . . , zn) ∈ U |zi = z̃i, i = 1, . . . ,m} is

nonempty.

By 1., we know that ψ restricted on the set in 2. is injective. Denote the inverse of this

restriction of ψ by ψ−1
(z̃1,...,z̃m). We say that ψ(z1, . . . , zn) = δ is a component-isolated

singularity, or regular singularity of f for (z1, . . . , zm) ∈ X, if (ζm+1, . . . , ζn) = δ is a

component-isolated singularity, or regular singularity of

f(z̃1, . . . , z̃m, ψ
−1
(z̃1,...,z̃m)(ζm+1, . . . , ζn)),

respectively, for all (z̃1, . . . , z̃m) ∈ X. Let Y be the image of Ω under the projection

(z1, . . . , zn) 7→ (z1, . . . , zm). Then, we say that ψ(zm+1, . . . , zn) = δ is a component-

isolated singularity, or regular singularity of f if ψ(zm+1, . . . , zn) = δ is a component-

isolated singularity, or regular singularity of f for (z1, . . . , zm) ∈ Y .

Suppose that we have a multivalued function f , injective holomorphic map ψ =

(ψm+1, . . . , ψn), and open region X ⊂ Cn such that ψ(z1, . . . , zn) = δ is a regular

singularity of f for (z1, . . . , zm) ∈ X. Then, on the region given by (z1, . . . , zn) ∈

Domain(f), (z1, . . . , zm) ∈ X, (zm+1, . . . , zn) ∈ ψ−1
(z1,...,zm)(∆

×
In−m,0,δ

(r)) for some r ∈

Rn−m
+ , any single-valued branch of f can be written as an absolute convergent series:

n∑
j=m+1

∑
bj∈C,kj∈N

ab1,k1...bm,km(z1, . . . , zm) ψm+1(zm+1, . . . , zn)
bm+1·

log(ψm+1(zm+1, . . . , zn))
km+1 · · ·ψn(zm+1, . . . , zn)

bn log(ψn(zm+1, . . . , zn))
kn . (3.5)
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As a generalization of the power series case, we can show that those coefficients

ab1,k1...bm,km(z1, . . . , zm) are holomorphic function on the region (z1, . . . , zm) ∈ X,

which are possible to be single-valued branches of multivalued functions.

Let S ⊂ C be a finite set containing 0. Let k, l ∈ N with k+ l > 0. Let n = k+ l.

Let G1,k,l be the subgroup of GLn(C) generated by the permutation matrices

(δi,σ(i)) for σ ∈ Sym(n) with σ({1, . . . , k}) = {1, . . . , k}. We know that G1,k,l
∼=

Sym(k) × Sym(l). Let G2,k,l be the subgroup of GLn(C) generated by the matri-

ces Uj uniquely determined by (x1, . . . , xn)Uj = (x1 − xj, . . . , xj−1 − xj,−xj, xj+1 −

xj, . . . , xn−xj) for j = k+1, . . . , n. Here, the xi are formal variables. More explicitly,

we have

Uj =



1
j-th column

−1

. . .
...

1 −1

1 −1

. . .
...

1 −1

−1

−1 1

...
. . .

−1 1



. (3.6)

For σ = (m′m) ∈ Sym(n), with m,m′ = k+1, . . . , n, m ̸= m′, we know that U2
m′ = 1,

and that U−1
m′ UmUm′ is a permutation matrix (δi,σ(j)). Therefore, G2,k,l

∼= Sym(l + 1)

by Uj 7→ (1, j − k + 1). Let Gk,l be the subgroup of GLn(C) generated by G1,k,l

and G2,k,l. We know that G2,k,l � Gk,l (and therefore Gk,l = G1,k,lG2,k,l), and Gk,l ∼=

Sym(k) × Sym(l + 1). Also, we know that the collection G1,k,l\Gk,l of right cosets is

equal to {G1,k,l,G1,k,lUk+1, . . . ,G1,k,lUk+l}.



49

Now we define the following biholomorphic maps from Fn(C×) to Fn(C×):

ψU : Fn(C×) → Fn(C×) , (z1, . . . , zn) 7→ (z1, . . . , zn)U, for any U ∈ Gk,l;

θn : Fn(C×) → Fn(C×) , (z1, . . . , zn) 7→ (z−1
1 , . . . , z−1

n ); (3.7)

Let Sk,l be the group generated by θk+l and ψU for all U ∈ Gk,l. The group Sk,l

is infinite as long as l ̸= 0. For any k, l ∈ N with k + l ̸= 0, we have the natural

embedding

Sk,l ↪→ Sk+1,l (3.8)

θk+l 7→ θk+l+1

ψUm , where Um ∈ G2,k,l 7→ ψUm , where Um ∈ G2,k+1,l

ψ(δi,σ(j)), where σ ∈ Sym(k) 7→ ψ(δi,σ′(j))
, where σ′ ∈ Sym(k + 1) defined by

σ′(1) = 1, σ′(a) = σ(a− 1) + 1, a = 2, . . . , k + 1.

The (δi,σ(j)) means the permutation matrix induced by a permutation σ.

Now we define a condition for a multivalued analytic function f(z1, . . . , zn) defined

on Fn(C−S). We say that f(z1, . . . , zn) satisfies condition 3.0.13 for the triple (k, l, S)

if the followings are satisfied:

Condition 3.0.13. (a) For a sufficiently large positive integer M , the function

∏
1≤i<j≤k

(zi − zj)
M · f(z1, . . . , zn)

can be analytically extended to a multivalued analytic function g(z1, . . . , zn) on the

region Fk,l(C− S) defined by

Fk,l(C− S) = {(z1, . . . , zn)∈(C− S)n |
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zi ̸= zj for any i = k+1, . . . , n, j = 1, . . . , n, and i ̸= j} . (3.9)

(If k = 0 or 1, f and g are the same multivalued analytic function.)

(b) The following component-isolated singularities of g(z1, . . . , zn) are regular:

• (z1, . . . , zk+l) − β = δ, for β = (β1, . . . , βk+l) ∈ Sk+l, δ = (δ1, . . . , δk+l) ∈

{0,∞}k+l, such that (1) βi = 0 if δi = ∞ (2) βi ̸= βj for any distinct i, j =

1, . . . , k+l with j > k and δi = 0; (3) δi = 0 if i > k. (This is empty if #S < l.)

• (z1, . . . , zk+l) − β = δ, for β = (β1, . . . , βk+l) ∈ Sk+l, δ = (δ1, . . . , δk+l) ∈

{0,∞}k+l, such that (1) there uniquely exists i0 = 1, . . . , k+l such that δi0 = ∞.

Moreover, i0 > k and βi0 = 0; (2) βi ̸= βj for any distinct i, j = 1, . . . , k + l

with j > k, i ̸= i0, and j ̸= i0. (This is empty if either #S < l or l = 0.)

• (z1 − zi, . . . , zi−1 − zi, zi, zi+1, . . . , zk) = (0, . . . , 0,∞, 0 . . . , 0) for any 1 ≤ i ≤ k,

if k ∈ Z+, l = 0, #S = 1.

• (z1 − zk+1, . . . , zi − zk+1, zi+1, . . . , zk+1) = (0, . . . , 0,∞) for any 0 ≤ i ≤ k, if

k ∈ Z+, l = 1, #S = 1.

• (z1, . . . , zk, zk+1 − zk+2, zk+2) = (0, . . . , 0,∞), if k ∈ N, l = 2, #S = 1.

• (z1 − zk+2, . . . , zk − zk+2, zk+1, zk+2) = (0, . . . , 0,∞), if k ∈ N, l = 2, #S = 1.

• (z1 − zk, . . . , zk−1 − zk, zk) = (0, . . . , 0,∞), if k ∈ Z>1, l = 0, #S = 2.

• (z1 − zk+1, . . . , zk − zk+1, zk+1) = (0, . . . , 0,∞), if k ∈ Z+, l = 1, #S = 2.

• (z1 − z2, z2, z3) = (0,∞, 0), if k = 0, l = 3, #S = 1.

• (z1 − z2, z2) = (0,∞), if k = 0, l = #S = 2.

• (z1, . . . , zk+l)U1A − β = δ, for any singularities (z1, . . . , zk+l)A − β = δ of g

listed in the above bullet points, and U1 ∈ G1,k,l.
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(c) If #S > 1, for any m ∈ {0, . . . , k + l− 1}, integers 1 ≤ i1 < · · · < im ≤ k + l,

and (z̃i1 , . . . , z̃im) ∈ Fm(C−S), consider the multivalued analytic function with n−m

variables

∏
1≤i<j≤k

(zi − zj) · f(z1, . . . , zn)|zij=z̃ij
j=1,...,m

.

This function satisfies the part (b) for the triple (k′, l′, S ′), where k′ = k−#{j|ij ≤ k},

l′ = l −#{j|ij > k}, and S ′ = S ∪ {z̃i1 , . . . , z̃im}.

(d) For the case #S = 1, for any m ∈ {0, . . . , k + l − 1}, integers 1 ≤ i1 < · · · <

im ≤ k+ l, ψ ∈ Sk,l, and (z̃i1 , . . . , z̃im) ∈ Fm(C−S), consider the multivalued analytic

function with n−m variables

∏
1≤i<j≤k

(zi − zj) · f(ψ(z1, . . . , zn))|zij=z̃ij
j=1,...,m

. (3.10)

This function satisfies the part (b) for the triple (k′, l′, S ′), where k′ = k−#{j|ij ≤ k},

l′ = l −#{j|ij > k}, and S ′ = S ∪ {z̃i1 , . . . , z̃im}.

(e) This is a condition for the case #S = 1, l ≥ 1, which is defined in the following

inductive way:

We first define it for (k, 1, {0}), k ∈ N. We know, by (d), that zi = 0, zi = ∞, and

zi−zj = 0 for i, j = 1, . . . , k+1 with i ̸= j are regular singularities of (3.10) with m =

0 and ψ ∈ Sk,l (See Remark 3.0.12). The coefficients of the expansions corresponding

to the regular singularities listed above, as functions in z1, . . . , zi−1, zi+1, . . . , zn, satisfy

part (d) for either (k, 0, {0}) if i = l, or (k − 1, 0, {0}) if i ̸= l.

Let l ∈ Z>1. Suppose that this condition is defined for (k, l′, {0}) for any k ∈ N

and l′ < l. Now we define it for (k, l, {0}). For any i = k + 1, . . . , k + l and

j = 1, . . . , k + l with i ̸= j, we know, by (d), that zi = 0, zi = ∞, and zi − zj = 0

are regular singularities of (3.10) with m = 0 and ψ ∈ Sk,l (See Remark 3.0.12).

The coefficients of the expansions at the singularities listed above, as functions in
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z1, . . . , zi−1, zi+1, . . . , zk+l, satisfy parts (d), and (e) for (k, l − 1, {0}).

Remark 3.0.14. For any triple (k, l, S), Condition 3.0.13 for (k, l, S) requires that

some component-isolated singularities of the function g (part (b)), all its suitable ways

of substitution and composition (part (c)) (3.10), and coefficients of the expansion at

some regular singularities as a function in fewer variables (part (e)) are regular.

Remark 3.0.15. The part (b) of Condition 3.0.13 is an empty condition if #S < l

and l > 3.

Remark 3.0.16. In this work, we only interested in Condition 3.0.13 for (k, 1, {0}),

(k, 0, {0, z}), and (k, 2, {0}), where k ∈ N, and z ∈ C×. These three cases occur in

the notion of twisted intertwining operator, the notion of P (z)-compatibility, and the

convergence and extension assumption, respectively.

Remark 3.0.17. This remark is so far not rigorous. Non-rigorously, one can un-

derstand multivalued functions satisfying Condition 3.0.13 for (k, l, S) as functions

satisfying properties that should be satisfied by the correlation function obtained from

the series

∏
1≤i<j≤k

(zi − zj)
M · ⟨w′, Y (u1, z1) · · ·Y (uk, zk)Y1(w1, zk+1) · · · Yl(wl, zk+l)

Yl+1(wl+1, s1) · · · Yl+#S−1(wl+#S−1, s#S−1)w#S⟩, (3.11)

where S = {0, s1, . . . , s#S−1}. Here, one should regard

Yl+1(wl+1, s1) · · · Yl+#S−1(wl+#S−1, s#S−1)w#S

as a single fixed element in W for some twisted module W .

Define F 0
k,l(C − S) to be the topological space which set-theoretically is equal to

Fn(C−S), but the topology is given by cutting Fn(C−S) along the lines zi−s ∈ R+,
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with i = 1, . . . , n, s ∈ S, the lines zi − zj ∈ R+, with 1 ≤ i < j ≤ n and j > k.

These lines are attached to the upper half (zi − s)-, and (zi − zj)-planes. Equip

F 0
k,l(C− S) with the unique structure of complex manifold with boundary such that

the set-theoretically identity map F 0
k,l(C− S) → Fn(C− S) is holomorphic.

Define F 1
k,l(C − S) to be the topological space which set-theoretically is equal to

Fk,l(C−S), but the topology is given by cutting Fn(C−S) along the lines zi−s ∈ R+,

with i = 1, . . . , n, s ∈ S, the lines zi − zj ∈ R+, with 1 ≤ i < j ≤ n and j > k.

These lines are attached to the upper half (zi − s)-, and (zi − zj)-planes. Equip

F 0
k,l(C− S) with the unique structure of complex manifold with boundary such that

the set-theoretically identity map F 1
k,l(C− S) → Fk,l(C− S) is holomorphic.

Remark 3.0.18. For any multi-valued analytic function f(z1, . . . , zn) on Fn(C− S)

satisfying Condition 3.0.13 for (k, l, S), we know that any single valued branch of

f(z1, . . . , zn) defined on a connected open subset of F 0
k,l(C − S) can be maximally

extended to single valued analytic function on F 0
k,l(C − S). Since

∏
1≤i<j≤k(zi −

zj)
Mf(z1, . . . , zn) can be analytically extended to Fk,l(C− S), we also know that any

single valued branch of
∏

1≤i<j≤k(zi − zj)
Mf(z1, . . . , zn) defined on a connected open

subset of F 1
k,l(C− S) can be maximally extended to single valued analytic function on

F 1
k,l(C− S).

Remark 3.0.19. Recall Definition 3.0.4, Remarks 3.0.5 and 3.0.6. We can see that

the space of multi-valued analytic functions on Fn(C−S) satisfying Condition 3.0.13

for (k, l, S) with a preferred branch forms a commutative associative algebra over

C. Some elements in this algebra are

((zi − s)α, eα·lp(zi−s)), (log(zi − s), lp(zi − s)),

((zi − zj)
α, eα·lp(zi−zj)), (log(zi − zj), lp(zi − zj)),

for p ∈ Z, s ∈ S, α ∈ C, and i, j = 1, . . . , k + l, with i < j;

Single-valued holomorphic functions on Fn(C− S). (3.12)
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Proposition 3.0.20. Let k, l ∈ N with k + l > 0. Let S be a finite subset of C

containing 0.

1. If f(z1, . . . , zk+l) satisfies Condition 3.0.13 for (k, l, S), then for any U1 ∈ G1,k,l,

m ∈ {0, . . . , k + l − 1}, integers 1 ≤ i1 < · · · < im ≤ k + l, and (z̃i1 , . . . , z̃im) ∈

Fm(C−S), the function f((z1, . . . , zk+l)U1)|zij=z̃ij ,j=1,...,m also satisfies Condition

3.0.13 for (k′, l′, S ′), where k′ = k − #{j|ij ≤ k}, l′ = l − #{j|ij > k}, and

S ′ = S ∪ {z̃i1 , . . . , z̃im}.

2. If f(z1, . . . , zk+l) satisfies Condition 3.0.13 for (k, l, {0}), then for any ψ ∈ Sk,l,

m ∈ {0, . . . , k + l − 1}, integers 1 ≤ i1 < · · · < im ≤ k + l, and (z̃i1 , . . . , z̃im) ∈

Fm(C−S), the function f(ψ(z1, . . . , zk+l))|zij=z̃ij ,j=1,...,m also satisfies Condition

3.0.13 for (k′, l′, S ′), where k′ = k − #{j|ij ≤ k}, l′ = l − #{j|ij > k}, and

S ′ = S ∪ {z̃i1 , . . . , z̃im}. In particular,

(a) f(z1 − zi, . . . , zi−1 − zi,−zi, zi+1 − zi, . . . , zk+l − zi) for i = k + 1, . . . , k + l

satisfies Condition 3.0.13 for (k, l, {0}) when l ̸= 0;

(b) f(z−1
1 , . . . , z−1

k+l) satisfies Condition 3.0.13 for (k, l, {0}).

Proof. This is straightforward from Condition 3.0.13.

Proposition 3.0.21. Let f(z1, . . . , zk) be a multivalued function satisfies parts (a)

and (b) of Condition 3.0.13 for (k, 0, {0, z}), where k ∈ Z+, z ∈ C×. Then, the

function

f
(
z1z
zk+1

, . . . , zkz
zk+1

)
satisfies parts (a) and (b) of Condition 3.0.13 for (k, 1, {0}).

Proof. Notice that

∏
1≤i<j≤k

(
ziz
zk+1

− zjz

zk+1

)M
=
(

z
zk+1

)M(k2) ∏
1≤i<j≤k

(zi − zj)
M .



55

It can be checked directly that part (a) holds for f
(
z1z
zk+1

, . . . , zkz
zk+1

)
. Now we prove

part (b).

1. (z1, . . . , zk+1) = (0, . . . , 0,∞);

The regularity of this singularity follows from the regularity of (z1, . . . , zk) =

(0, . . . , 0) of
∏

1≤i<j≤k(zi − zj)
Mf(z1, . . . , zk).

2. (z1, . . . , zk+1) = (∞, . . . ,∞, 0);

The regularity of this singularity follows from the regularity of (z1, . . . , zk) =

(∞, . . . ,∞) of
∏

1≤i<j≤k(zi − zj)
Mf(z1, . . . , zk).

3. (z1 − zk+1, . . . , zi − zk+1, zi+1, . . . , zk+1) = (0, . . . , 0,∞) for any 0 ≤ i ≤ k;

It follows from
(
z1z
zk+1

− z, . . . , ziz
zk+1

− z, zi+1z
zk+1

, . . . , zkz
zk+1

)
= (0, . . . , 0) being a regu-

lar singularity of
∏

1≤i<j≤k (zi − zj)
M f

(
z1z
zk+1

, . . . , zkz
zk+1

)
, as f satisfies Condition

3.0.13 for (k, 0, {0, z}).

4. singularities obtained from those listed above by applying the permutation zi 7→

zσ(i) for any σ ∈ Sym(k + 1) with σ(k + 1) = k + 1.

If a singularity is obtained by applying σ to another singularity listed above,

then use the same σ to modify the proof given above for the original singularity

before applying σ.

Remark 3.0.22. Since Condition 3.0.13 for (k, l, {0}) is a very strong condition, and

Condition 3.0.13 for (k, l, S) with #S > 1 is a much weaker condition, in general one

cannot prove f
(
z1z
zk+1

, . . . , zkz
zk+1

)
satisfies the whole Condition 3.0.13 for (k, 1, {0}) for

any function f satisfying Condition 3.0.13 for (k, 0, {0, z}).
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3.0.2 Twisted intertwining operators

Now, we are ready to introduce the notion of twisted intertwining operator. Suppose

W1, W2, W3 are three vector spaces, and

Y : W1 ⊗W2 → W3{x}[log x]

w1 ⊗ w2 7→ Y(w1, x)w2 =
K∑
k=0

∑
n∈C

Yn,k(w1)w2x
−n−1(log x)k

is a linear map. For p ∈ Z, we define and denote the p-th branch of Y as the following:

Yp(w1, x)w2 =
K∑
k=0

∑
n∈C

Yn,k(w1)w2e
2πi(−n−1)px−n−1(log x+ 2pπi)k

=
K∑
l=0

∑
n∈C

(
K∑
k=l

(
k

l

)
(2pπi)k−le2πi(−n−1)pYn,k(w1)w2

)
x−n−1(log x)l ∈ W3{x}[log x],

for w1 ∈ W1, w2 ∈ W2.

Definition 3.0.23. Let Wi be a gi-twisted V -module, i = 1, 2, 3. A twisted intertwin-

ing operator of type
(

W3

W1W2

)
is a linear map

Y : W1 ⊗W2 → W3{x}[log x]

w1 ⊗ w2 7→ Y(w1, x)w2 =
K∑
k=0

∑
n∈C

Yn,k(w1)w2x
−n−1(log x)k

satisfying the following conditions:

1. The duality property: For u ∈ V , w1 ∈ W1, w2 ∈ W2 and w′
3 ∈ W ′

3, there exists

a multivalued analytic function fY,2(z1, z2;u,w1, w2, w
′
3) on F2(C − {0}) with

a preferred maximally extended single-valued branch f eY,2(z1, z2;u,w1, w2, w
′
3)

in the region given by cutting lines z1 ∈ R+, z2 ∈ R+ and z1 − z2 ∈ R+ in
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F2(C− {0}), such that the series

⟨w′
3, (Y

g3
W3

)0(u, z1)Y0(w1, z2)w2⟩ =
∑
n∈C

⟨w′
3, (Y

g3
W3

)0(u, z1)πnY0(w1, z2)w2⟩, (3.13)

⟨w′
3,Y0(w1, z2)(Y

g2
W2

)0(u, z1)w2⟩ =
∑
n∈C

⟨w′
3,Y0(w1, z2)πn(Y

g2
W2

)0(u, z1)w2⟩, (3.14)

⟨w′
3,Y0((Y g1

W1
)0(u, z1 − z2)w1, z2)w2⟩

=
∑
n∈C

⟨w′
3,Y0(πn(Y

g1
W1

)0(u, z1 − z2)w1, z2)w2⟩ (3.15)

are absolutely convergent in the regions |z1| > |z2| > 0, |z2| > |z1| > 0, |z2| >

|z1−z2| > 0, respectively. Moreover, their sums are equal to f eY,2(z1, z2;u,w1, w2,

w′
3) in the region given by |z1| > |z2| > 0 and | arg(z1 − z2) − arg z1| < π

2
, the

region given by |z2| > |z1| > 0 and −3π
2
< arg(z1−z2)−arg z2 < −π

2
, the region

given by |z2| > |z1 − z2| > 0 and | arg z1 − arg z2| < π
2
, respectively.

2. The convergence for products of more than two operators: For n ∈ Z+, u1, . . . , un−1

∈ V , w1 ∈ W1, w2 ∈ W2 and w′
3 ∈ W ′

3, the series

⟨w′
3, Y

g3
W3

(u1, z1) · · ·Y g3
W3

(un−1, zn−1)Y(w1, zn)w2⟩

=
∑

m1,...,mn−1∈C

⟨w′
3, Y

g3
W3

(u1, z1)πm1 · · · πmn−2Y
g3
W3

(un−1, zn−1)πmn−1Y(w1, zn)w2⟩

is absolutely convergent on the region |z1| > · · · > |zn| > 0 and can be maxi-

mally extended to a multivalued analytic function

fY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3)

on the region Fn(C− {0}) satisfying the Condition 3.0.13 for (n− 1, 1, {0}).
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3. The L(−1)-derivative property: for any w1 ∈ W1,

d

dx
Y(w1, x) = Y(L(−1)w1, x).

In the rest of this paper, we assume that Y is a twisted intertwining operator of

type
(

W3

W1W2

)
.

Remark 3.0.24. Just like the preferred branch f eY,2, now we define the preferred

branch f eY,n of the multi-valued function fY,n for n ∈ Z+. Let

f eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3)

be a single valued analytic function on F 0
n−1,1(C− {0}) such that

f eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3) =

⟨w′
3, Y

g3
W3

(u1, z1) · · ·Y g3
W3

(un−1, zn−1)Y(w1, zn)w2⟩

on the region given by |z1| > · · · > |zn| > 0, and | arg(zi − zn) − arg zi| < π
2
, i =

1, . . . , n− 1.

Definition 3.0.25. For a linear map

Y : W1 ⊗W2 → W3{x}[log x]

w1 ⊗ w2 7→ Y(w1, x)w2 =
∑
n∈C

∑
k∈N

Yn,k(w1)w2x
−n−1 log xk, (3.16)

we say Y satisfies the full lower truncation property or is fully lower truncated, if

For any n ∈ C, k ∈ N, and w1 ∈ W1, w2 ∈ W2, w
′
3 ∈ W ′

3,

Yn+l,k(w1)(w2) = 0, ⟨w′
3,Yn−l,k(w1) · ⟩ = 0, ⟨w′

3,Yn−l,k(·)w2⟩ = 0,

for sufficiently large l ∈ N. (3.17)
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If only the condition that Yn+l,k(w1)(w2) = 0 for sufficiently large l ∈ N is satisfied, we

say Y satisfies the lower truncation property or is lower truncated. We say a module

(W,YW ) is fully lower truncated (or lower truncated) if YW is fully truncated (or lower

truncated).

Remark 3.0.26. Similar as Lemma 2.0.4, we do not require lower truncation prop-

erty in Definition 3.0.23. However, it automatically holds when modules are lower-

bounded.

Suppose Y is a twisted intertwining operator of type
(

W3

W1W2

)
. If W3 is lower-

bounded, then the first condition in the full truncation property, i.e. for any fixed

n, k, w1, w2, Yn+l,k(w1)(w2) = 0 for sufficiently large l ∈ N, automatically holds.

If W2 or W1 is lower-bounded, the second or third condition in the full truncation

property automatically holds, respectively. Therefore, twisted intertwining operator

among three lower-bounded twisted modules is automatically fully truncated.

On the other hand, without lower-boundedness or other properties, truncation

property cannot be derived only from the definition of twisted module.

We can generalize the lemma 7.7 and proposition 7.9 in [HLZ5] to the following

two lemmas respectively.

Lemma 3.0.27. Let b1, b2 ∈ R, b1 < b2, p ∈ Z, and D is a subset of {z ∈ C|b1 ≤

ℑz ≤ b2}. Suppose a series
∑

α∈D aαe
αlp(z) (aα ∈ C) is absolutely convergent on an

open subset Ω of C×. Then the series

∑
α∈D

aααe
αlp(z)

is absolutely and uniformly convergent near any z ∈ Ω. In particular,
∑

α∈D aαe
αlp(z)

is holomorphic on Ω.

Proof. Let B = max{|b1|, |b2|}, M = e2πB(1+|p|). For any z ∈ C×, α ∈ D, since
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|eαlp(z)| = |z|ℜαe−ℑα arg ze−2πpℑα, we have

M−1|z|ℜα < |eαlp(z)| < M |z|ℜα,

or equivalently, M−1|eαlp(z)| < |z|ℜα < M |eαlp(z)|.

We know that
∑

ℜα≥0 aαe
αlp(z) and

∑
ℜα<0 aαe

αlp(z) are all absolutely convergent

in Ω. For any α ∈ D, we have b1 ≤ ℑα ≤ b2. Thus, |α| ≤ |ℜα| + B. Fix z0 ∈ Ω,

there exists z1, z2 ∈ Ω, r1, r2 > 0, such that |z1| < r1 < |z0| < r2 < |z2|. Since

ℜα
√

|α| < ℜα
√
ℜα +B → 1 (when ℜα→ +∞),

there exists L > 0 such that ℜα
√
|α| < min

{
r1
|z1| ,

|z2|
r2

}
when ℜα > L. When z ∈ Ω,

r1 < |z| < r2, and ℜα > L, we have ℜα
√

|α| < min
{

r1
|z1| ,

|z2|
r2

}
< min

{
|z|
|z1| ,

|z2|
|z|

}
. So,

for z ∈ Ω, r1 < |z| < r2, we have

∑
α∈D
ℜα>L

|aααeαlp(z)| < M
∑
α∈D
ℜα>L

|aαα||z|ℜα

< M
∑
α∈D
ℜα>L

|aα|
(

ℜα
√

|α||z|
)ℜα

< M
∑
α∈D
ℜα>L

|aα|
(

|z2|
r2
|z|
)ℜα

< M
∑
α∈D
ℜα>L

|aα| · |z2|ℜα < M2
∑
α∈D
ℜα>L

|aαeαlp(z2)| <∞.

Similarly,

∑
α∈D

ℜα<−L

|aααeαlp(z)| < M
∑
α∈D

ℜα<−L

|aαα||1/z|−ℜα

< M
∑
α∈D

ℜα<−L

|aα|
(

−ℜα
√
|α|/|z|

)−ℜα
< M

∑
α∈D

ℜα<−L

|aα||1/z1|−ℜα

< M2
∑
α∈D

ℜα<−L

|aαeαlp(z1)| <∞.
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Also,

∑
α∈D

0≤ℜα≤L

|aααeαlp(z)| <
∑
α∈D

0≤ℜα≤L

(|ℜα|+B)|aαeαlp(z)| ≤ (L+B)
∑
α∈D

0≤ℜα≤L

|aαeαlp(z)|

= (L+B)
∑
α∈D

0≤ℜα≤L

|aα||z|ℜαe−ℑα arg ze−2πpℑα

< (L+B)e2πB
∑
α∈D

0≤ℜα≤L

|aα||z2|ℜαe−2πpℑα

< (L+B)e4πB
∑
α∈D

0≤ℜα≤L

|aα||z2|ℜαe−ℑα arg z2e−2πpℑα

= (L+B)e4πB
∑
α∈D

0≤ℜα≤L

|aαeαlp(z2)| <∞.

Similarly,

∑
α∈D

−L≤ℜα<0

|aααeαlp(z)| < (L+B)e4πB
∑
α∈D

−L≤ℜα<0

|aαeα·lp(z1)| <∞.

Therefore,
∑

α∈D aααe
αlp(z) is absolutely and uniformly convergent near z. Here,

uniformly convergence near z means that there exists an open neighborhood of z

such that the series is uniformly convergent on this open neighborhood.

Lemma 3.0.28. Let b1, b2 ∈ R, b1 < b2, N be a nonnegative integer, Ω be a nonempty

open subset of C×, and D be a subset of {z ∈ C|b1 ≤ ℑz ≤ b2}. Let aα,β ∈ C for

α ∈ D, β = 0, . . . , N . Then the series

∑
α∈D

aα,βz
α (zα means eα·l0(z)) (3.18)



62

for β = 0, . . . , N are all absolutely convergent on Ω if and only if the series

∑
α∈D

(
∂

∂z

)k(( N∑
β=0

aα,β log(z)
β

)
zα

)
(3.19)

for k ∈ N are all absolutely convergent on Ω.

Proof. Let B = 2max{|b1|, |b2|}, and M = e2πB. For any α ∈ D, z ∈ C×, we have

M−1|z|ℜα ≤ |zα| = |z|ℜαe−ℑα·arg z < M |z|ℜα

For any z, z′ ∈ C×, α ∈ D, with |z| < |z′|, and ℜα ≥ 0, we have

|zα| = |z|ℜαe−ℑα·arg z ≤
(
|z′|ℜαe−ℑα·arg z′

)
e−ℑα·(arg z−arg z′) < M2|z′α|

Therefore, the proof of the proposition 7.9 in [HLZ5] still works if we change
∑

n≥0

to
∑

α∈D, ℜα≥0, and put an extraM2 suitably on the larger side of each inequality.

Therefore, we have the following result, which corresponds to Proposition 7.14 in

[HLZ5].

Lemma 3.0.29. The multiple series

∑
m,n∈C

K∑
i,j=0

〈
w′

3,
(
Y g3
W3

)
m,j

(u)Yn,i (w1)w2

〉
·

e(−m−1)l0(z1)l0(z1)
je(−n−1)l0(z2)l0(z2)

i, (3.20)∑
m,n∈C

K∑
i,j=0

〈
w′

3,Yn,i (w1)
(
Y g2
W2

)
m,j

(u)w2

〉
·

e(−m−1)l0(z1)l0(z1)
je(−n−1)l0(z2)l0(z2)

i, (3.21)∑
m,n∈C

K∑
i,j=0

〈
w′

3,Yn,i
((
Y g1
W1

)
m,j

(u)w1

)
w2

〉
·

e(−m−1)l0(z1−z2)l0(z1 − z2)
je(−n−1)l0(z2)l0(z2)

i (3.22)
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are absolutely convergent to their corresponding iterate sum (3.13), (3.14), (3.15),

respectively, wherever (3.13), (3.14), (3.15) are absolutely convergent, respectively.

Lemma 3.0.30. For any p1, p2, p12 ∈ Z, the series

⟨w′
3, (Y

g3
W3

)p1(u, z1)Yp2(w1, z2)w2⟩ =
∑
n∈C

⟨w′
3, (Y

g3
W3

)p1(u, z1)πnYp2(w1, z2)w2⟩,

(3.23)

⟨w′
3,Yp2(w1, z2)(Y

g2
W2

)p1(u, z1)w2⟩ =
∑
n∈C

⟨w′
3,Yp2(w1, z2)πn(Y

g2
W2

)p1(u, z1)w2⟩,

(3.24)

⟨w′
3,Yp2((Y g1

W1
)p12(u, z1 − z2)w1, z2)w2⟩ =

∑
n∈C

⟨w′
3,Yp2(πn(Y

g1
W1

)p12(u, z1 − z2)w1, z2)w2⟩

(3.25)

are absolutely convergent in the regions |z1| > |z2| > 0, |z2| > |z1| > 0, |z2| >

|z1 − z2| > 0, respectively. Moreover, their sums are equal to the branches

f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3),

f
(b−1

12 b13b12)
p1 (b23b12)p2

Y,2 (z1, z2;u,w1, w2, w
′
3),

f
(b23b13)p2b

p12
12

Y,2 (z1, z2;u,w1, w2, w
′
3),

of fY,2(z1, z2;u,w1, w2, w
′
3), respectively, in the region given by |z1| > |z2| > 0 and

| arg(z1 − z2) − arg z1| < π
2
, the region given by |z2| > |z1| > 0 and −3π

2
< arg(z1 −

z2)− arg z2 < −π
2
, the region given by |z2| > |z1 − z2| > 0 and | arg z1 − arg z2| < π

2
,

respectively.

Moreover, the multiple series

∑
m,n∈C

K∑
i,j=0

〈
w′

3,
(
Y g3
W3

)
m,j

(u)Yn,i (w1)w2

〉
·

e(−m−1)lp1 (z1)lp1(z1)
je(−n−1)lp2 (z2)lp2(z2)

i, (3.26)
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∑
m,n∈C

K∑
i,j=0

〈
w′

3,Yn,i (w1)
(
Y g2
W2

)
m,j

(u)w2

〉
·

e(−m−1)lp1 (z1)lp1(z1)
je(−n−1)lp2 (z2)lp2(z2)

i, (3.27)∑
m,n∈C

K∑
i,j=0

〈
w′

3,Yn,i
((
Y g1
W1

)
m,j

(u)w1

)
w2

〉
·

e(−m−1)lp12 (z1−z2)lp12(z1 − z2)
je(−n−1)lp2 (z2)lp2(z2)

i (3.28)

are absolutely convergent to their corresponding iterate sum (3.23), (3.24), (3.25),

respectively, wherever (3.23), (3.24), (3.25) are absolutely convergent, respectively.

Proof. Without loss of generality, we can assume that u,w1, w2, w
′
3 are all homoge-

neous elements. Let ∆ = −wtw′
3 + wtu+ wtw1 + wtw2, and

M = max
{
|ℑn|

∣∣∣ n ∈ C,
〈
w′

3, Y
g1g2
W3

(u, x)Yn,k(w1)w2

〉
̸= 0 for some k = 0, . . . , K

}
.

Notice thatM is well-defined, since the set to which we take maximum is finite. First,

we need to prove that (3.26) is absolutely convergent when |z1| > |z2| > 0. Notice

that if the multiple sum (3.26) is absolutely convergent, then the corresponding iterate

sum (3.23) is automatically absolutely convergent on the same region, and they are

equal. To prove the absolute convergence of (3.26), we only need to show that for

each i, j = 0, . . . , K, the right-hand side of the following inequality is convergent when

|z1| > |z2| > 0.

∑
m,n∈C

∣∣∣〈w′
3,
(
Y g3
W3

)
m,j

(u)Yn,i (w1)w2

〉
e(−m−1)lp1 (z1)e(−n−1)lp2 (z2)

∣∣∣
=
∑
n∈C

∣∣∣〈w′
3,
(
Y g3
W3

)
∆−n−2,j

(u)Yn,i (w1)w2

〉
e(−∆+n+1)l0(z1)e(−n−1)l0(z2)

∣∣∣ ·
∣∣e2πı[(−∆+n+1)p1+(−n−1)p2]

∣∣
=
∑
n∈C

e2πp1ℑ∆e2π(p2−p1)ℑn·
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∣∣∣〈w′
3,
(
Y g3
W3

)
∆−n−2,j

(u)Yn,i (w1)w2

〉
e(−∆+n+1)l0(z1)e(−n−1)l0(z2)

∣∣∣
≤e2πp1ℑ∆+2π|p2−p1|M ·∑

n∈C

∣∣∣〈w′
3,
(
Y g3
W3

)
∆−n−2,j

(u)Yn,i (w1)w2

〉
e(−∆+n+1)l0(z1)e(−n−1)l0(z2)

∣∣∣
=e2πp1ℑ∆+2π|p2−p1|M ·

∑
m,n∈C

∣∣∣〈w′
3,
(
Y g3
W3

)
m,j

(u)Yn,i (w1)w2

〉
e(−m−1)l0(z1)e(−n−1)l0(z2)

∣∣∣
(3.29)

By lemma 3.0.29, the right-hand side of (3.29) is absolutely convergent on the region

|z1| > |z2| > 0. So, the left-hand side of (3.29) is also absolutely convergent on the

same region. The absolute convergence of (3.27) and (3.28) are similar.

Since (z1, z2) = (∞, 0) is a regular singularity of fY,2(z1, z2;u,w1, w2, w
′
3), and

Y g3
W3

(u, x) ∈ x−a End(W3)[[x, x
−1]][log(x)] for any a ∈ C×, u ∈ V [a+Z], we know that

there exists a finite set A ⊂ C/Z, and Rµ ∈ µ for µ ∈ A, such that for any z1, z2 ∈ C

with |z1| > |z2| > 0, the series (3.20), therefore (3.13), is equal to

∑
µ∈A

∑
l∈Z>0

K∑
i,j=0

〈
w′

3,
(
Y g3
W3

)
∆−Rµ+l−2,j

(u)YRµ−l,i (w1)w2

〉
·

e(−∆+Rµ−l+1)l0(z1)l0(z1)
je(−Rµ+l−1)l0(z2)l0(z2)

i

=
∑
µ∈A

K∑
i,j=0

e(−∆+Rµ)l0(z1)e−Rµl0(z2)l0(z1)
jl0(z2)

i·

∑
l∈Z>0

〈
w′

3,
(
Y g3
W3

)
∆−Rµ+l−2,j

(u)YRµ−l,i (w1)w2

〉(z2
z1

)l−1

=
∑
µ∈A

K∑
i,j=0

e(−∆+Rµ)l0(z1)e−Rµl0(z2)l0(z1)
jl0(z2)

i · fµ;i,j
(
z2
z1

)
, (3.30)

where fµ;i,j(z) =
∑
l∈Z>0

〈
w′

3,
(
Y g3
W3

)
∆−Rµ+l−2,j

(u)YRµ−l,i (w1)w2

〉
zl−1.

By the duality of Y and Lemma 3.0.29, we know that for each µ ∈ A, and

i, j = 0, . . . , K, the radius of convergence of the power series fµ;i,j is larger that
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or equal to 1. Since fµ;i,j is single valued, from (3.30) we can see that applying

(b13b12)
p1bp223 to the right-hand side of (3.30), one gets

(
(b13b12)

p1bp223

)
.

[∑
µ∈A

K∑
i,j=0

e(−∆+Rµ)l0(z1)e−Rµl0(z2)l0(z1)
jl0(z2)

ifµ;i,j

(
z2
z1

)]

=
∑
µ∈A

K∑
i,j=0

(
(b13b12)

p1bp223

)
.
[
e(−∆+Rµ)l0(z1)e−Rµl0(z2)l0(z1)

jl0(z2)
i
]
fµ;i,j

(
z2
z1

)

=
∑
µ∈A

K∑
i,j=0

e(−∆+Rµ)lp1 (z1)e−Rµlp2 (z2)lp1(z1)
jlp2(z2)

ifµ;i,j

(
z2
z1

)

=
∑
µ∈A

∑
l∈Z>0

K∑
i,j=0

〈
w′

3,
(
Y g3
W3

)
∆−Rµ−l−2,j

(u)YRµ+l,i (w1)w2

〉
·

e(−∆+Rµ+l+1)lp1 (z1)lp1(z1)
je(−Rµ−l−1)lp2 (z2)lp2(z2)

i

= the multiple series (3.26). (3.31)

On the other hand, by the duality of Y , in the region given by |z1| > |z2| > 0

and | arg(z1 − z2) − arg z1| < π
2
, applying (b13b12)

p1bp223 to the left-hand side of (3.30)

(which is just (3.13)), one gets

f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3). (3.32)

Thus, (3.26), and therefore (3.23), is absolutely convergent to (3.32) in the region

given by |z1| > |z2| > 0 and | arg(z1 − z2)− arg z1| < π
2
.

For the other two series, the proofs are similar.

We define the following group elements, for p1, p2, p12 ∈ Z,

ap1,p2 = (b13b12)
p1 bp223,

bp1,p2 =
(
b−1
12 b13b12

)p1 (b23b12)p2 ,
cp2,p12 = (b23b13)

p2bp1212 .
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Corollary 3.0.31. For any twisted intertwining operator Y of type
(

W3

W1W2

)
and in-

teger q ∈ Z, the q-th branch Yq of Y is a twisted intertwining operator of type( ϕ
g
q
3
(W3)

ϕ
g
q
1
(W1) ϕgq2

(W2)

)
. Therefore, when Wi, i =1,2,3 are gi-twisted modules with gi-action

respectively, by proposition 2.0.6, the map w1 ⊗ w2 7→ g−q3 Yq
(
g−q1 w1, x

)
g−q2 w2 is a

twisted intertwining operator of type
(

W3

W1W2

)
.

Remark 3.0.32. We also denote Yq(u, x) by Y(u, e2πiqx), and denote

Y(w, y)|yn=e2πıqnxn, n∈C by Y(w, y)|y=e2πıqx.

Proof. Notice that

〈
w′

3,
(
ϕgq3
(
Y g3
W3

))0
(u, z1) (Yq)0 (w1, z2)w2

〉
=
〈
w′

3,
(
Y g3
W3

)0
(g−q3 u, z1)Yq(w1, z2)w2

〉
=
〈
w′

3,
(
Y g3
W3

)q
(u, z1)Yq(w1, z2)w2

〉
,〈

w′
3, (Yq)0 (w1, z2)

(
ϕgq2
(
Y g2
W2

))0
(u, z1)w2

〉
=
〈
w′

3,Yq(w1, z2)
(
Y g2
W2

)0
(g−q2 u, z1)w2

〉
=
〈
w′

3,Yq(w1, z2)
(
Y g2
W2

)q
(u, z1)w2

〉
,〈

w′
3, (Yq)0

((
ϕgq1
(
Y g1
W1

))0
(u, z1 − z2)w1, z2

)
w2

〉
=
〈
w′

3,Yq
((
Y g1
W1

)0
(g−q1 u, z1 − z2)w1, z2

)
w2

〉
=
〈
w′

3,Yq
((
Y g1
W1

)q
(u, z1 − z2)w1, z2

)
w2

〉
.

Notice that (b13b12)
qbq23 =

(
b−1
12 b13b12

)q
(b23b12)

q = (b23b13)
qbq12 = (b13b12b23)

q. By

lemma (3.0.30), we know that the above three series are absolutely convergent on

the region given by |z1| > |z2| > 0 and | arg(z1 − z2) − arg z1| < π
2
, the region given

by |z2| > |z1| > 0 and −3π
2
< arg(z1 − z2) − arg z2 < −π

2
, the region given by

|z2| > |z1 − z2| > 0 and | arg z1 − arg z2| < π
2
, respectively, to the function

f
(b13b12b23)q

Y,2 (z1, z2;u,w1, w2, w
′
3),
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which means that the duality for Yq has been proven.

For L(−1)-derivative property, we have

Yq(L(−1)w, x) = Y(L(−1)w, e2πıqx) =(
d

d y
Y(w, y)

)∣∣∣∣
y=e2πıqx

=
d

d x
Y(w, e2πıqx). (3.33)

The last step is because for any m ∈ C, we have

(
d

d y
ym
)∣∣∣∣

y=e2πıqx

=
(
(m− 1)ym−1

)∣∣
y=e2πıqx

=

(m− 1)e2πı(m−1)qxm−1 = e2πımq
(

d

d x
xm
)
.

The part 1 and 3 in the definition of twisted intertwining operator are straight-

forward.

Lemma 3.0.33. For any p1, p2, p12 ∈ Z,

• (a) The series (3.23) is absolutely convergent to

f
(b13b12)p1b

p2
23 b12

Y,2 (z1, z2;u,w1, w2, w
′
3),

f
(b13b12)p1b

p2
23 b

−1
12

Y,2 (z1, z2;u,w1, w2, w
′
3)

in the region given by |z1| > |z2| > 0 and −2π < arg(z1 − z2) − arg z1 < −3π
2
,

and the region given by |z1| > |z2| > 0 and 3π
2
< arg(z1 − z2) − arg z1 < 2π,

respectively.

• (b) The series (3.24) is absolutely convergent to

f
(b−1

12 b13b12)
p1 (b23b12)p2b

−1
12

Y,2 (z1, z2;u,w1, w2, w
′
3)

in the region given by |z2| > |z1| > 0 and π
2
< arg(z1 − z2)− arg z2 <

3π
2
.
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• (c) The series (3.25) is absolutely convergent to

f
(b23b13)p2b

p12
12 b−1

12 b13b12
Y,2 (z1, z2;u,w1, w2, w

′
3),

f
(b23b13)p2b

p12
12 b−1

13
Y,2 (z1, z2;u,w1, w2, w

′
3)

in the region given by |z2| > |z1 − z2| > 0 and −2π < arg z1 − arg z2 < −3π
2
,

and the region given by |z2| > |z1 − z2| > 0 and 3π
2
< arg z1 − arg z2 < 2π,

respectively.

Proof. We only prove the first part of (a), since the second part of (a), (b), and (c)

are similar.

Fix a1, a2 ∈ C such that |a1| > |a2| > 0 and −2π < arg(a1 − a2)− arg a1 < −3π
2
.

We know that ℑ(a1),ℑ(a2) < 0. Let c1 = a1 − i|a2| and γ1 be the path given

by γ1(t) = ((1 − t)c1 + ta1, a2), t ∈ [0, 1]. By lemma 3.0.30, the series (3.23) is

convergent to f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3) near (c1, a2), because |c1| > |a2| > 0

and | arg(c1 − a2) − arg c1| < π
2
. Since the image of γ1 is contained in the re-

gion {(z1, z2)| |z1| > |z2| > 0, z1, z2 /∈ R+} where the series (2.1) is holomor-

phic, and also (2.1) is convergent to f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3) near γ1(0) =

(c1, a2), doing analytic continuation of f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3) along γ1, one

gets ⟨w′
3, (Y

g3
W3

)p1(u, a1)Yp2(w1, a2)w2⟩. Let c2 = c1 − 3|a2|, c3 = c2 + i|a2|, and γ2 be

the path given by γ2(t) = ((1 − 3t)c1 + 3tc2, a2), if t ∈ [0, 1/3], ((2 − 3t)c2 + (3t −

1)c3, a2), if t ∈ [1/3, 2/3], ((3−3t)c3+(3t−2)a1, a2), if t ∈ [2/3, 1]. Since the image of

γ2 is contained in {(z1, z2)| z1, z2, z1−z2 /∈ R+} where f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3)

is holomorphic, doing analytic continuation of f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3) along

γ2, one gets f
(b13b12)p1b

p2
23

Y,2 (a1, a2;u,w1, w2, w
′
3).

Therefore, doing analytic continuation of f
(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3) along

γ−1
2 γ1, one gets ⟨w′

3, (Y
g3
W3

)p1(u, a1)Yp2(w1, a2)w2⟩. The path γ−1
2 γ1 means letting z1 go

around z2 counterclockwise, which corresponds to the element b12 ∈ PB3. Therefore,
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near (a1, a2), the series (3.23) is convergent to f
b12(b13b12)p1b

p2
23

Y,2 (z1, z2;u,w1, w2, w
′
3).

Lemma 3.0.34. For any a ∈ π1(F2(C×)), u ∈ V, w1 ∈ W1, w2 ∈ W2, w
′
3 ∈ W ′

3, we

have

faY,2(z1, z2;u,w1, w2, w
′
3) (3.34)

=f b12aY,2 (z1, z2; g1u,w1, w2, w
′
3) (3.35)

=f
b−1
12 b13b12a

Y,2 (z1, z2; g2u,w1, w2, w
′
3) (3.36)

=f b13b12aY,2 (z1, z2; g3u,w1, w2, w
′
3) (3.37)

Proof. We only prove that (3.34) is equal to (3.35), since the others are similar.

We only need to prove the case when a = e, because if f b12Y,2(z1, z2; g1u,w1, w2, w
′
3) =

f eY,2(z1, z2;u,w1, w2, w
′
3), doing analytic continuation on the both side along the path

corresponding to a ∈ BP3, one gets that (3.34) is equal to (3.35). The following steps

are similar to the proof of lemma 4.6 in [H9]. On the region given by |z2| > |z1−z2| >

0, and | arg z1 − arg z2| < π
2
, by the duality of Y , the series

⟨w′
3,Y0

(
(Y g1

W1
)1(g1u, z1 − z2)w1, z2

)
w2⟩,

⟨w′
3,Y0

(
(Y g1

W1
)0(u, z1 − z2)w1, z2

)
w2⟩ (3.38)

are absolutely convergent to f b12Y,2(z1, z2; g1u,w1, w2, w
′
3) and f eY,2(z1, z2;u,w1, w2, w

′
3)
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respectively. By the equivariance property of Y g1
W1

, we know the above two series are

equal. Therefore, we know that f b12Y,2(z1, z2; g1u,w1, w2, w
′
3) = f eY,2(z1, z2;u,w1, w2, w

′
3).

Let F ⟨x1, x2, x3⟩ be the free group with generators x1, x2, x3. Define the group

homomorphism φ : F ⟨x1, x2, x3⟩ → π1(F2(C×)) by φ(x1) = b12, φ(x2) = b−1
12 b13b12,

φ(x3) = b13b12. Define the group homomorphism ψ : F ⟨x1, x2, x3⟩ → ⟨g1, g2, g3⟩ by

ψ(xi) = gi, i = 1, 2, 3. Then, by lemma 3.0.34,we have

Corollary 3.0.35. For any a ∈ π1(F2(C×)) and x ∈ F ⟨x1, x2, x3⟩, we have

faY,2(z1, z2;ψ(x)u,w1, w2, w
′
3) = f

φ(x)−1a
Y,2 (z1, z2;u,w1, w2, w

′
3) (3.39)

Theorem 3.0.36. Let Wi be gi-twisted modules for i = 1, 2, 3. Assume that any one

of the following conditions holds:

• (a) The map u 7→ Y g3
W3

(u, x) is injective. There exists a twisted intertwining

operator Y of type
(

W3

W1W2

)
such that the coefficients of the series Y(w1, x)w2

span W3, as w1, w2 range through W1,W2, respectively.

• (b) The map u 7→ Y g1
W1

(u, x) is injective. There exists a twisted intertwining

operator Y of type
(

W3

W1W2

)
such that the map w1 7→ Y(w1, x) is injective.

• (c) The map u 7→ Y g2
W2

(u, x) is injective. There exists a twisted intertwining

operator Y of type
(

W3

W1W2

)
such that the map w2 7→ Y( · , x)w2 is injective.

Then, we have g3 = g1g2.

Let (a’) be the conditions obtained from the condition (a) by dropping the require-

ment that u 7→ Y g3
W3

(u, x) is injective. Then, if the condition (a’) holds, W3 is a

g1g2-twisted module.
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Proof. We first prove (a). By lemma 2.7, we know that

f b13b12Y,2 (z1, z2; g3u,w1, w2, w
′
3)

=f eY,2(z1, z2;u,w1, w2, w
′
3)

=f
b−1
12 b13b12

Y,2 (z1, z2; g2u,w1, w2, w
′
3)

=f
b12·(b−1

12 b13b12)
Y,2 (z1, z2; g1g2u,w1, w2, w

′
3)

=f b13b12Y,2 (z1, z2; g1g2u,w1, w2, w
′
3) (3.40)

When |z1| > |z2| > 0 and | arg(z1 − z2) − arg z1| < π
2
, the left-hand side and the

right-hand side of (3.40) are absolutely convergent to ⟨w′
3, (Y

g3
W3

)1(g3u, z1)Y0(w1, z2)w2⟩

and ⟨w′
3, (Y

g3
W3

)1(g1g2u, z1)Y0(w1, z2)w2⟩, respectively.

⟨w′
3, (Y

g3
W3

)1(g1g2u− g3u, z1)Y0(w1, z2)w2⟩ = 0,

for any w1 ∈ W1, w2 ∈ W2, w3 ∈ W ′
3. Therefore, condition (a’) implies that Y g3

W3
(g1g2u−

g3u, x) = 0 for any u ∈ V . SinceW3 is g3-twisted, we know that it is also g1g2-twisted.

If we further know that Y g3
W3

(·, x) is injective, then, g1g2 = g3. For (b) and (c), notice

that we can obtain the followings similarly on some other regions.

⟨w′
3,Yp2((Y g1

W1
)p12(g1g2u− g3u, z1 − z2)w1, z2)w2⟩ = 0,

⟨w′
3,Yp2(w1, z2)(Y

g2
W2

)p1(g1g2u− g3u, z1)w2⟩ = 0.

Lemma 3.0.37. For n ∈ Z+, u1, . . . , un−1 ∈ V , w1 ∈ W1, w2 ∈ W2 and w′
3 ∈ W ′

3,

the series

⟨w′
3,Y(w1, zn)Y

g3
W3

(u1, z1) · · ·Y g3
W3

(un−1, zn−1)w2⟩
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is absolutely convergent on the region |zn| > |z1| > · · · > |zn−1| > 0. It is equal

to f eY,n(z1, . . . , zn) on the region given by |zn| > |z1| > · · · > |zn−1| > 0, −3π
2
<

arg(zi − zn)− arg zn < −π
2
, i = 1, . . . , n− 1.

Proof. We use induction on n. For n ≤ 2, the statement holds due to the duality

of Y . Now we shall prove for n > 2 case. Write P =
∏

1≤i<j<n(zi − zj)
M , Q =∏

2≤i<j<n(zi − zj)
M , and R =

∏
2≤j<n(z1 − zj)

M , where M ∈ Z+ is sufficiently large.

We know that on the region given by |z1| > . . . > |zn| > 0, | arg(zi− zn)−arg zi| < π
2
,

i = 1, . . . , n− 1,

P · f eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3)

=P · ⟨w′
3, Y

g3
W3

(u1, z1) · · ·Y g3
W3

(un−1, zn−1)Y(w1, zn)w2⟩

=P ·
∑
m1∈D

∑
k1∈N

〈(
Y g3
W3

)o
−m1−1,k1

(u1)w
′
3, Y

g3
W3

(u2, z2) · · ·

Y g3
W3

(un−1, zn−1)Y(w1, zn)w2

〉
zm1
1 log(z1)

k1

=P ·
∑
m1∈D

∑
k1∈N

f eY,n−1

(
z2, . . . , zn;u2, . . . , un−1, w1, w2,

(
Y g3
W3

)o
−m1−1,k1

(u1)w
′
3

)
zm1
1 log(z1)

k1

=R ·
∑
m1∈D

∑
k1∈N

(
Q · f eY,n−1 (z2, . . . , zn;u2, . . . , un−1, w1, w2,

(
Y g3
W3

)o
−m1−1,k1

(u1)w
′
3

))
zm1
1 log(z1)

k1 (3.41)

is absolutely convergent, where D ⊂ C is a finite union of sets of the form a − N,

a ∈ C. We know that

P · fY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3), (3.42)

Q · fY,n−1

(
z2, . . . , zn;u2, . . . , un−1, w1, w2,

(
Y g3
W3

)o
−m1−1,k1

(u1)w
′
3

)

can be analytic extended to

{(z1, . . . , zn) ∈ (C− {0})n |zn ̸= zi, i = 1, . . . , n− 1},
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{(z2, . . . , zn) ∈ (C− {0})n−1|zn ̸= zi, i = 2, . . . , n− 1}, (3.43)

respectively. For any (z̃2, . . . , z̃n) ∈ (3.43), by part (c) in Condition 3.0.13, we know

that z1 = ∞ is a regular singularity of P · fY,n(z1, z̃2, . . . , z̃n;u1, . . . , un−1, w1, w2, w
′
3).

Therefore, We know that on the region given by |z1| > |zn|, and (z2, . . . , zn) ∈ (3.43),

the right-hand side of (3.41) is well-defined and absolutely convergent to (3.42). More-

over, the right-hand side is equal to the left-hand side of (3.41) on the region given

by |z1| > |zn|, (z2, . . . , zn) ∈ (3.43), and | arg(z1 − zn)− arg z1| < π
2
.

Therefore, on the region |z1| > |zn| > |zi| > 0, −3π
2
< arg(zi − zn)− arg zn < −π

2
,

i = 2 . . . , n − 1, using the induction hypothesis, we know that the right-hand side,

and therefore the left-hand side, of (3.41) is equal to

R·
∑
m1∈D

∑
k1∈N

Q
〈(
Y g3
W3

)o
−m1−1,k1

(u1)w
′
3,Y(w1, zn)Y

g3
W3

(u2, z2) · · ·

Y g3
W3

(un−1, zn−1)w2

〉
zm1
1 log(z1)

k1

=P ·
〈
w′

3, Y
g3
W3

(u1, x1)Y(w1, zn)Y
g3
W3

(u2, z2) · · ·Y g3
W3

(un−1, zn−1)w2

〉 ∣∣∣
x1=z1

. (3.44)

Since for any z̃n ∈ C − {0}, (z1, . . . , zn−1) = (∞, 0, . . . , 0) is a regular singularity of

the function obtained from (3.42) by substituting zn = z̃n, we know that

P ·
〈
w′

3, Y
g3
W3

(u1, z1)Y(w1, zn)Y
g3
W3

(u2, z2) · · ·Y g3
W3

(un−1, zn−1)w2

〉
(3.45)

is absolutely convergent to P · fY,n(z1, . . . , zn;u1, . . . , un, w1, w2, w
′
3) on the region

|z1| > |zn| > |zi| > 0. Moreover, on the region given by |z1| > |zn| > |zi| > 0,

| arg(z1 − zn)− arg z1| < π
2
, −3π

2
< arg(zi − zn)− arg zn < −π

2
, i = 2 . . . , n− 1

P ·
〈
w′

3, Y
g3
W3

(u1, z1)Y(w1, zn)Y
g3
W3

(u2, z2) · · ·Y g3
W3

(un−1, zn−1)w2

〉
=P · f eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w

′
3)
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Similar as above, on the region given by |z1| > |zn| > |zi| > 0, | arg(z1−zn)−arg z1| <
π
2
, i = 2 . . . , n− 1, we have

P ·
〈
w′

3, Y
g3
W3

(u1, z1)Y(w1, zn)Y
g3
W3

(u2, z2) · · ·Y g3
W3

(un−1, zn−1)w2

〉
=P ·

∑
m2,...,mn−1∈C

∑
k2,...,kn−1∈N

〈
w′

3, Y
g3
W3

(u1, z1)Y(w1, zn)
(
Y g3
W3

)
−m2−1,k2

(u2) · · ·

(
Y g3
W3

)
−mn−1−1,kn−1

(un−1)w2

〉
zm2
2 log(z2)

k2 · · · zmn−1

n−1 log(zn−1)
kn−1

=P ·
∑

m2,...,mn−1∈C

∑
k2,...,kn−1∈N

f eY,2

(
z1, zn;u1, w1,

(
Y g3
W3

)
−m2−1,k2

(u2) · · ·

(
Y g3
W3

)
−mn−1−1,kn−1

(un−1)w2, w
′
3

)
zm2
2 log(z2)

k2· · · zmn−1

n−1 log(zn−1)
kn−1

(3.46)

Since for any (z̃1, z̃n) ∈ F2(C − {0}), (z2, . . . , zn−1) = (0, . . . , 0) is a regular singu-

larity of the function obtained from (3.42) by substituting z1 = z̃1 and zn = z̃n,

the right-hand side of (3.46) is well-defined and absolutely convergent to (3.42)

on the region given by (z1, zn) ∈ F2(C − 0), |zn| > |zi| > 0, i = 2, . . . , n − 1.

Moreover, on the region given by (z1, zn) ∈ F2(C − 0), |zn| > |zi| > 0, −3π
2
<

arg(zi − zn) − arg zn < −π
2
, i = 2 . . . , n − 1, the right-hand side of (3.46) is equal

to P · f eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3). Therefore, on the region given by

|zn| > |zi| > 0, i = 1, . . . , n − 1, −3π
2
< arg(z1 − zn) − arg zn < −π

2
, we know

that the right-hand side of (3.46) is equal to

P ·
∑

m1,...,mn−2∈C

∑
k1,...,kn−2∈N

〈
w′

3,Y(w1, zn)Y
g3
W3

(u1, z1)
(
Y g3
W3

)
−m2−1,k2

(u2) · · ·

(
Y g3
W3

)
−mn−1−1,kn−1

(un−1)w2

〉
zm2
2 log(z2)

k2· · · zmn−1

n−1 log(zn−1)
kn−1 . (3.47)

Since (z1, . . . , zn) = (0, . . . , 0,∞) is a regular singularity of (3.42), we know that

P · ⟨w′
3,Y(w1, zn)Y

g3
W3

(u1, z1) · · ·Y g3
W3

(un−1, zn−1)w2⟩
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is absolutely convergent to (3.42) on the region given by |zn| > |zi| > 0 i = 1, . . . , n−1.

Moreover, on the region given by |zn| > |zi| > 0, −3π
2
< arg(zi − zn)− arg zn < −π

2
,

i = 1, . . . , n− 1, by (3.46) and (3.47), we have

P · ⟨w′
3,Y(w1, zn)Y

g3
W3

(u1, z1) · · ·Y g3
W3

(un−1, zn−1)w2⟩

=P ·
∑

m1,...,mn−2∈C

∑
k1,...,kn−2∈N

〈
w′

3,Y(w1, zn)Y
g3
W3

(u1, z1)
(
Y g3
W3

)
−m2−1,k2

(u2) · · ·

(
Y g3
W3

)
−mn−1−1,kn−1

(un−1)w2

〉
zm2
2 log(z2)

k2 · · · zmn−1

n−1 log(zn−1)
kn−1 .

=P ·
∑

m1,...,mn−2∈C

∑
k1,...,kn−2∈N

f eY,2

(
z1, zn;u1, w1,

(
Y g3
W3

)
−m2−1,k2

(u2) · · ·

(
Y g3
W3

)
−mn−1−1,kn−1

(un−1)w2, w
′
3

)
zm2
2 log(z2)

k2· · · zmn−1

n−1 log(zn−1)
kn−1

=P · f eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3) (3.48)

Multiplying

∏
1≤i<j<n

(ιij(zi − zj)
−1)M , where ιij(zi − zj)

−1 =
∑
k∈N

z−k−1
i zkj ,

which is absolutely convergent on the region given by |z1| > . . . > |zn−1| > 0, on the

both sides of (3.48), we know that

⟨w′
3,Y(w1, zn)Y

g3
W3

(u1, z1) · · ·Y g3
W3

(un−1, zn−1)w2⟩

is absolutely convergent on the region given by |zn| > |z1| > . . . > |zn−1| > 0.

Moreover, it is equal to to f eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w
′
3) on the region given

by |zn| > |z1| > . . . > |zn−1| > 0, −3π
2
< arg(zi − zn) − arg zn < −π

2
, i = 1, . . . , n −

1.

Remark 3.0.38. Similar as Remark 2.0.3, the following result relies on the fact that
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any set of the form (
∪Ni=1(ri + Z)

)
× {0, . . . , N ′},

where N ∈ Z+, ri ∈ C, i = 1, . . . , N , and N ′ ∈ N, is a unique expansion set.

On the region |zi| > |zn| > 0, | arg(zi − zn) − arg zi| < π
2
, i = 1, . . . , n − 1, for

sufficient large M ∈ Z+, we have an expansion

∏
1≤i<j<n

(zi − zj)
Mf eY,n(z1, . . . , zn;u1, . . . , un−1, w1, w2, w

′
3)

=
∑

m1,...,mn∈C

∑
k1,...,kn∈N

am1,k1;...;mn,knz
m1
1 log(z1)

k1 · · · zmn
n log(zn)

kn .

Therefore, by Remark 3.0.24, we know that

∏
1≤i<j<n

(xi − xj)
M⟨w′

3, Y
g3
W3

(u1, x1) · · ·Y g3
W3

(un−1, xn−1)Y(w1, xn)w2⟩

=
∑

m1,...,mn∈C

∑
k1,...,kn∈N

am1,k1;...;mn,knx
m1
1 log(x1)

k1 · · · xmn
n log(xn)

kn ,

where x1, . . . , xn are formal variables.

Remark 3.0.39. Using duality and Cauchy formula, we can prove that for any v ∈

V ⟨g1,g2,g3⟩, w1 ∈ W1, w2 ∈ W2, w3 ∈ W ′
3, the following Jacobi identity holds (see

Proposition 7.0.10).

x−1
0 δ

(
x1 − x2
x0

)〈
w′

3, Y
g3
W3

(v, x1)Y(w1, x2)w2

〉
− x−1

0 δ

(
x2 − x1
−x0

)〈
w′

3, Y(w1, x2)Y
g2
W2

(v, x1)w2

〉
=x−1

1 δ

(
x2 + x0
x1

)〈
w′

3, Y(Y g1
W1

(v, x0)w1, x2)w2

〉
(3.49)

In the sense that the coefficients of each formal monomial in both sides of (3.49) is
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absolutely convergent. Taking Resx0, we get the commutator formula,

〈
w′

3, Y
g3
W3

(v, x1)Y(w1, x2)w2

〉
−
〈
w′

3, Y(w1, x2)Y
g2
W2

(v, x1)w2

〉
=

Resx0 x
−1
1 δ

(
x2 + x0
x1

)〈
w′

3, Y(Y g1
W1

(v, x0)w1, x2)w2

〉
. (3.50)

Let v in (3.50) be ω ∈ V Aut(V ) ⊂ V ⟨g1,g2,g3⟩. Then, we have the Virasoro-bracket

relation,

⟨w′
3, LW3(m)Y(w1, x)w2⟩ − ⟨w′

3,Y(w1, x)LW2(m)w2⟩

=
∑
k∈N

(
m+ 1

k

)
xm−k+1 ⟨w′

3,Y(LW1(k − 1)w1, x)w2⟩ , for any m ∈ Z, w1 ∈ W1.

(3.51)

Using L(0)-commutator formula (the m = 0 piece in (3.51), where we can drop the

pairing ⟨w′
3, · w2⟩ since there are finitely many terms on the right-hand side),

LW3(0)Y(w1, x)− Y(w1, x)LW2(0) = xY(LW1(−1)w1, x) + Y(LW1(0)w1, x),

the L(0)-grading structure on Wi, i = 1, 2, 3, and the L(−1)-derivative formula of Y,

we can prove the compatibility between the L(0)-grading and component of Y, i.e. for

any n ∈ C, k ∈ N, and homogeneous w1 ∈ W1, w2 ∈ W2,

wt
(
(Y)n,k(w1)(w2)

)
= wtw1 + wtw2 − n− 1. (3.52)

(See Proposition 3.20 in [HLZ2]). Also, as a result of (3.51), the L(0)-grading struc-

ture on Wi, i = 1, 2, 3, and the L(−1)-derivative formula of Y, we can prove that

eyL(−1)Y(w1, x)e
−yL(−1) = Y(eyL(−1)w1, x) = Y(w1, x+ y),

yL(0)Y(w1, x)y
−L(0) = Y(yL(0)w1, xy),
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〈
w′

3, e
yL(1)Y(w1, x)e

−yL(1)w2

〉
=
〈
w′

3,Y(ey(1−yx)L(1)(1− yx)−2L(0)w1, x(1− yx)−1)w2

〉
.

(See Proposition 3.36 in [HLZ2]) Notice that the third identity holds only in the sense

that the coefficient of each formal monomial on both sides are absolutely convergent.

This is because L(1) is not necessarily locally nilpotent. (We would require this from

the next section.)
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Chapter 4

Skew-symmetry Isomorphisms Ω±

To make the skew-symmetry isomorphism Ω± and the contragredient isomorphism

A± well-defined, we make the following assumption.

Assumption 4.0.1. Throughout the remainder of this work, for any twisted module

(W,YW ) that is considered, we assume that the following conditions hold:

1. Let LgW (0)N = L(0)N be the nilpotent part of LgW (0). Then, there exists KW ∈

N, such that L(0)KW
N = 0. In other words, the locally nilpotent operator L(0)N

is actually nilpotent on W .

2. L(1)W and L(1)W ′ are locally nilpotent. (See Remark 2.0.5)

Remark 4.0.2. Part 2. of Assumption 4.0.1 looks technical. This is because we want

to put the theory in a setting as general as possible. Note that if all the modules that

we consider are lower-bounded, then part 2 in Assumption 4.0.1 trivially holds.

Remark 4.0.3. By part 1. of Assumption 4.0.1, and the L(0)-conjugation formula,

for any twisted intertwining operator Y of type
(

W3

W1W2

)
, we know that

max{k ∈ N|Yn,k ̸= 0 for some n ∈ C} ≤ KW1 +KW2 +KW3 <∞,

which is needed to make A± well-defined (See section 4).



81

Let g1, g2 be automorphisms of V , W1, W2 and W3 g1-, g2- and g1g2-twisted V -

modules and Y a twisted intertwining operator of type
(

W3

W1W2

)
. We define linear

maps

Ω±(Y) : W2 ⊗W1 → W3{x}[log x]

w2 ⊗ w1 7→ Ω±(Y)(w2, x)w1 (4.1)

by

⟨w′
3,Ω±(Y)(w2, x)w1⟩ =

〈
e
xL(1)W ′

3w′
3,Y(w1, y)w2

〉 ∣∣∣∣
yn=e±nπıxn,n∈C, log y=log x±πı

(4.2)

for w1 ∈ W1 and w2 ∈ W2. Notice that (4.2) is well-defined because by part 2 in

Assumption 4.0.1, e
xL(1)W ′

3w′
3 is a polynomial for any w′

3.

We have the component form, for any n ∈ C, k ∈ N,

Ω±(Y)n,k(w2)w1 =
∑
l∈N

∑
j≥k

1

l!

(
j

k

)
e∓(l+n+1)πı(±πı)j−kL(−1)lYn+l,j(w1)w2. (4.3)

The powers of log(x) in Ω±(Y)(w2, x)w1 have an upper bound, because of the

definition (4.2) and the fact that this holds for Y(w1, x)w2.

From the definition (4.2), for p ∈ Z, w1 ∈ W1, w2 ∈ W2 and z ∈ C×,

Ω±(Y)p(w2, z)w1 = Ω±(Y)(w2, x)w1

∣∣∣∣
xn=enlp(z), log x=lp(z)

=

(
exL(−1)Y(w1, y)w2

∣∣∣∣
yn=e±nπıxn, log y=log x±πı

)∣∣∣∣
xn=enlp(z), log x=lp(z)

= ezL(−1)Y(w1, y)w2

∣∣∣∣
yn=en(lp(z)±πı), log y=lp(z)±πı

.

When arg z < π and arg z ≥ π, arg(−z) = arg z + π and arg(−z) = arg z − π,
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respectively. Hence

ezL(−1)Y(w1, y)w2

∣∣∣∣
yn=en(lp(z)+πı), log y=lp(z)+πı

= ezL(−1)Yp(w1,−z)w2

when arg z < π and

ezL(−1)Y(w1, y)w2

∣∣∣∣
yn=en(lp(z)−πı), log y=lp(z)−πı

= ezL(−1)Yp(w1,−z)w2

when arg z ≥ π. In particular, for w1 ∈ W1, w2 ∈ W2 and z ∈ C× satisfying arg z < π

and arg z ≥ π, we have

Ω+(Y)p(w2, z)w1 = ezL(−1)Yp(w1,−z)w2 (4.4)

and

Ω−(Y)p(w2, z)w1 = ezL(−1)Yp(w1,−z)w2, (4.5)

respectively.

Theorem 4.0.4. The linear maps Ω+(Y) and Ω−(Y) are twisted intertwining oper-

ators of types
(

W3

W2ϕg−1
2

(W1)

)
and

(
W3

ϕg1 (W2)W1

)
, respectively. If Y is fully lower truncated

(or lower truncated), then Ω±(Y) also fully lower truncated (or lower truncated).

Proof. The second sentence in this theorem is clear by the definition of Ω±(Y). Now

we prove the first sentence.

We shall start with the duality property.

Let u ∈ V, w1 ∈ W1, w2 ∈ W2, w3 ∈ W ′
3. We consider

⟨w′
3, (Y

g3
W3

)0(u, z1)Ω+(Y)0(w2, z2)w1⟩

=⟨w′
3, Y

g3
W3

(u, x)Ω+(Y)(w2, y)w1⟩
∣∣∣xn=enl0(z1), log(x)=l0(z1)

yn=enl0(z2), log(y)=l0(z2)
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=

(
⟨w′

3, Y
g3
W3

(u, x)eyL(−1)Y(w1, ỹ)w2⟩
∣∣∣
ỹn=enπıyn,log(ỹ)=log(y)+πı

) ∣∣∣xn=enl0(z1), log(x)=l0(z1)

yn=enl0(z2), log(y)=l0(z2)

=⟨w′
3, Y

g3
W3

(u, x)e−ỹL(−1)Y(w1, ỹ)w2⟩
∣∣∣xn=enl0(z1), log(x)=l0(z1)

ỹn=enπıenl0(z2), log(ỹ)=l0(z2)+πı

=⟨ez2L(1)w′
3, Y

g3
W3

(u, x+ ỹ)Y(w1, ỹ)w2⟩
∣∣∣xn=enl0(z1), log(x)=l0(z1)

ỹn=enπıenl0(z2), log(ỹ)=l0(z2)+πı

. (4.6)

Let q1 = q1(z1, z2) = −1, 0, 1 if arg(z1−z2)−arg z1 ∈ (3π
2
, 2π), (−π

2
, π
2
), (−2π,−3π

2
),

respectively. Let q2 = q2(z2) = 0, 1 if arg z2 < π, or arg z2 ≥ π, respectively. Notice

that for any s ∈ C, on the region |z1| > |z2| > 0, we have

eslq1 (z1−z2) =
∑
k≥0

(
s

k

)
(−1)ke(s−k)l0(z1)zk2 ,

lq1(z1 − z2) = l0(z1) +
∑
k>0

−1

k
z−k1 zk2 ,

eslq2 (−z2) = esπıesl0(z2) , lq2(−z2) = l0(z2) + πı. (4.7)

We know that the series (in variables z1 − z2 and z2)

⟨ez2L(1)w′
3, (Y

g3
W3

)q1(u, z1 − z2)Yq2(w1,−z2)w2⟩ (4.8)

is absolutely convergent to



fa
q1,q2b12

Y,2 (z1 − z2,−z2;u,w1, w2, e
z2L(1)w′

3),

if |z1 − z2| > |z2| > 0, 3π/2 < arg(z1 − z2)− arg z1 < 2π

fa
q1,q2

Y,2 (z1 − z2,−z2;u,w1, w2, e
z2L(1)w′

3),

if |z1 − z2| > |z2| > 0, | arg(z1 − z2)− arg z1| < π/2

f
aq1,q2b−1

12
Y,2 (z1 − z2,−z2;u,w1, w2, e

z2L(1)w′
3),

if |z1 − z2| > |z2| > 0, −2π < arg(z1 − z2)− arg z1 < −3π/2.

(4.9)



84

Let h+(z1, z2;u,w1, w2, w
′
3) be the multivalued holomorphic function on F2(C×)

with a preferred single-valued branch he+, such that he+(z1, z2;u,w1, w2, w
′
3) is equal to

(4.8) on the region given by |z1| > |z2| > 0, |z1−z2| > |z2|, and | arg(z1−z2)−arg z1| <
π
2
. By (4.9), we know that

he+(z1, z2;u,w1, w2, w
′
3) = fa

q1,q2

Y,2
(
z1 − z2,−z2;u,w1, w2, e

z2L(1)w′
3

)
(4.10)

when |z1| > |z2| > 0, |z1 − z2| > |z2| > 0, and | arg(z1 − z2)− arg z1| < π
2
.

By appendix A, we know that the right-hand side of (4.6) is absolutely convergent

to (4.8) on the region given by |z1|/2 > |z2| > 0. However, the only singularities of

(4.9) are z1, z2, z1 − z2 = 0, which means that (4.8) is a multi-valued holomorphic

function in the region given by |z1| > |z2| > 0. So, (4.6) can be analytically extended

from the region given by |z1|/2 > |z2| > 0 to the region given by |z1| > |z2| > 0. Also,

in the region given by |z1|/2 > |z2| > 0, (4.6) has the form of (3.30). The fact that

(4.6) can be analytically extended to the region given by |z1| > |z2| > 0 implies that

those power series fµ;i,j in (3.30) have the radius of convergence not less that 1. So, the

left-hand side of (4.6) is absolutely convergent in the region given by |z1| > |z2| > 0.

By the definition of h+, (4.6) is absolutely convergent to he+(z1, z2, u, w1, w2, w3) on

the region given by |z1| > |z2| > 0 and | arg(z1 − z2)− arg z1| < π
2
.

Next, we consider

⟨w′
3,Ω+(Y)0(w2, z2)ϕg−1

2
(Y g1

W1
)0(u, z1)w1⟩

=⟨w′
3,Ω+(Y)0(w2, z2)(Y

g1
W1

)0(g2u, z1)w1⟩

=⟨ez2L(1)w′
3,Y(Y g1

W1
(g2u, x)w1, y)w2⟩

∣∣∣xn=enl0(z1), log(x)=l0(z1)

yn=enπıenl0(z2), log(y)=l0(z2)+πı

=⟨ez2L(1)w′
3,Y(Y g1

W1
(g2u, x)w1, y)w2⟩

∣∣∣xn=enl0(z1), log(x)=l0(z1)

yn=enlq2 (−z2), log(y)=lq2 (−z2)

=⟨ez2L(1)w′
3,Yq2((Y g1

W1
)0(g2u, z1)w1,−z2)w2⟩, (4.11)
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where q2 ∈ Z is defined in (4.7). From the form of the right-hand side of (4.11) and

the duality of Y , we know that the right-hand side, therefore the left-hand side, of

(4.11) is absolutely convergent on the region given by | − z2| > |z1| > 0 (equivalently,

|z2| > |z1| > 0), to a holomorphic function h1(z1, z2;u,w1, w2, w
′
3) defined by



f
cq2,0b−1

13
Y,2 (z1 − z2,−z2; g2u,w1, w2, e

z2L(1)w′
3),

if |z2| > |z1| > 0, 3π/2 < arg(z1 − z2)− arg(−z2) < 2π

f c
q2,0

Y,2 (z1 − z2,−z2; g2u,w1, w2, e
z2L(1)w′

3),

if |z2| > |z1| > 0, | arg(z1 − z2)− arg(−z2)| < π/2

f
cq2,0b−1

12 b13b12
Y,2 (z1 − z2,−z2; g2u,w1, w2, e

z2L(1)w′
3),

if |z2| > |z1| > 0, −2π < arg(z1 − z2)− arg(−z2) < −3π/2.

(4.12)

We need to prove that h1(z1, z2;u,w1, w2, w
′
3) = he+(z1, z2;u,w1, w2, w

′
3) on the

region given by |z2| > |z1| > 0, −3π
2
< arg(z1− z2)− arg z2 < −π

2
. Since this region is

connected, and both h1 and h
e
+ are holomorphic on this region, we only need to prove

that they are equal in some open subset of this region. So, we consider the nonempty

sub-region given by:

|z2| > |z1| > 0, |z2 − e5πı/6| < 1/10, −2π < arg(z1 − z2)− arg(−z2) < −3π

2
.

Notice that this is indeed a sub-region, because under the condition |z2 − e5πı/6| <

1/10, the condition −2π < arg(z1 − z2) − arg(−z2) < −3π
2

implies −3π
2
< arg(z1 −

z2)− arg z2 < −π
2
. In this sub-region, we have q2 = 0. So,

h1(z1, z2;u,w1, w2, w
′
3) =f

c0,0b−1
12 b13b12

Y,2 (z1 − z2,−z2; g2u,w1, w2, e
z2L(1)w′

3)

=f
(b−1

12 b
−1
13 b12)b

−1
12 b13b12

Y,2 (z1 − z2,−z2;u,w1, w2, e
z2L(1)w′

3)

=f eY,2(z1 − z2,−z2;u,w1, w2, e
z2L(1)w′

3). (4.13)
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In the region given by

|z1 − z2|, |z1| > |z2| > 0, |z2 − e5πı/6| < 1/10, | arg(z1 − z2)− arg z1| <
π

2
, (4.14)

by (4.10) and the fact that q1 = q2 = 0, we have

he+(z1, z2;u,w1, w2, w
′
3) = f eY,2(z1 − z2,−z2;u,w1, w2, e

z2L(1)w′
3). (4.15)

Since he+(z1, z2;u,w1, w2, w
′
3) is holomorphic on the region given by (z1, z2) ∈ F2(C−

{0}), z1, z2, z1 − z2 /∈ R+, and f
e
Y,2(z1 − z2,−z2;u,w1, w2, e

z2L(1)w′
3) is holomorphic on

the region given by (z1− z2,−z2) ∈ F2(C−{0}), z1− z2,−z2, (z1− z2)− (−z2) /∈ R+,

we know that they are both holomorphic on the connected open set given by

|z2 − e5πı/6| < 1/10, z1, z1 − z2 /∈ R+, (4.16)

which contains the region (4.14) where (4.15) holds. Therefore, we know that (4.15)

hold on the region (4.16). Comparing (4.15) and (4.13), we know that

h1(z1, z2;u,w1, w2, w
′
3) = he+(z1, z2;u,w1, w2, w

′
3)

on the region given by |z2| > |z1| > 0, −3π
2
< arg(z1 − z2)− arg z2 < −π

2
.

Next, we consider

⟨w′
3,Ω+(Y)0((Y g2

W2
)0(u, z1 − z2)w2, z2)w1⟩

=⟨w′
3,Ω+(Y)(Y g2

W2
(u, x)w2, y)w1⟩

∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enl0(z2), log(y)=l0(z2)

=⟨ez2L(1)w′
3,Y(w1, y)Y

g2
W2

(u, x)w2⟩
∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enπıenl0(z2), log(y)=l0(z2)+πı

=⟨ez2L(1)w′
3,Y(w1, y)Y

g2
W2

(u, x)w2⟩
∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enlq2 (−z2), log(y)=lq2 (−z2)
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=⟨ez2L(1)w′
3,Yq2(w1,−z2)(Y g2

W2
)0(u, z1 − z2)w2⟩, (4.17)

where q2 ∈ Z is defined in (4.7). From the form of the right-hand side of (4.17) and the

duality of Y , we know that the right-hand side, therefore the left-hand side, of (4.17)

is absolutely convergent on the region given by | − z2| > |z1 − z2| > 0 (equivalently,

|z2| > |z1 − z2| > 0), to a holomorphic function h2(z1, z2;u,w1, w2, w
′
3) defined by



f b
0,q2

Y,2 (z1 − z2,−z2;u,w1, w2, e
z2L(1)w′

3),

if |z2| > |z1 − z2| > 0, −3π/2 < arg z1 − arg(−z2) < −π/2

f
b0,q2b−1

12
Y,2 (z1 − z2,−z2;u,w1, w2, e

z2L(1)w′
3),

if |z2| > |z1 − z2| > 0, π/2 < arg z1 − arg(−z2) < 3π/2.

(4.18)

We need to prove that h2(z1, z2;u,w1, w2, w
′
3) and h

e
+(z1, z2;u,w1, w2, w

′
3) are equal in

the connected region given by |z2| > |z1 − z2| > 0, | arg z1 − arg z2| < π/2. Similar to

before, we only need to prove this is any open subset of this region. So, we can assume

|z2 − e5πı/6| < 1/10. In this sub-region, q2 = 0, and arg(−z2) = arg z2 + π. Therefore,

the condition −3π/2 < arg z1 − arg(−z2) < −π/2 is equivalent to | arg z1 − arg z2| <

π/2. So, in this sub-region,

h2(z1, z2;u,w1, w2, w
′
3) = f eY,2(z1 − z2,−z2;u,w1, w2, e

z2L(1)w′
3). (4.19)

Since this region is a subset of (4.16), we know that (4.15) holds in this region. Thus,

on the sub-region, and therefore on the larger region given by |z2| > |z1 − z2| > 0,

| arg z1 − arg z2| < π/2, we have

h2(z1, z2;u,w1, w2, w
′
3) = he+(z1, z2;u,w1, w2, w

′
3),

which means the duality of Ω+(Y) has been proven.
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The L(−1)-derivative property for Ω±(Y) comes from (3.51) and the L(−1)-

derivative property for Y .

Now we prove the part 3 in the definition of twisted intertwining operator.

⟨w′
3, Y

g3
W3

(u1, z1) · · ·Y g3
W3

(uk−1, zk−1)Ω+(Y)(w2, zk)w1⟩

=⟨ezkL(1)w′
3, Y

g3
W3

(u1, x1 + y) · · ·Y g3
W3

(uk−1, xk−1 + y)

Y(w1, y)w2⟩
∣∣∣xni =en log zi ,log xi=log zi, i=1,...,k−1,

yn=enπıenl0(zk),log y=l0(zk)+πı

. (4.20)

Let p1, . . . , pk be integers uniquely determined by lpi(zi − zk) = l0(zi)−
∑

l>0
1
l
zlkz

−l
i ,

i = 1, . . . , k−1, and lpk(−zk) = l0(zk)+πı. Then, by Appendix A, (4.20) is absolutely

convergent on the region given by 0 < 2|zk| < |zk−1| < . . . < |z1|, and is equal to

〈
ezkL(1)w′

3,
(
Y g3
W3

)p1 (u1, z1 − zk) · · ·
(
Y g3
W3

)pk−1 (uk−1, zk−1 − zk)Ypk(w1,−zk)w2

〉
.

(4.21)

On the region 0 < |zk| < |zk−1 − zk| < . . . < |z1 − zk|, (4.21) is equal to a branch

of the multi-valued function fY,k(z1 − zk, . . . , zk−1 − zk,−zk), which is defined and

analytic on the region 0 < |zk| < |zk−1| < . . . < |z1|. Therefore, we know that the

region of absolutely convergence of the right-hand side, and therefore the left-hand

side, of (4.20) can be enlarged to the region given by 0 < |zk| < |zk−1| < . . . < |z1|.

Let fΩ+(Y),k(z1, . . . , zk) = fY,k(z1 − zk, . . . , zk−1 − zk,−zk). By Proposition 3.0.20, we

know that for any k ∈ Z+, fΩ+(Y),k satisfies Condition 3.0.13 for (k − 1, 1, {0}) .
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Chapter 5

Contragredient Isomorphisms A±

Let g1, g2 be automorphisms of V , and letW1,W2 andW3 be g1-, g2-, and g1g2-twisted

V -modules. For any linear map Y(·, x)· : W1 ⊗W2 → W3{x}[log x], we define Y±o by

Y±o : W1 ⊗W2 → W3{x}[log x]

w1 ⊗ w2 7→ Y±o(w1, x)w2 = Y(exL(1)e±πıL(0)(x−L(0))2w1, x
−1)w2. (5.1)

We know that Y±o is well-defined because L(1)W1 is locally nilpotent by Assumption

4.0.1. We write

Y±o(w1, x) =
∑
n∈C

∑
k∈N

(Y±o)n,k(w1)x
−n−1(log x)k, (Y±o)n,k(w1) ∈ HomC(W2,W3).

For the component form, for any n ∈ C, k ∈ N, and homogeneous w1 ∈ W1, we have

(Y±o)n,k(w1) =(
∓2

πı

)k
e±πıwtw1

∑
l∈N

∑
i,j∈N
i+j≥k

(±πı)i+j

2ij!l!

(
j

k − i

)
Y−n−l+2wtw1−2,i

(
L(1)lL(0)jNw1

)
,

(5.2)
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which is actually a finite summation.

The powers of log(x) in Y±o(w1, x)w2 have an upper bound, because of the defi-

nition (5.1) and the fact that this holds for Y .

We define linear maps

A±(Y) : W1 ⊗W ′
3 → W ′

2{x}[log x]

w1 ⊗ w′
3 7→ A±(Y)(w1, x)w

′
3

by

⟨A±(Y)(w1, x)w
′
3, w2⟩ = ⟨w′

3,Y±o(w1, x)w2⟩ (5.3)

for w1 ∈ W1 and w2 ∈ W2 and w′
3 ∈ W ′

3.

The powers of log(x) in A±(Y)(w1, x)w
′
3 have an upper bound, because of the

definition (5.3), (5.1), Assumption 4.0.1, and Remark 4.0.3.

Let (W,Y g
W ) be a g-twisted V -module. When W1 = V , W2 = W3 = W and

Y = Y g
W , by definition, A+(Y

g
W ) = A−(Y

g
W ) = (Y g

W )′ (see Section 3).

Let LW1(0)S be the semisimple part of LW1(0). From the definition (5.3), for

p ∈ Z, w1 ∈ W1, w2 ∈ W2, w
′
3 ∈ W ′

3 and z ∈ C×, we have

⟨A±(Y)p(w1, z)w
′
3, w2⟩

= ⟨A±(Y)p(w1, x)w
′
3, w2⟩

∣∣∣∣
xn=enlp(z), log x=lp(z)

= ⟨w′
3,Y(exLW1

(1)e±πıLW1
(0)(x−LW1

(0))2w1, x
−1)w2⟩

∣∣∣∣
xn=enlp(z), log x=lp(z)

= ⟨w′
3,Y(exLW1

(1)e±πıLW1
(0)(x−LW1

(0)S)2·

· (e−(LW1
(0)−LW1

(0)S) log x)2w1, x
−1)w2⟩

∣∣∣∣
xn=enlp(z), log x=lp(z)

= ⟨w′
3,Y(ezLW1

(1)e±πıLW1
(0)(e−lp(z)LW1

(0)S)2·
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· (e−(LW1
(0)−LW1

(0)S)lp(z))2w1, y)w2⟩
∣∣∣∣
yn=e−nlp(z), log y=−lp(z)

= ⟨w′
3,Y(ezLW1

(1)e±πıLW1
(0)e−2lp(z)LW1

(0)w1, y)w2⟩
∣∣∣∣
yn=e−nlp(z), log y=−lp(z)

. (5.4)

When arg z = 0, arg z−1 = arg z = 0 and −lp(z) = l−p(z
−1). When arg z ̸= 0,

arg z−1 = − arg z + 2π and −lp(z) = l−p−1(z
−1). Hence when arg z = 0, the right-

hand side of (5.4) is equal to

⟨w′
3,Y(ezLW1

(1)e±πıLW1
(0)e2l−p(z−1)LW1

(0)w1, y)w2⟩
∣∣∣∣
yn=enl−p(z

−1), log y=l−p(z−1)

= ⟨w′
3,Y−p(ezLW1

(1)e±πıLW1
(0)e2l−p(z−1)LW1

(0)w1, z
−1)w2⟩ (5.5)

and when arg z ̸= 0, it is equal to

⟨w′
3,Y(ezLW1

(1)e±πıLW1
(0)e2l−p−1(z−1)LW1

(0)w1, y)w2⟩
∣∣∣∣
yn=enl−p−1(z

−1), log y=l−p−1(z−1)

= ⟨w′
3,Y−p−1(ezLW1

(1)e±πıLW1
(0)e2l−p−1(z−1)LW1

(0)w1, z
−1)w2⟩. (5.6)

From (5.4)–(5.6), for w1 ∈ W1, w2 ∈ W2, w
′
3 ∈ W ′

3 and z ∈ C×, we have

⟨A±(Y)p(w1, z)w
′
3, w2⟩ = ⟨w′

3,Y−p(ezLW1
(1)e±πıLW1

(0)e2l−p(z−1)LW1
(0)w1, z

−1)w2⟩ (5.7)

when arg z = 0 and

⟨A±(Y)p(w1, z)w
′
3, w2⟩ = ⟨w′

3,Y−p−1(ezLW1
(1)e±πıLW1

(0)e2l−p−1(z−1)LW1
(0)w1, z

−1)w2⟩

(5.8)

when arg z ̸= 0.

Theorem 5.0.1. The linear maps A+(Y) and A−(Y) are twisted intertwining oper-

ators of types
(ϕg1 (W ′

2)

W1W ′
3

)
and

(
W ′

2

W1ϕg−1
1

(W ′
3)

)
, respectively. If Y is fully lower truncated,

then A±(Y) is also fully lower truncated.
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Proof. The second sentence in this theorem is clear by the definition of A±(Y). Now

we prove the first sentence.

We shall start with the duality. Let u ∈ V, w1 ∈ W1, w2 ∈ W2, w3 ∈ W ′
3. For

i = 1, 2, define pi = pi(zi) = −1 if arg zi ̸= 0, and 0 if arg zi = 0. We know that

lpi(z
−1
i ) = −l0(zi). First, we consider

⟨ϕg1((Y
g2
W2

)′)0(u, z1)A+(Y)0(w1, z2)w
′
3, w2⟩

= ⟨((Y g2
W2

)′)0(g−1
1 u, z1)A+(Y)0(w1, z2)w

′
3, w2⟩

=
〈
w′

3,Yp2(ez2LW1
(1)e(πı+2lp2 (z

−1
2 ))LW1

(0)w1, z
−1
2 )·

· (Y g2
W2

)p1
(
ez1LV (1)

(
−z−2

1

)LV (0)
g−1
1 u, z−1

1

)
w2

〉
(5.9)

Since ez2LW1
(1)e(πı+2lp2 (z

−1
2 ))LW1

(0)w1 and e
z1LV (1)

(
−z−2

1

)LV (0)
g−1
1 u are Laurent poly-

nomials in z2 and z1 respectively, the right-hand side of (5.9) is a finite sum of series

of form (3.23). Because of the duality of Y and the form of the right-hand side of

(5.9), the series (5.9) is absolutely convergent, in the region given by |z−1
2 | > |z−1

1 | > 0

(or equivalently, |z1| > |z2| > 0), to the function



f b
p1,p2

Y,2 (z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
g−1
1 u, ez2LW1

(1)e(πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
2 | > |z−1

1 | > 0, −3π

2
< arg(z−1

1 − z−1
2 )− arg z−1

2 < −π
2

f
bp1,p2b−1

12
Y,2 (z−1

1 , z−1
2 ; ez1LV (1)

(
−z−2

1

)LV (0)
g−1
1 u, ez2LW1

(1)e(πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
2 | > |z−1

1 | > 0,
π

2
< arg(z−1

1 − z−1
2 )− arg z−1

2 <
3π

2

,

(5.10)

which is holomorphic on the region given by |z−1
2 | > |z−1

1 | > 0, and z−1
1 , z−1

2 /∈ R+

(or equivalently, |z1| > |z2| > 0, and z1, z2 /∈ R+). Also, because of the duality of Y

and the form of the right-hand side of (5.9), the holomorphic function (5.10) can be

analytically extended to a multivalued holomorphic function from the region given

by |z1| > |z2| > 0 to the region given by z−1
1 , z−1

2 , z−1
1 − z−1

2 ̸= 0, which is equivalent
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to z1, z2, z1 − z2 ̸= 0. Let h+(z1, z2;u,w1, w2, w
′
3) be the multivalued holomorphic

function on F2(C − {0}) with a preferred single-valued branch on the region given

by cutting lines z1 ∈ R+, z2 ∈ R+ and z1 − z2 ∈ R+ in F2(C − {0}), such that

he+(z1, z2;u,w1, w2, w
′
3) is equal to (5.10) when |z1| > |z2| > 0, and | arg(z1 − z2) −

arg z1| < π
2
.

Then, we need to consider

⟨A+(Y)0(w1, z2)((Y
g3
W3

)′)0(u, z1)w
′
3, w2⟩

=
〈
w′

3, (Y
g3
W3

)p1
(
ez1LV (1)

(
−z−2

1

)LV (0)
u, z−1

1

)
·

Yp2(ez2LW1
(1)e(πı+2lp2 (z

−1
2 ))LW1

(0)w1, z
−1
2 )w2

〉
. (5.11)

Because of the form of the right-hand side of (5.11), the duality of Y , and lemma

3.0.33, we know that (5.11) is absolutely convergent, in the region given by |z−1
1 | >

|z−1
2 | > 0 (or equivalently, |z2| > |z1| > 0), to a holomorphic function h1(z1, z2;u,w1, w2, w

′
3)

defined by



fa
p1,p2

Y,2 (z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
1 | > |z−1

2 | > 0, | arg(z−1
1 − z−1

2 )− arg z−1
1 | < π

2

fa
p1,p2b12

Y,2 (z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
1 | > |z−1

2 | > 0, −2π < arg(z−1
1 − z−1

2 )− arg z−1
1 < −3π

2

f
ap1,p2b−1

12
Y,2 (z−1

1 , z−1
2 ; ez1LV (1)

(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
1 | > |z−1

2 | > 0,
3π

2
< arg(z−1

1 − z−1
2 )− arg z−1

1 < 2π

.

(5.12)

We need to prove that h1(z1, z2;u,w1, w2, w
′
3) = he+(z1, z2;u,w1, w2, w

′
3) in the region

given by |z2| > |z1| > 0, −3π
2
< arg(z1 − z2) − arg z2 < −π

2
. Since this region is

connected, and both h1 and h
e
+ are holomorphic on this region, we only need to prove
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that they are equal in any open subset. Let U =
{
z
∣∣|z − (−0.6 + 0.8ı)| < 1/10

}
. We

consider the following open subset

R1 =

{
(z1, z2) ∈M2

∣∣∣∣ z2 ∈ U, |z2| > |z1| > 0,−3π

2
< arg(z1 − z2)− arg z2 < −π

2

}
.

Notice that if z2 ∈ U , |z2| > |z1| > 0, then

arg
(
z−1
1 − z−1

2

)
− arg z−1

1 =
(
arg(z1 − z2)− arg z2

)
+ π. (5.13)

Therefore, we know that

R1 ⊂
{
(z1, z2) ∈M2

∣∣∣ |z2| > |z1| > 0, | arg(z−1
1 − z−1

2 )− arg z−1
1 | < π

2

}
.

If (z1, z2) ∈ R1, we have p1(z1) = p2(z2) = −1. By (5.12), for any (z1, z2) ∈ R1, we

have

h1(z1, z2;u,w1, w2, w
′
3) = f (b13b12)−1b−1

23

(
z−1
1 , z−1

2 ;

ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(πı+2l−1(z
−1
2 ))LW1

(0)w1, w2, w
′
3

)
. (5.14)

On the other hand, notice that

R2 :=

{
(z1, z2) ∈M2

∣∣∣∣ z2 ∈ U, |z1| > |z2| > 0,
π

2
< arg(z−1

1 − z−1
2 )− arg z−1

2 <
3π

2

}
⊂
{
(z1, z2) ∈M2

∣∣∣ |z1| > |z2| > 0, | arg(z1 − z2)− arg z1| <
π

2

}
. (5.15)

We know that he+ is equal to (5.10) when |z1| > |z2| > 0, | arg(z1−z2)−arg z1| < π
2
,

which is the right-hand side of (5.15). Also, if (z1, z2) ∈ R2, then p1(z1) = p2(z2) =
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−1. Therefore, for any (z1, z2) ∈ R2, we know that

he+(z1, z2;u,w1, w2, w
′
3)

= f(b
−1
12 b13b12)

−1
(b23b12)−1b−1

12

(
z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
g−1
1 u,

ez2LW1
(1)e(πı+2l−p2−1(z

−1
2 ))LW1

(0)w1, w2, w
′
3

)
= f b12(b

−1
12 b13b12)

−1
(b23b12)−1b−1

12

(
z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u,

ez2LW1
(1)e(πı+2l−p2−1(z

−1
2 ))LW1

(0)w1, w2, w
′
3

)
= f (b13b12)−1b−1

23

(
z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u,

ez2LW1
(1)e(πı+2l−p2−1(z

−1
2 ))LW1

(0)w1, w2, w
′
3

)
(5.16)

Notice that R1 ∪R2 is contained in the simply-connected region Ω defined by

{
(z1, z2) ∈M2

∣∣z1, z2, (z1 − z2), (z
−1
1 − z−1

2 ) /∈ R≥0

}
−
{
(z1, z2) ∈M2

∣∣∣∣|z1| > |z2| > 0,
3π

2
< arg(z1 − z2)− arg z1 < 2π

}
−
{
(z1, z2) ∈M2

∣∣∣∣|z2| > |z1| > 0, −2π < arg(z−1
1 − z−1

2 )− arg z−1
1 < −3π

2

}
.

Since both of the left-hand side and the right-hand side of (5.16) are holomorphic

in Ω, and they are equal in R2, we know that they are equal in Ω. In particular, they

are equal in R1. In other words, (5.16) holds for (z1, z2) ∈ R1. Therefore, comparing

with (5.16) and (5.14), we know that on the region R1, and therefore on the larger

region given by |z2| > |z1| > 0, −3π
2
< arg(z1 − z2)− arg z2 < −π

2
,

h1(z1, z2;u,w1, w2, w
′
3) = he+(z1, z2;u,w1, w2, w

′
3).

Next, we consider

⟨A±(Y)0((Y g1
W1

)0(u, z1 − z2)w1, z2)w
′
3, w2⟩
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=⟨A±(Y)
(
Y g1
W1

(u, x)w1, y
)
w′

3, w2⟩
∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enl0(z2), log(y)=l0(z2)

=⟨w′
3 , Y

(
eyL(1)e±πıL(0)(y−L(0))2Y g1

W1
(u, x)w1, y

−1
)
w2⟩
∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enl0(z2), log(y)=l0(z2)

(5.17)

Same as the formula (6.30) in [H9], we have

eyL(1)e±πıL(0)(y−L(0))2Y g1
W1

(u, x)

=Y g1
W1

(
e(y+x)LV (1)

(
−(y + x)−2

)LV (0)
u,

e±πıx

(y + x)y

)
eyLW1

(1)e±πıLW1
(0)
(
y−LW1

(0)
)2

Therefore, the right-hand side of (5.17) is equal to

〈
w′

3 , Y
(
Y g1
W1

(
e(y+x)LV (1)

(
−(y + x)−2

)LV (0)
u,

x̃x

(y + x)y

)
eyLW1

(1)

e±πıLW1
(0)
(
y−LW1

(0)
)2
w1, y

−1
)
w2

〉∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enl0(z2), log(y)=l0(z2)
x̃n=e±nπı, log(x̃)=±πı

(5.18)

We consider

〈
w′

3,Yp2
(
(Y g1

W1
)N±

(
ez1L(1)(−z−2

1 )L(0)u, z−1
1 − z−1

2

)
·

ez2LW1
(1)e(±πı+2lp2 (z

−1
2 ))LW1

(0)w1, z
−1
2

)
w2

〉
, (5.19)

where N± = N±(z1, z2) is the unique integer such that for any α ∈ C,

lN±(z
−1
1 − z−1

2 ) =

[
log

(
x̃x

(y + x)y

)]∣∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enl0(z2), log(y)=l0(z2)
x̃n=e±nπı, log(x̃)=±πı

,

eαlN± (z−1
1 −z−1

2 ) =

(
x̃x

(y + x)y

)α ∣∣∣∣∣xn=enl0(z1−z2), log(x)=l0(z1−z2)
yn=enl0(z2), log(y)=l0(z2)
x̃n=e±nπı, log(x̃)=±πı

. (5.20)
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Actually, (5.20) is equivalent to

lN±(z
−1
1 − z−1

2 ) = ±πı+ l0(z1 − z2)− 2l0(z2) +
∑
k>0

(−1)k

k
z−k2 (z1 − z2)

k.

Similar to the argument for proving ⟨w′
3, (Y

g3
W3

)0(u, z1)Ω+(Y)0(w2, z2)w1⟩ is abso-

lutely convergent on the region given by |z1|/2 > |z2| > 0, we can show that the

left-hand side of (5.17) is absolutely convergent to (5.19) on the region given by

|z2|/2 > |z1 − z2| > 0. By the duality of Y , we know that (5.19) is absolutely

convergent, on the region given by |z−1
2 | > |z−1

1 − z−1
2 | > 0, to



f c
p2,N±

(z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(±πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
2 | > |z−1

1 − z−1
2 | > 0, | arg(z−1

1 )− arg(z−1
2 )| < π

2

f c
p2,N±b−1

12 b13b12(z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(±πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
2 | > |z−1

1 − z−1
2 | > 0, −2π < arg(z−1

1 )− arg(z−1
2 ) < −3π

2

f c
p2,N±b−1

13 (z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(±πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3),

if |z−1
2 | > |z−1

1 − z−1
2 | > 0,

3π

2
< arg(z−1

1 )− arg(z−1
2 ) < 2π

(5.21)

By the duality of Y , (5.19), therefore (5.17) can be analytically extended to a

multi-valued holomorphic function whose singularities are only z−1
1 , z−1

2 , z−1
1 −z−1

2 = 0,

or equivalently z1, z2, z1 − z2 ̸= 0. So, the left-hand side of (5.17) can be analytically

extended from |z2|/2 > |z1−z2| > 0 to |z2| > |z1−z2| > 0. The left-hand side of (5.17)

is a finite sum of multi-valued function of the form eαl0(z1−z2)eβl0(z2)l0(z1 − z2)
il0(z2)

j

(α, β ∈ C, i, j ∈ N) multiplying power series on z1−z2
z2

. The fact that (5.17) can be

analytically extended from |z2|/2 > |z1 − z2| > 0 to |z2| > |z1 − z2| > 0 implies the

radius of convergence of each power series is not less that 1. Thus, as a series, (5.17)

is absolutely convergent to (5.21) on the region given by |z2| > |z1 − z2| > 0.

Let h2(z1, z2;u,w1, w2, w
′
3) be the holomorphic function on the region given by
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(z1, z2) ∈ M2, z1, z2, z1 − z2 /∈ R, such that h2(z1, z2;u,w1, w2, w
′
3) is equal to (5.17)

on the region given by |z2| > |z1 − z2| > 0, and | arg z1 − arg z2| < π
2
.

When |z2− e
5πı
6 | < 1/10, and |z2| > |z1− z2| > 0, we have arg z1, arg z2 ̸= 0, which

implies arg(z−1
i ) = 2π − arg zi. So, we know that in the region given by

|z2 − e
5πı
6 | < 1/10, |z2| > |z1 − z2| > 0, |z−1

2 | > |z−1
1 − z−1

2 |,

| arg z1 − arg z2| <
π

2
, −3π

2
arg(z−1

1 − z−1
2 )− arg(z−1

2 ) < −π
2
,

arg z1 ̸= 0, arg z2 ̸= 0 (5.22)

h2(z1, z2;u,w1, w2, w
′
3), and therefore (5.17), is equal to

f c
−1,0

(z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(±πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3). (5.23)

Notice that actually the first line of (A.27) implies the second and third lines of (5.22).

Also, in the region (A.27), we know N+ = 0, and p2 = −1.

On the other hand, in the same region, he+(z1, z2;u,w1, w2, w
′
3) is equal to

f b
−1,−1

(z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
g−1
1 u, ez2LW1

(1)e(πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3)

=f b12b
−1,−1

(z−1
1 , z−1

2 ; ez1LV (1)
(
−z−2

1

)LV (0)
u, ez2LW1

(1)e(πı+2lp2 (z
−1
2 ))LW1

(0)w1, w2, w
′
3)

(5.24)

Since b12b
−1,−1 = c−1,0, we know that on the region (5.22), and therefore on the

larger region given by |z2| > |z1 − z2| > 0, | arg z1 − arg z2| < π
2
,

h2(z1, z2;u,w1, w2, w
′
3) = he+(z1, z2;u,w1, w2, w

′
3).

Using the same argument for proving the L(−1)-derivative property for Ω+(Y),

we can show that the L(−1)-derivative property holds for A+(Y).
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Now we prove the part 3 in the definition of twisted intertwining operator. By

the definition of A+, we have

⟨ϕg1((Y
g2
W2

)′)(u1, z1) · · ·ϕg1((Y
g2
W2

)′)(uk−1, zk−1)A+(Y)(w1, zk)w
′
3, w2⟩

=⟨w′
3,Ypk(ezkLW1

(1)eπıLW1
(0)e−2 log(zk)LW1

(0)w1, z
−1
k )·

· (Y g2
W2

)pk−1(ezk−1LV (1)(−z−2
k−1)

LV (0)g−1
1 uk−1, z

−1
k−1)·

· · · (Y g2
W2

)p1(ez1LV (1)(−z−2
1 )LV (0)g−1

1 u1, z
−1
1 )w2⟩, (5.25)

where pi ∈ Z is uniquely determined by lpi(z
−1
i ) = −l0(zi). By Lemma 3.0.37, we

know that on the region given by 0 < |z−1
1 | < · · · < |z−1

k |, or equivalently, |z1| > · · · >

|zk| > 0, (5.25) is absolutely convergent to

fY,k

(
z−1
k−1, . . . , z

−1
1 , z−1

k ; ezk−1LV (1)(−z−2
k−1)

LV (0)g−1
1 uk−1, . . . , e

z1LV (1)(−z−2
1 )LV (0)g−1

1 u1,

ezkLW1
(1)eπıLW1

(0)e−2 log(zk)LW1
(0)w1, w2, w

′
3

)
(5.26)

Let fA+(Y),k(z1, . . . , zk;u1, . . . , un−1, w1, w
′
3, w2) be equal to (5.26). By Proposition

3.0.20, we know that for any k ∈ Z+, the function fA+(Y),k satisfies Condition 3.0.13

for (k − 1, 1, {0}).
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Chapter 6

Tensor Product Bifunctors

In this section we introduce the notion of twisted P (z)-intertwining map and give

a definition of tensor product of two twisted modules. The material in this section

is essentially the same as the corresponding material in [HL2] and [HLZ3] except

that V -modules and intertwining maps are replaced by twisted modules and twisted

intertwining maps.

Let G be a group of automorphisms of V and C a category of g-twisted V -modules

for g ∈ G. Let Cg be the full subcategory of C whose objects are the g-twisted

objected in C. The category C can be the category GMgr(G) (the category of grading

restricted generalized g-twisted V -modules for g ∈ G) or Mgr(G) (the category of

grading restricted ordinary g-twisted V -modules for g ∈ G). But since many of

the constructions in the present paper works for any category satisfying suitable

conditions, we shall work with a general category C.

Definition 6.0.1. Let g1 and g2 be automorphisms of V , and let W1, W2, W3 be g1-,

g2-, g1g2-twisted V -modules, respectively, and let z ∈ C×. A twisted P (z)-intertwining

map of type
(

W3

W1W2

)
is a linear map I : W1 ⊗ W2 → W 3 given by I(w1 ⊗ w2) =

Y(w1, z)w2 for w1 ∈ W1 and w2 ∈ W2, where Y is a twisted intertwining operator of

type
(

W3

W1W2

)
.
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Using Definition 3.0.23 and the L(0)-conjugation formula we can prove the fol-

lowing proposition.

Proposition 6.0.2. Let I be a linear map from W1 ⊗W2 to W3, and z ∈ C×. Then,

I is a P (z)-intertwining map of type
(

W3

W1W2

)
if and only if

YI(w1, x)w2 = xL(0)z−L(0)I
(
x−L(0)zL(0)w1 ⊗ x−L(0)zL(0)w2

)
∈ W3{x}[log(x)] (6.1)

is a twisted intertwining operator of type
(

W3

W1W2

)
, where

z±L(0) = e±l0(z)L(0)S
∑
k∈N

(±l0(z))k
k!

L(0)kN .

Using the notion of twisted P (z)-intertwining map, we can define the notion of

tensor product of two twisted modules in C.

Definition 6.0.3. Let W1 and W2 be g1- and g2-twisted V -modules, respectively. A

P (z)-product of W1 and W2 is a pair (W3, I) consisting of a g1g2-twisted V -module

W3 and a twisted P (z)-intertwining map I of type
(

W3

W1W2

)
. If W1 and W2 are objects

in C, a P (z)-tensor product of W1 and W2 in C is a P (z)-product (W1⊠P (z)W2,⊠P (z))

satisfying the following universal property:

1. The module W1 ⊠P (z) W2 is an object in C.

2. For any P (z)-product (W3, I) of W1 and W2 with W3 ∈ ob C, there exists a

unique module map f : W1 ⊠P (z)W2 → W3 such that we have the commutative

diagram

W1 ⊗W2 W 3

W1 ⊠P (z) W2

⊠P (z)

I

f̄

where f̄ is the natural extension of f to W1 ⊠P (z) W2.



102

We now give a construction of the P (z)-tensor product (W1 ⊠P (z) W2,⊠P (z)) of

W1 and W2 in C under a suitable assumption using the same method as in [HL2] and

[HLZ3].

Given a P (z)-product (W3, I) of W1 and W2, for w
′
3 ∈ W ′

3, we have an element

λI,w3 ∈ (W1 ⊗W2)
∗ defined by

λI,w′
3
(w1 ⊗ w2) = ⟨w′

3, I(w1 ⊗ w2)⟩

for w1 ∈ W1 and w2 ∈ W2. Let W1 P (z)W2 be the subspace of (W1⊗W2)
∗ spanned by

λI,w′
3
for all P (z)-products (W3, I) and w

′
3 ∈ W ′

3, with W3 being a g1g2-twisted object

in C. It is important to keep in mind that the space W1 P (z)W2 depends on C. We

define a vertex operator map

Y
(g1g2)−1

W1 P (z)W2
: V ⊗ (W1 P (z)W2) → (W1 P (z)W2){x}[log x]

by

Y
(g1g2)−1

W1 P (z)W2
(v, x)λI,w′

3
= λ

I,Y
(g1g2)

−1

W ′
3

(v,x)w′
3

(6.2)

for v ∈ V and λI,w′
3
∈ W1 P (z)W2.

Proposition 6.0.4. Y
(g1g2)−1

W1 P (z)W2
(·, x)· is a well-defined linear map.

Proof. Suppose J is a finite index set, and λ =
∑

i∈J λIi,w′
3,i
, where w′

3,i ∈ W ′
3,i,

W3,i is a g1g2-twisted module in C, and Ii(·⊗·) = Yi(·, z)· is a twisted intertwining map

of type
(
W3,i

W1W2

)
, for i ∈ J . We need to prove that if λ = 0, then Y

(g1g2)−1

W1 P (z)W2
(v, x)(λ) = 0,

or equivalently, (Y
(g1g2)−1

W1 P (z)W2
)o(v, x)(λ) = 0, for any v ∈ V .

Now assume λ = 0. For any w1 ∈ W1, w2 ∈ W2, we know that

0 = λ(w1 ⊗ w2) = λ =
∑
i∈J

λIi,w′
3,i
(w1 ⊗ w2) =

∑
i∈J

〈
w′

3,i,Yi(w1, z)w2

〉
.
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Therefore, for any v ∈ V , w1 ∈ W1, w2 ∈ W2,

∑
i∈J

〈
w′

3,i,Yi(Y
g1
W1

(v, x)w1, z)w2

〉
= 0.

By the duality of Yi, i ∈ J , on the nonempty open region given by 0 < |z1 − z| < |z|,

| arg z1 − arg z| < π
2
, we know that

∑
i∈I

f eYi,2
(z1, z; v, w1, w2, w

′
3,i) =

∑
i∈I

〈
w′

3,i,Yi(Y
g1
W1

(v, z1)w1, z)w2

〉
= 0, (6.3)

which implies as a function on z1,
∑

i∈J f
e
Yi,2

(z1, z; v, w1, w2, w
′
3,i) is the identically zero

function. On the nonempty open region given by |z1| > |z|, | arg(z1−z)−arg z1| < π
2
,

we have

∑
i∈J

〈
w′

3,i, Y
g3
W3

(v, z1)Yi(w1, z)w2

〉
=
∑
i∈J

f eYi,2
(z1, z; v, w1, w2, w

′
3,i) = 0, (6.4)

which implies 0 =
∑

i∈J
〈
w′

3,i, Y
g3
W3

(v, x)Yi(w1, z)w2

〉
=
(
Y

(g1g2)−1

W1 P (z)W2

)o
(v, x)(λ)(w1 ⊗

w2).

Remark 6.0.5. Suppose that the direct sum of two objects in C is also in C. For any

linear combination
∑n

i=1 λIi,w′
3,i
, where W3,i is a g1g2-twisted module in C, w′

3,i ∈ W ′
3,i,

and Ii is a twisted intertwining map of type
(
W3,i

W1W2

)
, i = 1, . . . , n, we know that∑n

i=1 λIi,w′
3,i

= λI,w′
3
, where W3 = ⊕n

i=1W3,i ∈ ob Cg1g2, w′
3 = w′

3,1 + · · · + w′
3,n ∈ W ′

3,

and I = (I1, . . . , In) is a P (z)-twisted intertwining map of type
(

W3

W1W2

)
.

In other words, for any λ ∈ W1 P (z)W2, we can write λ = λI,w′
3
for some W3 ∈

ob C, w′
3 ∈ W ′

3, and twisted intertwining map I of type
(

W3

W1W2

)
.

Proposition 6.0.6. The pair (W1 P (z)W2, Y
(g1g2)−1

W1 P (z)W2
) is a (g1g2)

−1-twisted V -module.

Proof. For fixedW3 and I, the space spanned by all λI,w′
3
for w′

3 ∈ W ′
3 is the image

of W ′
3 under the linear map from W ′

3 to W1 P (z)W2 given by w′
3 7→ λI,w′

3
. This linear
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map preserves the gradings, commutes with twisted vertex operators. So the space

spanned by all λI,w′
3
for w′

3 ∈ W ′
3 is a generalized (g1g2)

−1-twisted V -module. Thus,

W1 P (z)W2, as a sum of generalized (g1g2)
−1-twisted V -modules, is also a generalized

(g1g2)
−1-twisted V -module.

Assumption 6.0.7. Throughout the remainder of this work, we assume that the

following conditions for C hold:

1. Any object in C satisfies Assumption 4.0.1

2. For objects W1 and W2 in C, W1 P (z)W2 is also in C.

3. The contragredient of an object in C is also in C. The direct sum of two objects

in C is also in C.

4. the double contragredient of an object in C is equivalent to the object. In other

words, dimW[n] <∞ for any n ∈ C and object W in C.

From the Conditions 1 and 2 in Assumption 6.0.7, we see that (W1 P (z)W2)
′ is in

C. We take W1 ⊠P (z) W2 to be (W1 P (z)W2)
′. We still need to give a twisted P (z)-

intertwining map ⊠P (z) of type
(
W1⊠P (z)W2

W1W2

)
or equivalently, an intertwining operator

of the same type.

Let W be a (g1g2)
−1-twisted V -module in C and f : W → W1 P (z)W2 a V -module

map. Since the double contragredient of an object in C is equivalent to the object

itself by Condition 3 in Assumption 6.0.7, every element of (W ′)′ can be viewed as

an element of W . For w1 ∈ W1, w2 ∈ W2 and w ∈ W , we define

⟨w,Yf (w1, z)w2⟩ = (f(w))(w1 ⊗ w2). (6.5)
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Then we define

Yf (w1, x)w2 = xLW ′ (0)e−(log z)LW3
(0)Yf (x−LW1

(0)e(log z)LW1
(0)w1, z)x

−LW2
(0)e(log z)LW2

(0)w2

(6.6)

for w1 ∈ W1, w2 ∈ W2. We now have a linear map

Yf : W1 ⊗W2 → W ′{x}[log x].

Proposition 6.0.8. The linear map Yf : W1⊗W2 → W ′{x}[log x] given by (6.5) and

(6.6) above is a g1g2-twisted intertwining operator of type
(

W ′

W1W2

)
. In particular, in

the case that W = W1 P (z)W2 and f = 1W1 P (z)W2
: W → W1 P (z)W2 is the identity

map, we obtain a g1g2-twisted intertwining operator Y1
W1 P (z)W2

of type
(
W1⊠P (z)W2

W1W2

)
.

Proof. We first verify the L(−1)-derivative property.

d

dx
Yf (w1, x)w2

=
d

dx
xLW ′ (0)e−(log z)LW ′ (0)Yf (x

−LW ′
1
(0)
e
(log z)LW ′

1
(0)
w1, z)x

−LW2
(0)e(log z)LW2

(0)w2

= xLW ′ (0)−1e−(log z)LW ′ (0)LW ′(0)Yf (x−LW1
(0)e(log z)LW1

(0)w1, z)x
−LW2

(0)e(log z)LW2
(0)w2

− xLW ′ (0)e−(log z)LW ′ (0)Yf (LW1(0)x
−LW1

(0)−1e(log z)LW1
(0)w1, z)x

−LW2
(0)e(log z)LW2

(0)w2

− xLW ′ (0)e−(log z)LW ′ (0)Yf (x−LW1
(0)e(log z)LW1

(0)w1, z)LW2(0)x
−LW2

(0)−1e(log z)LW2
(0)w2

= x−1xLW ′ (0)e−(log z)LW ′ (0)·

·
(
LW ′(0)Yf (x−LW1

(0)e(log z)LW1
(0)w1, z)− Yf (LW1(0)x

−LW1
(0)e(log z)LW1

(0)w1, z)

− Yf (x−LW1
(0)e(log z)LW1

(0)w1, z)LW2(0)
)
·

· x−LW2
(0)e(log z)LW2

(0)w2. (6.7)

Since f is a V -module map, f(W ) is a submodule ofW1 P (z)W2. By the definition

ofW1 P (z)W2, it is spanned by elements of the form λI,w′
3
for a g1g2-twisted V -module
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W3, a P (z)-intertwining map I of type
(

W3

W1W2

)
and w′

3 ∈ W ′
3. In particular, for w ∈ W ,

f(w) =
n∑
i=3

λIi,w′
i
,

where for i = 3, . . . , n, w′
i is an element of the contragredient module W ′

i of a g1g2-

twisted object Wi in C, and I i a P (z)-intertwining map of type
(

Wi

W1W2

)
.

Let Y i be the intertwining operator of type
(

Wi

W1W2

)
such that I i = Y i(·, z)·. Then

we have

⟨w,Yf (w1, z)w2⟩ = (f(w))(w1 ⊗ w2)

=
n∑
i=3

λIi,w′
i
(w1 ⊗ w2)

=
n∑
i=3

⟨w′
i, I

i(w1 ⊗ w2)⟩

=
n∑
i=3

⟨w′
i,Y i(w1, z)w2)⟩

for w1 ∈ W1 and w2 ∈ W2. Also,

(f(LW (0)w))(w1 ⊗ w2) = ((LW1 P (z)W2
(0)f(w))(w1 ⊗ w2)

=
n∑
i=3

(LW1 P (z)W2
(0)λIi,w′

i
)(w1 ⊗ w2)

=
n∑
i=3

Resxx(Y
(g1g2)−1

W ′ (ω, x)λIi,w′
i
)(w1 ⊗ w2)

=
n∑
i=3

Resxx(λ
Ii,Y

(g1g2)
−1

W ′
i

(ω,x)w′
i

(w1 ⊗ w2)

=
n∑
i=3

λIi,LW ′
i
(0)w′

i
(w1 ⊗ w2).
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for w1 ∈ W1 and w2 ∈ W2. So we have

f(LW (0)w) =
n∑
i=3

λIi,LW ′
i
(0)w′

i
.

Thus for w1 ∈ W1, w2 ∈ W2,

⟨w, (LW ′(0)Yf (w1, z)− Yf (LW1(0)w1, z)− Yf (w1, z)LW2(0))w2⟩

=⟨LW (0)w,Yf (w1, z)w2⟩ − ⟨w,Yf (LW1(0)w1, z)w2⟩ − ⟨w,Yf (w1, z)LW2(0)w2⟩

=(f(LW (0)w))(w1 ⊗ w2)− (f(w))(LW1(0)w1 ⊗ w2)− (f(w))(w1 ⊗ LW2(0)w2)

=
n∑
i=3

λIi,LW ′
i
(0)w′

i
(w1 ⊗ w2)−

n∑
i=3

λI,w′
i
(LW1(0)w1 ⊗ w2)−

n∑
i=3

λI,w′
i
(w1 ⊗ LW2(0)w2)

=
n∑
i=3

⟨LW ′
i
(0)w′

i,Y i(w1, z)w2⟩ −
n∑
i=3

⟨w′
i,Y i(LW1(0)w1, z)w2⟩

−
n∑
i=3

⟨w′
i,Y i(w1, z)LW2(0)w2⟩

=
n∑
i=3

⟨w′
i, (LWi

(0)Y i(w1, z)− Y i(LW1(0)w1, z)− Y i(w1, z)LW2(0))w2⟩

=
n∑
i=3

z⟨w′
i,Y i(LW1(−1)w1, z)w2⟩

=z
n∑
i=3

λIi,w′
i
((LW1(−1)w1 ⊗ w2)

=z(f(w))(LW1(−1)w1 ⊗ w2)

=z⟨w,Yf (LW1(−1)w1, z)w2⟩,

where we have used the L(0)-commutator formula for the twisted intertwining oper-

ators Y i. Since w ∈ W and w2 ∈ W2 are arbitrary, we obtain

LW (0)Yf (w1, z)− Yf (LW1(0)w1, z)− Yf (w1, z)LW2(0) = zYf (LW1(−1)w1, z) (6.8)

for w1 ∈ W1.
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Using (6.8), we see that the right-hand side of (6.7) is equal to

x−1xLW (0)e−(log z)LW (0)zYf (LW1(−1)x−LW1
(0)e(log z)LW1

(0)w1, z)x
−LW2

(0)e(log z)LW2
(0)w2

= xLW (0)e−(log z)LW (0)Yf (x−LW1
(0)e(log z)LW1

(0)LW1(−1)w1, z)x
−LW2

(0)e(log z)LW2
(0)w2

= Yf (LW1(−1)w1, x)w2,

proving the L(−1)-derivative property.

For v ∈ V , w1 ∈ W1 and w2 ∈ W2, we have

(f(Y
(g1g2)−1

W (v, x)w))(w1 ⊗ w2) = (Y
(g1g2)−1

W1 P (z)W2
(v, x)f(w))(w1 ⊗ w2)

=
n∑
i=3

(Y
(g1g2)−1

W1 P (z)W2
(v, x)λIi,w′

i
)(w1 ⊗ w2)

=
n∑
i=3

λ
Ii,Y

(g1g2)
−1

Wi
(v,x)w′

i

(w1 ⊗ w2).

Then we obtain

f(Y
(g1g2)−1

W (v, x)w) =
n∑
i=3

λ
Ii,Y

(g1g2)
−1

Wi
(v,x)w′

i

For a g1g2-twisted V -module W3 in C, a P (z)-intertwining map I of type
(

W3

W1W2

)
,

u ∈ V , w1 ∈ W1, w2 ∈ W2 and w′
3 ∈ W ′

3, we have

⟨w, Y g1g2
W ′ (u, z1)Yf (w1, z2)w2⟩

= ⟨w, Y g1g2
W ′ (u, z1)e

(log z2)LW ′ (0)e−(log z)LW ′ (0)·

· Yf (e−(log z2)LW1
(0)e(log z)LW1

(0)w1, z)e
−(log z2)LW2

(0)e(log z)LW2
(0)w2⟩

= ⟨e(log z2)LW (0)e−(log z)LW (0)Y
(g1g2)−1

W (ez1LV (1)(−z−2
1 )LV (0)u, z−1

1 )w,

Yf (e−(log z2)LW1
(0)e(log z)LW1

(0)w1, z)e
−(log z2)LW2

(0)e(log z)LW2
(0)w2⟩

= (f(e(log z2)LW (0)e−(log z)LW (0)Y
(g1g2)−1

W (ez1LV (1)(−z−2
1 )LV (0)u, z−1

1 )w))

(e−(log z2)LW1
(0)e(log z)LW1

(0)w1 ⊗ e−(log z2)LW2
(0)e(log z)LW2

(0)w2)
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=
n∑
i=3

λ
Ii,e

(log z2)LW ′
i
(0)
e
−(log z)L

W ′
i
(0)
Y

(g1g2)
−1

W ′
i

(ez1LV (1)(−z−2
1 )LV (0)u,z−1

1 )w′
i

(e−(log z2)LW1
(0)e(log z)LW1

(0)w1 ⊗ e−(log z2)LW2
(0)e(log z)LW2

(0)w2)

=
n∑
i=3

⟨e(log z2)LW ′
i
(0)
e
−(log z)LW ′

i
(0)
Y

(g1g2)−1

W ′
i

(ez1LV (1)(−z−2
1 )LV (0)u, z−1

1 )w′
i,

Y i(e−(log z2)LW1
(0)e(log z)LW1

(0)w1, z)e
−(log z2)LW2

(0)e(log z)LW2
(0)w2⟩

=
n∑
i=3

⟨w′
i, Y

g1g2
Wi

(u, z1)e
(log z2)LWi

(0)e−(log z)LWi
(0)·

· Y i(e−(log z2)LW1
(0)e(log z)LW1

(0)w1, z)e
−(log z2)LW2

(0)e(log z)LW2
(0)w2⟩

=
n∑
i=3

⟨w′
i, Y

g1g2
Wi

(u, z1)Y i(w1, z2)w2⟩. (6.9)

Similarly, we have

⟨w,Yf (w1, z2)Y
g2
W2

(u, z1)w2⟩ =
n∑
i=3

⟨w′
i,Y i(w1, z2)Y

g2
W2

(u, z1)w2⟩ (6.10)

and

⟨w,Yf (Y g1
W2

(u, z1 − z2)w1, z2)w2⟩ =
n∑
i=3

⟨w′
i,Y i(Y g1

W1
(u, z1 − z2)w1, z2)w2⟩. (6.11)

Since Y i for i = 1, . . . , n are twisted intertwining operators, the duality property for

Yf follows from (6.9), (6.10), (6.11) and the duality properties for Y i.

The convergence for products of more than two operators follows from the formula

⟨w, Y g1g2
W ′ (u1, z1) · · ·Y g1g2

W ′ (uk−1, zk−1)Yf (w1, zk)w2⟩ (6.12)

=
n∑
i=3

⟨w′
i, Y

g1g2
Wi

(u1, z1) · · ·Y g1g2
Wi

(uk−1, zk−1)Y i(w1, zk)w2⟩,

whose proof is the same as that of (6.9). Since Y i are twisted intertwining operators,

the fact that fYi,k satisfies Condition 3.0.13 for (k − 1, 1, {0}) implies the fact that
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the function that (6.12) converges to satisfies Condition 3.0.13 for (k − 1, 1, {0}).

Let ⊠P (z) = Y1
W1 P (z)W2

(·, z)·. Then ⊠P (z) is a P (z)-intertwining map of type(
W1⊠P (z)W2

W1W2

)
. Let

w1 ⊠P (z) w2 = ⊠P (z)(w1 ⊗ w2) = Y1
W1 P (z)W2

(w1, z)w2 ∈ W1 ⊠P (z) W2

for w1 ∈ W1 and w2 ∈ W2. We call w1⊠P (z)w2 the P (z)-tensor product of w1 and w2.

By (6.5), we have

λ(w1 ⊗ w2) = ⟨λ,w1 ⊠P (z) w2⟩ (6.13)

for λ ∈ W1 P (z)W2, w1 ∈ W1 and w2 ∈ W2.

Theorem 6.0.9. The pair (W1 ⊠P (z) W2,⊠P (z)) is a P (z)-tensor product of W1 and

W2 in C.

Proof. First, by Assumption 6.0.7, we know that W1⊠P (z)W2 is indeed an object

in C.

Let (W3, I) be a P (z)-product of W1 and W2 with W3 ∈ ob C. Then we have a

module map g : W ′
3 → W1 P (z)W2 given by g(w′

3) = λI,w′
3
for w′

3 ∈ W ′
3. By definition,

we have (g(w′
3))(w1 ⊗ w2) = λI,w′

3
(w1 ⊗ w2) = ⟨w′

3, I(w1 ⊗ w2)⟩ for w1 ∈ W1 and

w2 ∈ W2. The adjoint of this module map is a module map f : W1 ⊠P (z) W2 → W3.

By definitions and (6.13),

⟨w′
3, (f̄ ◦⊠P (z))(w1 ⊗ w2)⟩ = ⟨w′

3, f̄(w1 ⊠P (z) w2)⟩

= ⟨g(w′
3), w1 ⊠P (z) w2⟩

= (g(w′
3))(w1 ⊗ w2)

= ⟨w′
3, I(w1 ⊗ w2)⟩.
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So we obtain f̄ ◦⊠P (z) = I.

We have assigned each object (W1,W2) in the category C×C an objectW1⊠P (z)W2

in C. To obtain a functor from C ×C to C, we still need to assign a morphism (f1, f2)

in C × C a morphism f1 ⊠P (z) f2 in C.

Let W1, W̃1 be g1-twisted V -modules in C and W2, W̃2 g1-twisted V -modules in C.

Let f1 : W1 → W̃1 and f2 : W2 → W̃2 be module maps. Let Ỹ be the intertwining

operator of type
(W̃1⊠P (z)W̃2

W̃1W̃2

)
such that w̃1 ⊠P (z) w̃2 = Ỹ(w̃1, z)w̃2. Since f1 and f2

are module maps, Y = Ỹ ◦ (f1 ⊗ f2) is an intertwining operator of type
(
W̃1⊠P (z)W̃2

W1W2

)
.

Then I = Y(·, z)· is a P (z)-intertwining operator of the same type. Hence, we have a

P (z)-product (W̃1⊠P (z) W̃2, I) ofW1 andW2. By the universal property of the tensor

product (W1 ⊠P (z) W2,⊠P (z)), there exist a unique module map f : W1 ⊠P (z) W2 →

W̃1 ⊠P (z) W̃2 such that I = f̄ ◦ ⊠P (z). We define this module map f to be the

P (z)-tensor product of f1 and f2 and denote it by f1 ⊠P (z) f2.

Theorem 6.0.10. The assignments given by (W1,W2) 7→ W1⊠P (z)W2 and (f1, f2) 7→

f1 ⊠P (z) f2 above is a functor from C × C to C.

Proof. It is easy to verify 1w1 ⊠P (z) 1W2 = 1W1⊠P (z)W2 and (f1 ⊠P (z) f2) ◦ (g1 ⊠P (z)

g2) = (f1g1) ⊠P (z) (f2g2) by using the construction of the tensor products of module

maps. We omit the details of the proofs.

We call this functor the P (z)-tensor product bifunctor for C.

We now give a result on Condition 2 in Assumption 6.0.7.

Theorem 6.0.11. Let G ≤ Aut(V ). Assume that the following conditions are satis-

fied:

1. For g ∈ G, there are only finitely many irreducible grading-restricted g-twisted

V -modules.

2. For g ∈ G, every grading-restricted g-twisted V -module is completely reducible.
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3. For g1, g2 ∈ G and grading-restricted g1-, g2-, g1g2-twisted V -modules W1, W2,

W3, the fusion rule NW3
W1W2

:= dimVW3
W1W2

is finite.

Then W1 P (z)W2 is in GMgr(G) for any objects W1 and W2 in GMgr(G).

Proof. Let W1 and W2 be g1- and g2-twisted V -modules in GMgr(G). Then

W1 P (z)W2 is a generalized (g1g2)
−1-twisted V -module. From the construction of

W1 P (z)W2, it is a sum of grading-restricted (g1g2)
−1-twisted V -module. By Condi-

tion 2, W1 P (z)W2 must be a direct sum of irreducible grading-restricted (g1g2)
−1-

twisted V -modules. But by Condition 1, there are only finitely many irreducible

grading-restricted (g1g2)
−1-twisted V -modules. If W1 P (z)W2 is an infinite direct sum

of irreducible grading-restricted (g1g2)
−1-twisted V -modules, at least one irreducible

grading-restricted (g1g2)
−1-twisted V -module W3 has infinitely many copies in this

decomposition of W1 P (z)W2. But then we have infinitely many linearly independent

injective V -module maps from W3 to the W1 P (z)W2. But by Proposition 6.0.8, these

infinite injective V -module maps give linearly independent twisted intertwining op-

erator of type
(

W ′
3

W1W2

)
. Thus the fusion rule NW3

W1W2
is ∞. By Condition 3, this is

a contradiction. So W1 P (z)W2 must be a finite direct sum of irreducible grading-

restricted (g1g2)
−1-twisted V -modules. In particular, it is grading restricted.

Corollary 6.0.12. Assume that the three conditions in Theorem 6.0.11 are satisfied.

Also assume that LW (0)N , the nilpotent part of L(0)W , is nilpotent on W , for any W

in GMgr(G). Then, the category GMgr(G) satisfies Assumption 6.0.7.

Proof. Theorem 6.0.11 shows that Condition 2 holds. Conditions 1, 3 and 4 are

clearly holds for the category GMgr(G).

For the same W1 and W2, let Y be the twisted intertwining operator of type(ϕg1 (W2)⊠P (−z)W1

ϕg1 (W2)W1

)
such that w2⊠P (−z)w1 = Y(w2,−z)w1 for w1 ∈ W1, w2 ∈ ϕg1(W2) =
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W2. Then by Theorem 4.0.4, Ω+(Y) is a twisted intertwining operator of type

(
ϕg1(W2)⊠P (−z) W1

W1ϕ−1
g1
(ϕg1(W2))

)
=

(
ϕg1(W2)⊠P (−z) W1

W1W2

)
.

In particular, the pair (ϕg1(W2)⊠P (−z)W1,Ω+(Y)(·, z)·) is a P (z)-product of W1 and

W2. By the universal property of the tensor product W1 ⊠P (z) W2, there exists a

unique g1g2-twisted V -module map

RP (z) : W1 ⊠P (z) W2 → ϕg1(W2)⊠P (−z) W1

such that

Ω(Y)(·, z)· = RP (z) ◦⊠P (z),

where RP (z) is the natural extension of RP (z). The g1g2-twisted V -module map RP (z)

has an inverse

R−1
P (z) : ϕg1(W2)⊠P (−z) W1 → W1 ⊠P (z) W2

constructed in the same as above except that we use Ω− instead of Ω+. Then we obtain

a natural isomorphism RP (z) called the G-crossed commutativity isomorphisms.

As in [H7] and [HLZ3], we also have parallel transport isomorphisms. Let z1, z2 ∈

C× and γ a path in C× from z1 to z2. We denote the homotopy class of γ by [γ]. For the

sameW1 andW2, let Y be the twisted intertwining operator of type
(W1⊠P (z2)

W2

W1W2

)
such

that w1⊠P (z2)w2 = Y(w1, z)w2 for w1 ∈ W1, w2 ∈ W2. Then (W1⊠P (z2)W2,Y(·, z1)·)

is a P (z1)-product of W1 and W2. By the universal property of the P (z1)-tensor

product W1 ⊠P (z1) W2, there exists a unique g1g2-twisted V -module map

T[γ] : W1 ⊠P (z1) W2 → W1 ⊠P (z2) W2 (6.14)

such that T[γ] ◦ ⊠P (z1) = ⊠P (z2). The g1g2-twisted twisted V -module map T[γ] is
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invertible since the same construction also gives a g1g2-twisted V -module map

T[γ−1] : W1 ⊠P (z2) W2 → W1 ⊠P (z1) W2

which is clearly the inverse of T[γ]. Thus the natural transformation T[γ] is a natural

isomorphism called the parallel transport isomorphism from z1 to z2 along [γ].

Let γ be the path [0, 1] ∋ t 7→ e−πit+πi. For the same W1 and W2, we define the

G-crossed braiding isomorphism R : W1 ⊠P (1) W2 → ϕg1(W2)⊠P (1) W1 by

R = T[γ] ◦ RP (1).
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Chapter 7

Compatibility Condition and

C-Embeddability Condition

For a fixed z ∈ C×, we need to study multivalued analytic functions on the region

Fn(C− {0, z}) for n ∈ Z+, and its subregions

Ωm,k,l(z) =



(z1, . . . , zm+k+l)

∈ Cm+k+l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

|z|< |zm|<. . .< |z1|, if m > 0,

0< |zm+k − z|<. . .< |zm+1 − z|< |z|, if k > 0,

0< |zm+k+l|<. . .< |zm+k+1|< |z|, if l > 0,

|zm+1 − z|+ |zm+k+1| < |z|, if k > 0, l > 0,

|zm+1 − z|+ |z| < |zm|, if m > 0, k > 0


,

Ω
(1)
m,k,l(z) =



(z1, . . . , zm+k+l)

∈ Ωm,k,l(z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

| arg(zj − z)− arg(zj)| <
π

2
,

j = 1, . . . ,m, if m > 0

| arg(zj)− arg(z)| < π

2
,

j = m+ 1, . . . ,m+ k, if k > 0

− 3π

2
< arg(zj − z)− arg(z)<−π

2
,

j = m+k+1, . . . ,m+k+l, if l > 0



,
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Ω
(2)
m,k,l(z) =



(z1, . . . , zm+k+l)

∈ Ωm,k,l(z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

| arg(zj − z)− arg(zj)| <
π

2
,

j = 1, . . . ,m, if m > 0

| arg(zj)− arg(z)| < π

2
,

j = m+ 1, . . . ,m+ k, if k > 0

π

2
< arg(zj − z)− arg(z) <

3π

2
,

j = m+k+1, . . . ,m+k+l, if l > 0



.

for m, k, l ∈ N with m+ k + l > 0.

Proposition 7.0.1. LetW1, W2, W3 be g1-, g2-, g1g2-twisted V -modules, respectively.

Let w′
3 ∈ W ′

3. Let z ∈ C× and I be a twisted P (z)-intertwining map of type
(

W3

W1W2

)
.

Then, the element λI,w′
3
has the following property: For n ∈ N, u1, . . . , un ∈ V ,

w1 ∈ W1, and w2 ∈ W2, there exists a multivalued analytic function

fn(z1, . . . , zn;u1, . . . , un, w1, w2;λI,w′
3
) (7.1)

on Fn(C−{0, z}) satisfying Condition 3.0.13 for (n, 0, {0, z}), with a preferred single

valued branch

f en(z1, . . . , zn;u1, . . . , un, w1, w2;λI,w′
3
) (7.2)

on F 0
n,0(C− {0, z}), satisfying the following:

1. For any u1 ∈ V , w1 ∈ W1, and w2 ∈ W2, the series

λI,w′
3

(
Y g1(u1, z1 − z)w1 ⊗ w2

)
= λI,w′

3

(
Y g1(u1, x)w1 ⊗ w2

)∣∣∣
xn=enl0(z1−z), log x=l0(z1−z)

(7.3)

is absolutely convergent on the region Ω0,1,0(z). Moreover, it is convergent to

f e1 (z1;u1,
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w1, w2;λI,w′
3
) on the region Ω

(1)
0,1,0(z) = Ω

(2)
0,1,0(z).

2. For any l ∈ N, u1, . . . , ul ∈ V , w1 ∈ W1, and w2 ∈ W2, the multiple series

λI,w′
3

(
w1 ⊗ Y g2(u1, z1) · · ·Y g2(ul, zl)w2

)
= λI,w′

3

(
w1 ⊗ Y g2(u1, x1) · · ·Y g2(ul, xl)w2

)∣∣∣
xni =e

nl0(z1), log(xi)=l0(z1), i=1,...,l

(7.4)

in powers and logarithms of z1, . . . , zl is absolutely convergent on the region

Ω0,0,l(z). Moreover, it is absolutely convergent to (7.2) on the region Ω
(1)
0,0,l(z)

and to

f
b−1
1,z ···b

−1
l,z

l (z1, . . . , zl;u1, . . . , ul, w1, w2;λ)

on the region Ω
(2)
0,0,l(z) (See Remark 7.0.4 for the definition of b1,z, · · · , bl,z).

3. The multivalued analytic function in z1, . . . , zn+1,

fn

(
z1z

zn+1

, . . . ,
znz

zn+1

;u1, . . . , un, w1, w2;λI,w′
3

)
, (7.5)

satisfies Condition 3.0.13 for (n, 1, {0}).

Proof. This result can be easily verified by using the definitions of λI,w′
3
and

P (z)-intertwining maps and the properties of twisted intertwining operators including

Lemmas 3.0.33 and 3.0.37. We omit the details.

Let g1 and g2 be automorphisms of V , and W1, W2 be g1-, g2-twisted V -modules,

respectively. Let z ∈ C×. Motivated by Proposition 7.0.1, we formulate the following

condition for λ ∈ (W1 ⊗W2)
∗:

P (z)-Compatibility condition An element λ ∈ (W1 ⊗ W2)
∗ is said to be P (z)-

compatible with respect to W1 and W2, if for n ∈ N, u1, . . . , un ∈ V , w1 ∈ W1,
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and w2 ∈ W2, there exists a multivalued analytic function

fn(z1, . . . , zn;u1, . . . , un, w1, w2;λ) (7.6)

on Fn(C− {0, z}) satisfying Condition 3.0.13 for (n, 0, {0, z}), with a preferred

maximally extended single-valued branch f en(z1, . . . , zn;u1, . . . , un, w1, w2;λ) on

F 0
n,0(C− {0, z}), satisfying the following:

1. For any u1 ∈ V , w1 ∈ W1, and w2 ∈ W2, the series

λ
(
Y g1(u1, z1 − z)w1 ⊗ w2

)
= λ

(
Y g1(u1, x)w1 ⊗ w2

)∣∣∣
xn=enl0(z1−z), log x=l0(z1−z)

(7.7)

is absolutely convergent on the region Ω0,1,0(z). Moreover, it is convergent

to f e1 (z1;u1, w1, w2;λ) on the region Ω
(1)
0,1,0(z) = Ω

(2)
0,1,0(z).

2. For any l ∈ N, u1, . . . , ul ∈ V , w1 ∈ W1, and w2 ∈ W2, the multiple series

λ
(
w1 ⊗ Y g2(u1, z1) · · ·Y g2(ul, zl)w2

)
= λ

(
w1 ⊗ Y g2(u1, x1) · · ·Y g2(ul, xl)w2

)∣∣∣
xni =e

nl0(z1), log(xi)=l0(z1), i=1,...,l

(7.8)

in powers and logarithms of z1, . . . , zl is absolutely convergent on the region

Ω0,0,l(z). Moreover, it is absolutely convergent to

f el (z1, . . . , zl;u1, . . . , ul, w1, w2;λ) (7.9)

on the region Ω
(1)
0,0,l(z) and to

f
b−1
1,z ···b

−1
l,z

l (z1, . . . , zl;u1, . . . , ul, w1, w2;λ) (7.10)
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on the region Ω
(2)
0,0,l(z). (See Remark 7.0.4 for the definition of b1,z, · · · , bl,z.)

3. As a function on n+ 1 variables z1, . . . , zn+1, the function

fn

(
z1z

zn+1

, . . . ,
znz

zn+1

;u1, . . . , un, w1, w2;λ

)

satisfies parts (d) and (e) of Condition 3.0.13 for (n, 1, {0}).

We denote the subspace of (W1⊗W2)
∗ consisting of functionals which are P (z)-

compatible with respect to W1 and W2 as COMPP (z)(W1,W2), or COMP for

short.

Remark 7.0.2. If λ is P (z)-compatible, then fn

(
z1z
zn+1

, . . . , znz
zn+1

;u1, . . . , un, w1, w2;λ
)

satisfies the whole Condition 3.0.13 for (n, 1, {0}), because of Proposition 3.0.21.

Remark 7.0.3. In part 2. of Proposition 7.0.1 and part 2. of the P (z)-compatibility

condition, the reason that we involve two different regions Ω
(1)
0,0,l(z) and Ω

(2)
0,0,l(z) is

because either of these two regions could be empty. Notice that here z is a fixed

nonzero complex number. Actually, when arg(z) ∈ [0, π/2], the region Ω
(1)
0,0,l(z) is

empty. When arg(z) ∈ [3π/2, 2π), the region Ω
(2)
0,0,l(z) is empty. When Ω

(1)
0,0,l(z) and

Ω
(2)
0,0,l(z) are both nonempty, the absolute convergence of (7.8) on these two regions

are equivalent.

Remark 7.0.4. Because of the domain of f en(z1, . . . , zn;u1, . . . , un, w1, w2;λ), i.e.

F 0
n,0(C − {0, z}), and the fact that fn satisfies Condition 3.0.13 for (n, 0, {0, z}),

branches of fn can be indexed and acted by elements in the fundamental group of the

space

Fn,0(C− {0, z}) =
n∏
i=1

{zi ∈ C| zi ̸= 0, zi ̸= z}.

A set of generators of this fundamental group can be chosen as bi,0, bi,z, i = 1, . . . , n.

For each i, the elements bi,0 and bi,z corresponds to b13 and b12 in the definition of
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twisted intertwining operator, and they freely generate π1({zi ∈ C| zi ̸= 0, zi ̸= z}).

Notice that

π1

(
n∏
i=1

{zi ∈ C| zi ̸= 0, zi ̸= z}

)
=

n∏
i=1

π1
(
{zi ∈ C| zi ̸= 0, zi ̸= z}

)
=

n∏
i=1

⟨bi,0, bi,z⟩.

(7.11)

For λ ∈ COMP, we want to define a linear map

V ⊗ COMP ∋ u⊗ λ 7→ Y
(g1g2)−1

P (z) (u, x)λ ∈ (W1 ⊗W2)
∗{x}[log x].

We first define Y
(g1g2)−1

P (z) (u, x)λ ∈ (W1 ⊗W2)
∗{x}[log x] for λ in a larger subspace of

(W1 ⊗W2)
∗ than COMP. Let COMP (z)(W1,W2) or simply COM be the subspace of

(W1⊗W2)
∗ consisting of λ satisfying parts 2. and 3. in the P (z)-compatibility condi-

tion. By definition, COMP ⊂ COM. To define Y
(g1g2)−1

P (z) (u, x)λ ∈ (W1⊗W2)
∗{x}[log x]

for u ∈ V and λ ∈ COM is equivalent to define

Y
(g1g2)−1

P (z) (exL(1)(−x2)−L(0)u, x−1)λ =
(
Y

(g1g2)−1

P (z)

)o
(u, x)λ ∈ (W1 ⊗W2)

∗{x}[log x].

Since z1 = ∞ is a regular singular point of f1(z1;u1, w1, w2;λ), we know that there

exist unique ai,n,j(u1, w1, w2;λ) ∈ C and ri ∈ C, for i, j = 0, . . . , K and n ∈ N, such

that on Ω
(1)
1,0,0(z) = Ω

(2)
1,0,0(z) (i.e. the region given by |z1| > |z|, | arg(z1−z)−arg(z1)| <

π
2
),

f e1 (z1;u,w1, w2;λ) =
K∑

i,j=0

∑
n∈N

ai,n,j(u,w1, w2;λ)z
ri−n
1 (log z1)

j.

For i, j = 0, . . . , K, n ∈ N and u ∈ V , we define
(
Y

(g1g2)−1

P (z)

)o
−ri+n−1,j

(u)λ ∈ (W1 ⊗

W2)
∗ by ((

Y
(g1g2)−1

P (z)

)o
−ri+n−1,k

(u)λ

)
(w1 ⊗ w2) = ai,n,j(u,w1, w2;λ)
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for w1 ∈ W1 and w2 ∈ W2. Then we define Y
(g1g2)−1

P (z) (exL(1)(−x2)L(0)u, x−1)λ to be

N∑
i,j=0

∑
n∈N

(
Y

(g1g2)−1

P (z)

)o
−ri+n−1,j

(u)λxri−n(log x)j ∈ (W1 ⊗W2)
∗{x}[log x],

that is,

(
Y

(g1g2)−1

P (z) (exL(1)(−x2)−L(0)u, x−1)λ
)
(w1 ⊗ w2)

=
N∑

i,j=0

∑
n∈N

ai,n,j(u,w1, w2;λ)x
ri−n(log x)j. (7.12)

By definition, ((
Y

(g1g2)−1

P (z)

)o
(u, z1)λ

)
(w1 ⊗ w2)

is absolutely convergent on the region |z1| > |z| and its sum on Ω
(1)
1,0,0(z) = Ω

(2)
1,0,0(z)

is equal to f e1 (z1;u,w1, w2;λ). For simplicity, let
(
Y

(g1g2)−1

P (z)

)o
m,k

(u) = 0 for either

m ∈ C, m ̸= −ri+n−1 for i = 0, . . . , N and n ∈ N, or k ∈ N, k > N . Then we have

(
Y

(g1g2)−1

P (z)

)o
(u, x) =

∑
m∈C

∑
k∈N

(
Y

(g1g2)−1

P (z)

)o
m,k

(u)x−m−1(log x)k.

We have the following result:

Proposition 7.0.5. The space COM is invariant under the action of the components

of the twisted vertex operators Y
(g1g2)−1

P (z) (u, x) for u ∈ V .

Proof. We need to show that for n1 ∈ C, k1 = 1, . . . , K, u1 ∈ V and λ ∈ COM,

(
Y

(g1g2)−1

P (z)

)o
n1,k1

(u1)λ ∈ COM . (7.13)

Write P =
∏

1≤i<j≤l(zi− zj)
M , Q =

∏
2≤i<j≤l(zi− zj)

M , where M ∈ Z+ is sufficiently

large.

Suppose Ω
(1)
0,0,l is nonempty. For any l ≥ 2, u2, . . . , ul ∈ V , on the nonempty region
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given by 0 < |zj| < |z|, −3π
2
< arg(zj − z)− arg(z)<−π

2
j = 1, . . . , l, we know that

P · f el (z1, . . . , zl;u1, . . . , ul, w1, w2;λ)

=P · λ (w1 ⊗ Y g2(u1, z1) · · ·Y g2(ul, zl)w2)

= (P · λ (w1 ⊗ Y g2(u1, z1)Y
g2(u2, x2) · · ·Y g2(ul, xl)w2))

∣∣∣
xni =e

nl0(zi),log xi=l0(zi), i=2...,l

=P ·
∑

n2,...,nl∈C

∑
k2,...,kl∈N

λ
(
w1 ⊗ Y g2(u1, z1)Y

g2
−n2−1,k2

(u2) · · ·Y g2
−nl−1,kl

(ul)w2

)
zn2
2 log(z2)

k2· · · znl
l log(zl)

kl

=P ·
∑

n2,...,nl∈C

∑
k2,...,kl∈N

f e1
(
z1;u1, w1, Y

g2
−n2−1,k2

(u2) · · ·Y g2
−nl−1,kl

(ul)w2;λ
)

zn2
2 log(z2)

k2· · · znl
l log(zl)

kl (7.14)

Since for any z̃1 ∈ C−{0, z}, (z1, . . . , zl) = (z̃1, 0, . . . , 0) is a regular singularity of P ·fl,

we know that the right-hand side of (7.14) is well-defined and absolutely convergent

not only on the above region, but on the large region given by z1 ∈ C− {0, z}, |z| >

|zj| > 0, j = 2, . . . , l. Therefore, we know that on the region given by z1 ∈ C−{0, z},

|z| > |zj| > 0, −3π
2
< arg(zj − z) − arg(z)<−π

2
, j = 2, . . . , l, the left-hand side of

(7.14) is equal to the right-hand side of (7.14).

In particular, on the region given by z1 ∈ Ω
(1)
1,0,0(z), |z| > |zj| > 0, −3π

2
< arg(zj −

z)− arg(z)<−π
2
, j = 2, . . . , l, we have

P · f el (z1, . . . , zl;u1, . . . , ul, w1, w2;λ)

=P ·
∑

n2,...,nl∈C

∑
k2,...,kl∈N

f e1
(
z1;u1, w1, Y

g2
−n2−1,k2

(u2) · · ·Y g2
−nl−1,kl

(ul)w2;λ
)

zn2
2 log(z2)

k2 · · · znl
l log(zl)

kl

=P ·
∑

n2,...,nl∈C

∑
k2,...,kl∈N

((
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

) (
w1 ⊗ Y g2

−n2−1,k2
(u2) · · ·Y g2

−nl−1,kl
(ul)w2

)
zn2
2 log(z2)

k2 · · · znl
l log(zl)

kl (7.15)
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Since (z1, . . . , zl) = (∞, 0, . . . , 0) is a regular singularity of P · fl, by (7.15) we know

that as a multiple series

P ·
((
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(w1 ⊗ Y g2(u2, z2) · · ·Y g2(ul, zl)w2) (7.16)

is absolutely convergent on the region |z1| > |z| > |zj| > 0, j = 2, . . . , l. Moreover, it

is equal to P · f el (z1, . . . , zl;u1, . . . , ul, w1, w2;λ) on the region given by z1 ∈ Ω
(1)
1,0,0(z),

|z| > |zj| > 0, −3π
2
< arg(zj − z) − arg(z)<−π

2
, j = 2, . . . , l. This implies that on

Ω
(1)
1,0,l−1(z),

((
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(w1 ⊗ Y g2(u2, z2) · · ·Y g2(ul, zl)w2)

is absolutely convergent to f el (z1, . . . , zl;u1, . . . , ul, w1, w2;λ). Also, since for any

(z̃2, . . . , z̃l) ∈ Fl−1(C−{0, z}), (z1, . . . , zn) = (∞, z̃2, . . . , z̃l) is a regular singularity of

P · fl. Therefore, for any n1 ∈ C, k1 ∈ N,

((
Y

(g1g2)−1

P (z)

)o
n1,k1

(u1)λ

)
(w1 ⊗ Y g2(u2, z2) · · ·Y g2(ul, zl)w2)

is absolutely convergent on the region |z2| > · · · > |zl| > 0 to a function which can

be analytically extended to a multivalued analytic function

fl−1

(
z2, . . . , zl;u2, . . . , ul, w1, w2;

(
Y

(g1g2)−1

P (z)

)o
n1,k1

(u1)λ

)

on the region (z2, . . . , zl) ∈ Fl−1(C − {0, z}). The fact that this function satisfies

Condition 3.0.13 for (l − 1, 0, {0, z}) can be derived from the fact that

fl(z1, . . . , zl;u1, . . . , ul, w1, w2;λ)

satisfies Condition 3.0.13 for (l, 0, {0, z}).
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Now we need to prove that

fl−1

(
z2z

zl+1

, . . . ,
zlz

zl+1

;u2, . . . , ul, w1, w2;
(
Y

(g1g2)−1

P (z)

)o
n1,k1

(u1)λ

)
(7.17)

satisfies part (d) of Condition 3.0.13 for (l − 1, 1, {0}). Suppose we have ψ ∈ Sl−1,1,

m ∈ {1, . . . , l}, integers 2 ≤ i2 < · · · < im ≤ l + 1, and (z̃i2 , . . . , z̃im) ∈ Fm−1(C −

S) (the case m = 1 means there are no such integers i2, . . . , im). Without lose

any generality, we assume that either ij = j for j = 2, . . . ,m or ij = j for j =

2, . . . ,m−1, im = l. Using the embedding (3.8), we naturally view Sl−1,1 as a subgroup

of Sl,1, and view ψ as an element in either Sl−1,1 or Sl,1. Write ψ(z1, . . . , zl+1) =

(ψ1(z1, zl+1), ψ2(z2, zl+1), . . . , ψl(zl, zl+1), ψl+1(zl+1)).

For the case ij = j for j = 2, . . . ,m, we need to prove that

∏
2≤i<j≤l

(zi − zj)
M ·

fl−1

(
zψ2(z2, zl+1)

ψl+1(zl+1)
, . . . ,

zψl(zl, zl+1)

ψl+1(zl+1)
; · · · ;

(
Y

(g1g2)−1

P (z)

)o
n1,k1

(u1)λ

) ∣∣∣
zi=z̃i,i=2,...,m

(7.18)

satisfies part (b) of Condition 3.0.13 for (l −m − 2, 1, {0, z̃2, . . . , z̃m}). It suffices to

prove that

∏
2≤i<j≤l

(zi − zj)
M · fl−1

(
zψ2(z2, zl+1)

ψl+1(zl+1)
, . . . ,

zψl(zl, zl+1)

ψl+1(zl+1)
; · · · ;

(
Y

(g1g2)−1

P (z)

)o
n1,k1

(u1)λ

)
(7.19)

satisfies Condition 3.0.13 for (l − 1, 1, {0}).

We consider

∏
2≤j≤l

(z1 − zj)
M ·

∏
2≤i<j≤l

(zi − zj)
M ·

fl

(
zψ1(z1, zl+1)

ψl+1(zl+1)
,
zψ2(z2, zl+1)

ψl+1(zl+1)
. . . . ,

zψl(zl, zl+1)

ψl+1(zl+1)
; · · · ;λ

)
, (7.20)
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Since λ is P (z)-compatible, we know that (7.20) satisfies Condition 3.0.13 for (l, 1, {0}).

Let ζ1 = zψ1(z1,zl+1)

ψl+1(zl+1)
. Then we have z1 = (ψ−1)1

(
ζ1ψl+1(zl+1)

z
, ψl+1(zl+1)

)
. For any

ψ ∈ Sl−1,1 and fixed zl+1 ∈ C×, it can be shown that we have

lim
ζ1→∞

z1 = lim
ζ1→∞

(ψ−1)1

(
ζ1ψl+1(zl+1)

z
, ψl+1(zl+1)

)
∈ {0,∞}, (7.21)

or

lim
ζ1→∞

(z1 − zl+1) = lim
ζ1→∞

(ψ−1)1

(
ζ1ψl+1(zl+1)

z
, ψl+1(zl+1)

)
− zl+1 = 0. (7.22)

Notice that z1 = 0,∞, and z1 − zl+1 = 0 are regular singularities of (7.20). Fur-

thermore, they are the singularities mentioned in part (e) of Condition 3.0.13. Take

z1 = 0 as an example, by Appendix A, we know that on the region given by |z1| < |zi|,

i = 2, . . . , l + 1, (7.20) can be written as

∑
a∈C,k∈N

b−a−1,k(z2, . . . , zl+1)z
a
1 log(z1)

k =
∑

n1∈C,k1∈N

b′−n1−1,k1
(z2, . . . , zl+1)ζ

n1
1 log(ζ1)

k1

(7.23)

where ba,k = 0 except for a is contained in some set ∪pi=1(ri+N) and k is small enough,

b′n1,k1
= 0 except for n1 is contained in some set ∪pi=1(ri −N) and k1 is small enough.

We know that b′n1,k1
are linear combinations (finite sum!) of ba,k for a ∈ C, k ∈ N.

The coefficients of these linear combinations are elements in C[zl+1, z
−1
l+1].

By the fact that (7.20) satisfies Condition 3.0.13 for (l, 1, {0}), in particular,

part (e) of Condition 3.0.13, we know that ba,k(z2, . . . , zl+1), a ∈ C, k ∈ N satis-

fies Condition 3.0.13 for (l − 1, 1, {0}). As a linear combinations of ba,k(z2, . . . , zl+1)

for a ∈ C, k ∈ N, the function b′n1,k1
(z2, . . . , zl+1) also satisfies Condition 3.0.13 for

(l − 1, 1, {0}).

Notice that (7.19) is equal to b′n1,k1
(z2, . . . , zl+1) as multivalued functions.
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For the case when Ω
(2)
0,0,l(z) is nonempty, we can use a similar argument as above.

Proposition 7.0.6. For u1, . . . , um+l ∈ V , w1 ∈ W1, w2 ∈ W2 and λ ∈ COM, the

series

((
Y

(g1g2)−1

P (z)

)o
(um, zm) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(w1 ⊗ Y g2(um+1, zm+1) · · ·Y g2(um+l, zm+l)w2) (7.24)

is absolutely convergent on the region |z1| > · · · > |zm| > |z| > |zm+1| > · · · >

|zl+m| > 0 and its sum is equal to

f em+l(z1, . . . , zm+l;u1, . . . , um+l;w1, w2;λ) (7.25)

on Ω
(1)
m,0,l(z) or to

f
b−1
m+1,z ···b

−1
m+l,z

m+l (z1, . . . , zm+l;u1, . . . , um+l;w1, w2;λ) (7.26)

on Ω
(2)
m,0,l(z). Moreover, we have the following commutativity for Y

(g1g2)−1

P (z) : For

u1, . . . , um ∈ V , w1 ∈ W1, w2 ∈ W2 and λ ∈ COM, the series

(
Y

(g1g2)−1

P (z) (u1, z1) · · ·Y (g1g2)−1

P (z) (um, zm)λ
)
(w1 ⊗ w2) (7.27)

is absolutely convergent on the region |z−1| > |z1| > · · · > |zm| > 0

and for σ ∈ Sm, the sums of (7.27) and

(
Y

(g1g2)−1

P (z) (uσ(1), zσ(1)) · · ·Y (g1g2)−1

P (z) (uσ(m), zσ(l))λ
)
(w1 ⊗ w2) (7.28)

are analytic extensions of each other. We also have the weak commutativity for
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Y
(g1g2)−1

P (z) : For u, v ∈ V , there exists M ∈ Z+ such that

(x1 − x2)
MY

(g1g2)−1

P (z) (u, x1)Y
(g1g2)−1

P (z) (v, x2) = (x1 − x2)
MY

(g1g2)−1

P (z) (v, x2)Y
(g1g2)−1

P (z) (u, x1).

(7.29)

Proof. This proof uses essentially the same argument as the proof of Lemma

3.0.37.

We use induction on m + l. For the m + l = 1 case, the result in included in the

proof of Proposition 7.0.5. For m + l > 1, we further use induction on m. For the

m = 0 case, the result is included in the definition of the space COM. For the m = 1

case, the result is included in the proof of Proposition 7.0.5. Now we consider the

case m > 1.

Let P =
∏

1≤i<j≤m+l(zi − zj)
M , where M ∈ Z+ is sufficiently large. Suppose

Ω
(1)
m,0,l(z) is nonempty. On the nonempty region Ω

(1)
m−1,0,l+1(z), by using induction

hypothesis, we have

P · f em+l(z1, . . . , zm+l;u1, . . . , um+l, w1, w2;λ)

=P ·
((
Y

(g1g2)−1

P (z)

)o
(um−1, zm−1) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(w1 ⊗ Y g2(um, zm) · · ·Y g2(um+l, zm+l)w2)

=P ·
∑

nm+l∈C

∑
km+l∈N

((
Y

(g1g2)−1

P (z)

)o
(um−1, zm−1) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(w1 ⊗ Y g2(um, zm) · · · (Y g2)−nm+l−1,km+l

(um+l)w2)z
nm+l

m+l log(zm+l)
km+l

=P ·
∑

nm+l∈C

∑
km+l∈N

f em+l−1

(
z1, . . . , zm+l−1;u1, . . . , um+l−1, w1,

(Y g2)−nm+l−1,km+l
(um+l)w2;λ

)
z
nm+l

m+l log(zm+l)
km+l . (7.30)

Note that P ·f em+l−1

(
z1, . . . , zm+l−1;u1, . . . , um+l−1, w1, (Y

g2)−nm+l−1,km+l
(um+l)w2;λ

)
can be extended to a single valued analytic function on F 1

m+l−1,0(C−{0, z}). For any

(z̃1, . . . , ˜zm+l−1) ∈ Fm+l−1(C− {0, z}), (z1, . . . , zm+l) = (z̃1, . . . , ˜zm+l−1, 0) is a regular
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singularity of P · fm+l(z1, . . . ,

zm+l;u1, . . . , um+l, w1, w2;λ). Therefore, the right-hand side of (7.30) is well-defined

and absolutely convergent to P ·f em+l(z1, . . . , zm+l;u1, . . . , um+l, w1, w2;λ) on the larger

region given by (z1, . . . , zm+l−1) ∈ F 1
m+l−1,0(C− {0, z}), 0 < |zm+l| < |z|, | arg(zm+l −

z)− arg(zj)| < π
2
.

Using induction hypothesis, we know that on the region 0 < |zj| < |z| < |zi|,

−3π
2
< arg(zi − z) − arg(z) < −π

2
, | arg(zj − z) − arg(zj)| < π

2
, i = 1, . . . ,m, j =

m+ 1, . . . ,m+ l − 1,

P · f em+l−1

(
z1, . . . , zm+l−1;u1, . . . , um+l−1, w1, (Y

g2)−nm+l−1,km+l
(um+l)w2;λ

)
=P ·

((
Y

(g1g2)−1

P (z)

)o
(um, zm) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(w1 ⊗ Y g2(um+1, zm+1) · · ·Y g2(um+l−1, zm+l−1) (Y

g2)−nm+l−1,km+l
(um+l)w2)

(7.31)

Therefore, on the region given by 0 < |zj| < |z| < |zi|, −3π
2
< arg(zi−z)−arg(z)<

−π
2
, | arg(zj − z)− arg(zj)| < π

2
, i = 1, . . . ,m, j = m+ 1, . . . ,m+ l.

P · f em+l(z1, . . . , zm+l;u1, . . . , um+l, w1, w2;λ)

=P ·
∑

nm+l∈C

∑
km+l∈N

f em+l−1

(
z1, . . . , zm+l−1;u1, . . . , um+l−1, w1,

(Y g2)−nm+l−1,km+l
(um+l)w2;λ

)
z
nm+l

m+l log(zm+l)
km+l

=P ·
∑

nm+l∈C

∑
km+l∈N

((
Y

(g1g2)−1

P (z)

)o
(um, zm) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

) (
w1⊗

Y g2(um+1, zm+1) · · ·Y g2(um+l−1, zm+l−1) (Y
g2)−nm+l−1,km+l

(um+l)w2

)
z
nm+l

m+l log(zm+l)
km+l

=
[
P ·
((
Y

(g1g2)−1

P (z)

)o
(um, zm) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
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(
w1 ⊗ Y g2(um+1, zm+1) · · ·Y g2(um+l−1, zm+l−1)Y

g2(um+l, xm+l)w2

)]∣∣∣
xm+l=zm+l

(7.32)

The right-hand side of (7.32) is an iterate series. Since

(z1, . . . , zm+l) = (
m︷ ︸︸ ︷∞, . . . ,∞,

l︷ ︸︸ ︷
0, . . . , 0)

is a regular singularity of P ·f em+l(z1, . . . , zm+l;u1, . . . , um+l, w1, w2;λ). We know that

the corresponding multiple series of the right-hand side of (7.32) is also absolutely

convergent on the same region. Therefore, on the region given by 0 < |zj| < |z| <

|zi|, −3π
2
< arg(zi − z) − arg(z) < −π

2
, | arg(zj − z) − arg(zj)| < π

2
, i = 1, . . . ,m,

j = m+ 1, . . . ,m+ l, we have

P · f em+l(z1, . . . , zm+l;u1, . . . , um+l, w1, w2;λ)

=P ·
((
Y

(g1g2)−1

P (z)

)o
(um, zm) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(
w1 ⊗ Y g2(um+1, zm+1) · · ·Y g2(um+l, zm+l)w2

)
. (7.33)

This would imply that on the region (z1, . . . , zm+l) ∈ Ωm,0,l, (7.24) is absolutely

convergent. Moreover, on the region (z1, . . . , zm+l) ∈ Ω
(1)
m,0,l, (7.24) is equal to

f em+l(z1, . . . , zm+l;u1, . . . , um+l, w1, w2;λ).

Suppose Ω
(2)
m,0,l is nonempty. Replacing f em+l, f

e
m+l−1 by f

b−1
m+1,z ···b

−1
m+l,z

m+l and

f
b−1
m+1,z ···b

−1
m+l−1,z

m+l−1 , and adjusting regions suitably, one would prove the result by the

same argument.

This convergence result implies in particular the absolute convergence of (7.27)

on the region |z−1| > |z1| > · · · > |zl| > 0. Using the commutativity for the twisted

vertex operators Y g2 , we see that for σ ∈ Sm, the sums of (7.27) and (7.28) are
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analytic extensions of each other.

For u, v ∈ V , and sufficiently large M ∈ Z+, by the weak commutativity of Y g2
W2

,

we have

(z1 − z2)
Mf e2 (z1, z2;u, v, w1, w2;λ) = (z1 − z2)

Mf e2 (z2, z1; v, u, w1, w2;λ). (7.34)

Since the expansion of f e2 (z1, z2;u, v, w1, w2;λ) on the region Ω
(1)
2,0,0(z) is

((
Y

(g1g2)−1

P (z)

)o
(v, z2)

(
Y

(g1g2)−1

P (z)

)o
(u, z1)λ

)
(w1 ⊗ w2),

we see that

(z1 − z2)
M
((
Y

(g1g2)−1

P (z)

)o
(v, z2)

(
Y

(g1g2)−1

P (z)

)o
(u, z1)λ

)
(w1 ⊗ w2)

=
M∑
i=0

∑
n∈C

K1∑
k=0

∑
n1∈C

K1∑
k1=0

(
M

i

)((
Y

(g1g2)−1

P (z)

)o
n1,k1

(v)
(
Y

(g1g2)−1

P (z)

)o
n,k

(u)λ

)
(w1 ⊗ w2)·

· e(n+M−i) log z1(log z1)
ke(n1+i) log z2(log z2)

k1 (7.35)

must be convergent absolutely to the left-hand side of (7.34) on Ω
(1)
2,0,0(z) (the region

given by |z1| > |z2| > |z|, | arg(z1 − z) − arg z1| < π
2
, | arg(z2 − z) − arg z2| < π

2
).

On the other hand, (z1 − z2)
Mf e2 (z1, z2;u, v, w1, w2;λ) is analytic at z1 − z2 = 0. So

(7.35) is in fact absolutely convergent to the left-hand side of (7.34) on the region

|z1|, |z2| > |z|, | arg(z1 − z)− arg z1| < π
2
, | arg(z2 − z)− arg z2| < π

2
. Thus,

(z1 − z2)
M
((
Y

(g1g2)−1

P (z)

)o
(u, z1)

(
Y

(g1g2)−1

P (z)

)o
(v, z2)λ

)
(w1 ⊗ w2) (7.36)

is absolutely convergent to the right-hand side of (7.34) also on the region |z1|, |z2| >

|z|, | arg(z1 − z) − arg z1| < π
2
, | arg(z2 − z) − arg z2| < π

2
. From (7.34), (7.35) and
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(7.36), we obtain

(z1 − z2)
M
((
Y

(g1g2)−1

P (z)

)o
(v, z2)

(
Y

(g1g2)−1

P (z)

)o
(u, z1)λ

)
(w1 ⊗ w2)

= (z1 − z2)
M
((
Y

(g1g2)−1

P (z)

)o
(u, z1)

(
Y

(g1g2)−1

P (z)

)o
(v, z2)λ

)
(w1 ⊗ w2)

on the region |z1|, |z2| > |z|, | arg(z1 − z) − arg z1| < π
2
, | arg(z2 − z) − arg z2| < π

2

for λ ∈ COM, u1, v ∈ V , w1 ∈ W1 and w2 ∈ W2, which, by the definition of(
Y

(g1g2)−1

P (z)

)o
(u, x) for u ∈ V above, is equivalent to (7.29).

Proposition 7.0.7. For u1, u2 ∈ V , w1 ∈ W1, w2 ∈ W2, and λ ∈ COM, the series

((
Y

(g1g2)−1

P (z)

)o
(Y (u1, z1 − z2)u2, z2)λ

)
(w1 ⊗ w2)

=
[((

Y
(g1g2)−1

P (z)

)o
(Y (u1, x0)u2, x2)λ

)
(w1 ⊗ w2)

] ∣∣∣
x0=z1−z2, x2=z2

(7.37)

is absolutely convergent on the region given by 0 < |z1 − z2|+ |z| < |z2|, and its sum

is equal to f e2 (z1, z2;u1, u2, w1, w2;λ) on the region given by 0 < |z1 − z2|+ |z| < |z2|,

and | arg(z1)− arg(z2)| < π
2
, | arg(z2 − z)− arg(z2)| < π

2
.

Proof. On the region given by 0 < |z1 − z2| < |z2| < |z1|, | arg(z1)− arg(z2)| < π
2
, by

duality of Y g2
W2

, as elements in W2, we have

Y g2
W2

(u1, z1)Y
g2
W2

(u2, z2)w2 = Y g2
W2

(YV (u1, z1 − z2)u2, z2)w2. (7.38)

Let w̃2 ∈ W2 be the element (7.38). We know that for any n ∈ C,

πn(w̃2) =
∑
m∈Z

(YW2)−n−1+∆′+m (Y−m−1(u1)u2)w2 · (z1 − z2)
me(−∆′−m+n)l0(z2),

where ∆′ = wtu1 + wtu1 + wtw2. Therefore, on the region given by 0 < |z1 − z2| <



132

|z2| < |z| and | arg(z1)− arg(z2)| < π
2
, we have

∑
n∈C

(∑
m∈Z

(YW2)−n−1+∆′+m (Y−m−1(u1)u2)w2 · e(n−∆′)lp(z)

(
z1 − z2
z2

)m)
e
(∆′−n)l0

(
z
z2

)

=
∑
n∈C

λ
(
w1 ⊗ πnY

g2
W2

(YV (u1, z1 − z2)u2, z2)w2

)
=
∑
n∈C

λ (w1 ⊗ πnw̃2)

=
∑
n∈C

λ
(
w1 ⊗ πnY

g2
W2

(u1, z1)Y
g2
W2

(u2, z2)w2

)
, (7.39)

where p = p(z, z2) is the unique integer such that l0

(
z
z2

)
= lp(z) − l0(z2). We know

that p is locally constant. Note that the right-hand side of (7.39), as a summation

over n ∈ C, is absolutely convergent on the region given by 0 < |z2| < |z1| to

f2(z1, z2;u1, u2, w1, w2;λ), because

λ
(
w1 ⊗ Y g2

W2
(u1, z1)Y

g2
W2

(u2, z2)w2

)
,

as a multiple series on z1 and z2, is absolutely convergent on the region given by 0 <

|z2| < |z1| to f2(z1, z2;u1, u2, w1, w2;λ). Therefore, we know that the left-hand side of

(7.39), as an iterate series, is absolutely convergent to f2(z1, z2;u1, u2, w1, w2;λ), on

the region given by 0 < |z1 − z2| < |z2| < |z1|, and | arg(z1)− arg(z2)| < π
2
.

Let (a1, a2) = ( z
z2
, z1−z2

z2
), and g(a1, a2) =

(
za2
a1

)M
f e2

(
z(a2+1)
a1

, z
a1
;u1, u2, w1, w2;λ

)
=

(z1−z2)Mf e2 (z1, z2;u1, u2, w1, w2;λ). Since lim(a1,a2)→(∞,0)(z1, z2) = (0, 0), and (z1, z2) =

(0, 0) is a regular singularity of (z1 − z2)
Mf e2 (z1, z2), by Appendix A, we know that

(a1, a2) = (∞, 0) is a regular singularity of g(z1, z2). Therefore, on the region given

by |a1| > 2, 0 < |a2| < 1, or equivalently 0 < |z1 − z2| < |z2| < 1
2
|z|, we have a corre-

sponding expansion, which has the same form as the corresponding multiple series of

the iterate series, the left-hand side of (7.39). Therefore we know that

λ
(
w1 ⊗ Y g2

W2
(YV (u1, z1 − z2)u2, z2)w2

)
(7.40)
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is absolutely convergent to f2(z1, z2;u1, u2, w1, w2;λ) on the region 0 < |z1 − z2| <

|z2| < 1
2
|z|, which can be enlarged to 0 < |z1−z2| < |z2|, 0 < |z1−z2|+|z2| < |z|. More-

over, by (7.38) and (7.39), we know that (7.40) is equal to f e2 (z1, z2;u1, u2, w1, w2;λ)

on the region given by 0 < |z1 − z2| < |z2|, 0 < |z1 − z2| + |z2| < |z|, | arg(z1) −

arg(z2)| < π
2
, −3π

2
< arg(zi − z) − arg(z) < −π

2
, i = 1, 2. And (7.40) is equal

to f
b−1
1,zb

−1
2,z

2 (z1, z2;u1, u2, w1, w2;λ) on the region given by 0 < |z1 − z2| < |z2|, 0 <

|z1 − z2|+ |z2| < |z|, | arg(z1)− arg(z2)| < π
2
, π

2
< arg(zi − z)− arg(z) < 3π

2
, i = 1, 2.

Suppose the region Ω
(1)
0,0,2(z) is nonempty. On the region given by 0 < |z1 − z2| <

|z2|, 0 < |z1 − z2|+ |z2| < |z|, | arg(z1)− arg(z2)| < π
2
, (z1, z2) ∈ Ω

(1)
0,0,2(z),

∑
n∈Z

f e1 (z2; (u1)nu2, w1, w2;λ)(z1 − z2)
−n−1

=
∑
n∈Z

λ (w1 ⊗ Y ((u1)nu2, z2)w2) (z1 − z2)
−n−1

=λ
(
w1 ⊗ Y g2

W2
(YV (u1, z1 − z2)u2, z2)w2

)
= λ

(
w1 ⊗ Y g2

W2
(u1, z1)Y

g2
W2

(u2, z2)w2

)
=f e2 (z1, z2;u1, u2, w1, w2;λ). (7.41)

Since for any fixed z̃2 ∈ C−{0, z}, f2(z1, z̃2;u1, u2, w1, w2;λ) is analytic on the region

given by 0 < |z1 − z̃2| < min{|z − z̃2|, |z̃2|}, with a regular singularity z1 − z̃2 = 0.

Therefore, the left-hand side of (7.41) is absolutely convergent on the region given by

0 < |z1− z2| < min{|z− z2|, |z2|}. By the analyticity of both sides of (7.41), we know

that

∑
n∈Z

f e1 (z2; (u1)nu2, w1, w2;λ)(z1 − z2)
−n−1 = f e2 (z1, z2;u1, u2, w1, w2;λ)

holds on the region given by 0 < |z1−z2| < min{|z−z2|, |z2|}, | arg(z1)−arg(z2)| < π
2
.

In particular, on the sub-region given by 0 < |z1−z2|+|z| < |z2|, | arg(z1)−arg(z2)| <
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π
2
, | arg(z2 − z)− arg(z2)| < π

2
, we have

(
Y

(g1g2)−1

P (z)

)o
(YV (u1, z1 − z2)u2, z2) (λ)(w1 ⊗ w2)

=
∑
n∈Z

(
Y

(g1g2)−1

P (z)

)o
((u1)nu2, z2) (λ)(w1 ⊗ w2)(z1 − z2)

−n−1

=
∑
n∈Z

f e1 (z2; (u1)nu2)(z1 − z2)
−n−1 = f e2 (z1, z2;u1, u2, w1, w2;λ). (7.42)

Suppose the region Ω
(2)
0,0,2(z) is nonempty. On the region given by 0 < |z1 − z2| <

|z2|, 0 < |z1 − z2|+ |z2| < |z|, | arg(z1)− arg(z2)| < π
2
, (z1, z2) ∈ Ω

(2)
0,0,2(z),

∑
n∈Z

f
b−1
2,z

1 (z2; (u1)nu2, w1, w2;λ)(z1 − z2)
−n−1

=
∑
n∈Z

λ (w1 ⊗ Y ((u1)nu2, z2)w2) (z1 − z2)
−n−1

=λ
(
w1 ⊗ Y g2

W2
(YV (u1, z1 − z2)u2, z2)w2

)
=λ
(
w1 ⊗ Y g2

W2
(u1, z1)Y

g2
W2

(u2, z2)w2

)
=f

b−1
1,zb

−1
2,z

2 (z1, z2;u1, u2, w1, w2;λ). (7.43)

Similar as the Ω
(1)
0,0,2(z) ̸= ∅ case, we know that the left-hand side of (7.43) is abso-

lutely convergent on the region given by 0 < |z1 − z2| < min{|z − z2|, |z2|}. Also,

∑
n∈Z

f
b−1
2,z

1 (z2; (u1)nu2, w1, w2;λ)(z1 − z2)
−n−1 = f

b−1
1,zb

−1
2,z

2 (z1, z2;u1, u2, w1, w2;λ)

holds on the region U given by 0 < |z1−z2| < min{|z−z2|, |z2|}, | arg(z1)−arg(z2)| <
π
2
. For any (z̃1, z̃2) ∈ U , we can always find a path contained in U , starting and

ending at (z1, z2), and representing b1,zb2,z. We define a path (z1(t), z2(t)) in U start-

ing and ending at (z1, z2) as follows. Assume arg z̃1 < arg z̃2. For t ∈ [0, 1/3],

let (z1(t), z2(t)) = (eı((1−3t) arg z̃1+3t arg z̃2)z̃1, z̃2). For t ∈ [1/3, 2/3], let (z1(t), z2(t)) =

(z + e2πı(3t−1)(z1(1/3)− z), z + e2πı(3t−1)(z̃2 − z)). For t ∈ [1/3, 2/3], reverse the first
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one third of the path. We know that γ = (z1(t), z2(t)) satisfying the requirement we

want. Therefore, on the region (z1, z2) ∈ U , we have

∑
n∈Z

f e1 (z2; (u1)nu2, w1, w2;λ)(z1 − z2)
−n−1

=[γ].

(∑
n∈Z

f
b−1
2,z

1 (z2; (u1)nu2, w1, w2;λ)(z1 − z2)
−n−1

)

=[γ].

(
f
b−1
1,zb

−1
2,z

2 (z1, z2;u1, u2, w1, w2;λ)

)
=f e2 (z1, z2;u1, u2, w1, w2;λ).

Same as before, we know that (7.42) holds on the region given by 0 < |z1−z2|+ |z| <

|z2|, | arg(z1)− arg(z2)| < π
2
, | arg(z2 − z)− arg(z2)| < π

2
.

Proposition 7.0.8. On the space COM, for any v ∈ V , we have the L(−1)-derivative

property

Y
(g1g2)−1

P (z) (L(−1)v, x) =
d

d x
Y

(g1g2)−1

P (z) (v, x).

Proof. Let λ ∈ COM. On the region z1 ∈ Ω
(1)
0,0,1(z), for any u1 ∈ V , w1 ∈ W1,

and w2 ∈ W2, we have

f e1 (z1;L(−1)u1, w1, w2;λ)

=λ
(
w1 ⊗ Y g2

W2
(L(−1)u1, z1)w2

)
=
(
λ
(
w1 ⊗ Y g2

W2
(L(−1)u1, x1)w2

)) ∣∣∣
x1=z1

=

(
d

d x1
λ
(
w1 ⊗ Y g2

W2
(u1, x1)w2

)) ∣∣∣
x1=z1

=
d

d z1
λ
(
w1 ⊗ Y g2

W2
(u1, z1)w2

)
=

d

d z1
f e1 (z1;u1, w1, w2;λ) (7.44)

Therefore, by the holomorphicity, we know that on the region given by z1 ∈ C−{0, z},

f e1 (z1;L(−1)u1, w1, w2;λ) =
d

d z1
f e1 (z1;u1, w1, w2;λ)
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always holds. In particular, on the region given by z1 ∈ Ω
(1)
1,0,0(z), we have

(((
Y

(g1g2)−1

P (z)

)o
(L(−1)u1, x1)λ

)
(w1 ⊗ w2)

) ∣∣∣
x1=z1

=
((
Y

(g1g2)−1

P (z)

)o
(L(−1)u1, z1)λ

)
(w1 ⊗ w2) = f e1 (z1;L(−1)u1, w1, w2;λ)

=
d

d z1
f e1 (z1;u1, w1, w2;λ)

=
d

d z1

((
Y

(g1g2)−1

P (z)

)o
(u1, z1)λ

)
(w1 ⊗ w2)

=

(
d

d x1

((
Y

(g1g2)−1

P (z)

)o
(u1, x1)λ

)
(w1 ⊗ w2)

) ∣∣∣
x1=z1

. (7.45)

Therefore, we know that, for any u1 ∈ V , w1 ∈ W1, and w2 ∈ W2,

((
Y

(g1g2)−1

P (z)

)o
(L(−1)u1, x1)λ

)
(w1 ⊗ w2) =

d

d x1

((
Y

(g1g2)−1

P (z)

)o
(u1, x1)λ

)
(w1 ⊗ w2).

Therefore we have

(
Y

(g1g2)−1

P (z)

)o
(L(−1)u1, x1) =

d

d x1

(
Y

(g1g2)−1

P (z)

)o
(u1, x1),

which is equivalent to the L(−1)-derivative property.

For any g ∈ Aut(V ), We define the follow vector space:

COMg = COMg,P (z)(W1,W2) ={
λ ∈ COM

∣∣∣∣(Y (g1g2)−1

P (z)

)1 (
gv, x

)
(λ) =

(
Y

(g1g2)−1

P (z)

)0
(v, x)(λ), for any v ∈ V.

}
(7.46)

Proposition 7.0.9. The space COMg is invariant under the action of the components

of the twisted vertex operators Y
(g1g2)−1

P (z) (u, x) for u ∈ V .

Proof. Let λ ∈ COMg, u1, u2 ∈ V , w1 ∈ W and w2 ∈ W2. By Proposition 7.0.5,

we know that
(
Y

(g1g2)−1

P (z)

)o
n,k

(u1)λ ∈ COM for any n ∈ C, k ∈ N. By the weak
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commutativity in Proposition 7.0.6, we know that there exists M ∈ Z+, such that

(x1 − x2)
M
(
Y

(g1g2)−1

P (z)

)o
(g−1u1, x1)

(
Y

(g1g2)−1

P (z)

)o
(u2, x2)(λ)

=(x1 − x2)
M
(
Y

(g1g2)−1

P (z)

)o
(u2, x2)

(
Y

(g1g2)−1

P (z)

)o
(g−1u1, x1)(λ)

=(x1 − x2)
M
(
Y

(g1g2)−1

P (z)

)o
(u2, x2)

((
Y

(g1g2)−1

P (z)

)o)−1

(u1, x1)(λ)

=(x1 − x2)
M
((
Y

(g1g2)−1

P (z)

)o)−1

(u1, x1)
(
Y

(g1g2)−1

P (z)

)o
(u2, x2)(λ). (7.47)

By Proposition 7.0.6, both

(
Y

(g1g2)−1

P (z)

)o
(g−1u1, z1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2), and((

Y
(g1g2)−1

P (z)

)o)−1

(u1, z1)
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2)

are absolutely convergent on the region (z2, z1) ∈ Ω2,0,0(z). Therefore, by Proposition

7.0.6 and (7.47), we know that on the region given by (z2, z1) ∈ Ω2,0,0(z), we have

(z1 − z2)
M
(
Y

(g1g2)−1

P (z)

)o
(g−1u1, z1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2)

=(z1 − z2)
M
((
Y

(g1g2)−1

P (z)

)o)−1

(u1, z1)
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2) (7.48)

Multiplying (ι21(z1 − z2)
−1)M , which is an absolutely convergent series on (z2, z1) ∈

Ω2,0,0(z), on the both sides of (7.48), we know that

(
Y

(g1g2)−1

P (z)

)o
(g−1u1, z1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2)

=
((
Y

(g1g2)−1

P (z)

)o)−1

(u1, z1)
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2),

This implies the formal variable version

(
Y

(g1g2)−1

P (z)

)o
(g−1u1, x1)

(
Y

(g1g2)−1

P (z)

)o
(u2, x2)(λ)
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=
((
Y

(g1g2)−1

P (z)

)o)−1

(u1, x1)
(
Y

(g1g2)−1

P (z)

)o
(u2, x2)(λ), (7.49)

which is equivalent to

(
Y

(g1g2)−1

P (z)

)1 (
gu1, x1

)
(λ)
(
Y

(g1g2)−1

P (z)

)o
(u2, x2)(λ)

=
(
Y

(g1g2)−1

P (z)

)0
(u1, x2)

(
Y

(g1g2)−1

P (z)

)o
(u2, x2)(λ).

Proposition 7.0.10. Suppose λ ∈ COMg = COMg,P (z)(W1,W2). Then, for any

u1 ∈ V ⟨g2,g⟩, u2 ∈ V , w1 ∈ W1, w2 ∈ W2, we have the following Jacobi identity,

x−1
0 δ

(
x1 − x2
x0

)(
Y

(g1g2)−1

P (z)

)o
(u2, x2)

(
Y

(g1g2)−1

P (z)

)o
(u1, x1)(λ)(w1 ⊗ w2)

−x−1
0 δ

(
x2 − x1
−x0

)(
Y

(g1g2)−1

P (z)

)o
(u1, x1)

(
Y

(g1g2)−1

P (z)

)o
(u2, x2)(λ)(w1 ⊗ w2)

=x−1
1 δ

(
x2 + x0
x1

)(
Y

(g1g2)−1

P (z)

)o
(YV (u1, x0)u2, x2) (λ)(w1 ⊗ w2). (7.50)

In the sense that the coefficients of each formal monomial in both sides of (7.50) is

absolutely convergent.

Proof. Let λ ∈ COMg,P (z)(W1,W2). In the following of this proof, we write

f e2 (z1, z2) and f
e
1 (z1; v) as short for f

e
2 (z1, z2;u1, u2, w1, w2;λ) and f

e
1 (z1; v, w1, w2;λ),

respectively.

Since g2u1 = u1, by the equivariant property, we know that

Y g2
W2

(u1, x) ∈ End(W2)[[x, x
−1]].

Similarly, by λ ∈ COMg and the fact gu1 = u1, we know that
(
Y

(g1g2)−1

P (z)

)o
(u1, x1)(λ) ∈
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COM[[x±1]]. For any z1, z2 ∈ C with (z2, z1) ∈ Ω
(1)
1,0,1(z), we have

f e2 (z1, z2) =
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ Y g2

W2
(u1, z1)w2) (7.51)

Therefore, for any z2 ∈ C with |z2| > |z|, we know that there is no multivaluedness

for f e2 (z1, z2) when z1 goes around 0.

For any z1, z2 ∈ C with (z1, z2) ∈ Ω
(1)
2,0,0(z), we have

f e2 (z1, z2) =
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)(λ)(w1 ⊗ w2). (7.52)

Therefore, for any z2 ∈ C with |z2| > |z|, we know that there is no multivaluedness

for f e2 (z1, z2) when z1 goes around ∞.

Similar as (7.52), by Proposition 7.0.6, for any z1, z2 ∈ C with (z2, z1) ∈ Ω
(1)
2,0,0(z),

we have

f e2 (z1, z2) =
(
Y

(g1g2)−1

P (z)

)o
(u1, z1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2). (7.53)

After fixing any z2 ∈ C with |z2| > |z|, f e2 (z1, z2) is a function on z1 ∈ Ĉ, z1 ̸=

0, z, z2,∞, where z1 = 0, z2,∞ are poles of f e2 (z1, z2). The only possible branch point

is z1 = z, which implies that there is no multivaluedness for f e2 (z1, z2) when z1 goes

around z. Since z1 = z is a regular singularity, z1 = z is a pole of f e2 (z1, z2). Thus,

for any fixed z2 ∈ C with |z2| > |z|, as a function on z1, f
e
2 (z1, z2) is a single valued

meromorphic function on Ĉ with poles at z1 = 0, z, z2,∞. In other words, there exists

gz2(z1) ∈ C[z1], l1, l2, l3 ∈ Z, such that

f e2 (z1, z2) =
gz2(z1)

zl11 (z1 − z)l2(z1 − z2)l3
. (7.54)

Notice that by taking the coefficient of x−k−1
0 x−j−1

1 , (7.50) can be implied by the fact
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that on some open region of z2 contained in |z2| > |z|,

Resx1 x
j
1(x1 − z2)

k
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, x1)(λ)(w1 ⊗ w2)

−Resx1 x
j
1(−z2 + x1)

k
(
Y

(g1g2)−1

P (z)

)o
(u1, x1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2)

=Resx0 x
k
0(z2 + x0)

j
(
Y

(g1g2)−1

P (z)

)o
(YV (u1, x0)u2, z2) (λ)(w1 ⊗ w2), for all j, k ∈ Z.

(7.55)

By (7.52), we know that

Resx1 x
j
1(x1 − z2)

k
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, x1)(λ)(w1 ⊗ w2)

=
1

2πı

∫
Γ1

zj1(z1 − z2)
kf e2 (z1, z2) d z1, (7.56)

where Γ1 is clockwise going around the circle of radius |z2|+ 2 centered at 0 (a loop

with only ∞ inside and 0, z, z2 outside). Similarly, by (7.53), we have

−Resx1 x
j
1(−z2 + x1)

k
(
Y

(g1g2)−1

P (z)

)o
(u1, x1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ)(w1 ⊗ w2)

=
1

2πı

∫
Γ2

zj1(−z2 − z1)
kf e2 (z1, z2) d z1, (7.57)

where Γ2 is clockwise going around the circle of radius 1
2
(|z| + |z2|) centered at 0 (a

loop inside the annulus |z| < |z1| < |z2|).

Now we consider the right-hand side. By Proposition 7.0.7, we know that

((
Y

(g1g2)−1

P (z)

)o
(Y (u1, z1 − z2)u2, z2)λ

)
(w1 ⊗ w2) = f e2 (z1, z2) (7.58)

on the region given by 0 < |z1 − z2| + |z| < |z2|, and | arg(z1) − arg(z2)| < π
2
,

| arg(z2−z)−arg(z2)| < π
2
. Since there is no multivaluedness around z1 = z and z1 = 0

for f2(z1, z2), we know that (7.58) holds on the region given by 0 < |z1−z2|+|z| < |z2|,

| arg(z2 − z)− arg(z2)| < π
2
.
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Therefore, for any z2 with |z2| > |z|, and | arg(z2 − z)− arg(z2)| < π
2
, we have

Resx0 x
k
0(z2 + x0)

j
(
Y

(g1g2)−1

P (z)

)o
(YV (u1, x0)u2, z2) (λ)(w1 ⊗ w2)

=
1

2πı

∫
Γ3

(z1 − z2)
k(z2 + z1 − z2)

j
(
Y

(g1g2)−1

P (z)

)o
(YV (u1, z1 − z2)u2, z2) (λ)(w1 ⊗ w2) d z1

=
1

2πı

∫
Γ3

(z1 − z2)
k(z1)

jf e2 (z1, z2) d z1, (7.59)

where Γ3 is counterclockwise going around the circle with radius 1
2
(|z2|− |z|) centered

at z2.

By (7.56), (7.57), (7.59), and Cauchy formula, we know that (7.55) holds on the

region given by |z2| > |z|, and | arg(z2 − z)− arg(z2)| < π
2
, which implies that (7.50)

holds.

For any n ∈ Z, we define the linear operator L(n)′P (z) on COM as the coefficient

of x−n−2 log(x)0 in Y
(g1g2)−1

P (z) (ω, x).

Remark 7.0.11. It can be proved that for any u ∈ V ⟨g1,g2⟩, the operator Y
(g1g2)−1

P (z) (u, x)

is the same as the operator Y ′
P (z)(u, x) defined in definition 5.3 in [HLZ4] using the

approach of formal calculus where we regard Wi, i = 1, 2, as untwisted generalized

V ⟨g1,g2⟩-modules. Note that ω ∈ V Aut(V ) ⊂ V ⟨g1,g2⟩. Therefore, we know that there is

no logarithm term in Y
(g1g2)−1

P (z) (ω, x).

By letting u1 in (7.50) be ω and taking Resx0 on (7.50), we can prove the following

result.

Corollary 7.0.12. For any g ∈ Aut(V ), on the space COMg, the Virasoro-bracket

relations and the Virasoro module structure hold. In other words, for any v ∈ V , on

COMg, we have

[
L′
P (z)(m), Y

(g1g2)−1

P (z) (v, x)
]
=
∑
k∈N

(
m+ 1

k

)
xm−k+1 Y

(g1g2)−1

P (z) (L(k − 1)v, x), m ∈ Z.

(7.60)
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[
L′
P (z)(m), L′

P (z)(n)
]
= (m− n)L′

P (z)(m+ n) +
1

12
(m3 −m)δm+n,0 cV , m, n ∈ Z.

(7.61)

Since COMP ⊂ COM, by Proposition 7.0.5, Y
(g1g2)−1

P (z) (u, x)λ for u ∈ V and λ ∈

COMP is in COM{x}[log x]. We now prove the following stronger result:

Proposition 7.0.13. The space COMP is invariant under the action of the compo-

nents of the twisted vertex operators Y
(g1g2)−1

P (z) (u, x) for u ∈ V .

Proof. We only need to show that for any λ ∈ COMP, u1, u2 ∈ V , n2 ∈ C,

k2 ∈ N, the series

((
Y

(g1g2)−1

P (z)

)o
n2,k2

(u2)λ

)
(Y g1(u1, z1 − z)w1 ⊗ w2) (7.62)

is absolutely convergent on the region Ω0,1,0(z) (i.e. 0 < |z1 − z| < |z|), and is equal

to

f e1

(
z1;u1, w1, w2;

(
Y

(g1g2)−1

P (z)

)o
n2,k2

(u2)λ

)
(7.63)

on the region given by z1 ∈ Ω
(1)
0,1,0(z).

Using a similar argument as the proof of Proposition 7.0.6, we can prove that

((
Y

(g1g2)−1

P (z)

)o
(u2, z2)λ

)
(Y g1(u1, z1 − z)w1 ⊗ w2) (7.64)

is absolutely convergent on the region Ω1,1,0(z) (i.e. the region given by 0 < |z1− z|+

|z| < |z2|). Moreover, on the region Ω
(1)
1,1,0(z) = Ω

(2)
1,1,0(z), it is equal to

f e2 (z1, z2;u1, u2, w1, w2;λ).

The absolute convergence of (7.64) implies the absolute convergence of (7.62).
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On the region given by (z2, z1) ∈ Ω
(1)
1,1,0(z) ∩ Ω

(1)
1,0,1(z), we have

((
Y

(g1g2)−1

P (z)

)o
(u2, z2)λ

)
(Y g1(u1, z1 − z)w1 ⊗ w2)

=f e2 (z1, z2;u1, u2, w1, w2;λ)

=
((
Y

(g1g2)−1

P (z)

)o
(u2, z2)λ

)
(w1 ⊗ Y g2(u1, z1)w2) . (7.65)

On the region given by (z2, z1) ∈ Ω
(1)
1,1,0(z) ∩ Ω

(2)
1,0,1(z), we have

((
Y

(g1g2)−1

P (z)

)o
(u2, z2)λ

)
(Y g1(u1, z1 − z)w1 ⊗ w2)

=f e2 (z1, z2;u1, u2, w1, w2;λ)

=b1,z.

(
f
b−1
1,z

2 (z1, z2;u1, u2, w1, w2;λ)

)
=b1,z.

[((
Y

(g1g2)−1

P (z)

)o
(u2, z2)λ

)
(w1 ⊗ Y g2(u1, z1)w2)

]
. (7.66)

Using (7.65) and (7.66), one can show that (7.62) is equal (7.63) on the region given

by z1 ∈ Ω
(1)
0,1,0(z).

In general, one can use an argument similar to the proof of Proposition 7.0.6 and

Proposition 7.0.13 to prove the following proposition.

Proposition 7.0.14. Let λ ∈ COMPP (z)(W1,W2). For any m, k, l ∈ N, the multiple

series

((
Y

(g1g2)−1

P (z)

)o
(um, xm) · · ·

(
Y

(g1g2)−1

P (z)

)o
(u1, x1) (λ)

)
(
Y g1(um+1, xm+1−z) · · ·Y g1(um+k, xm+k−z)w1⊗

Y g2(um+k+1, xm+k+1) · · ·Y g2(um+k+l, xm+k+l)w2

)
(7.67)

is absolutely convergent on the region Ωm,k,l(z). Moreover, on the region Ω
(1)
m,k,l(z), it
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is convergent to

f̃ em+k+l(z1, . . . , zm+k+l;u1, . . . , um+k+l, w1, w2;λ).

On the region Ω
(2)
m,k,l(z), it is convergent to

f̃
∏k+m+l

i=k+m+1 b
−1
i,z

m+k+l (z1, . . . , zm+k+l;u1, . . . , um+k+l, w1, w2;λ).

Let F ⟨x1, x2⟩ be the free group with generators x1, x2. For any i = 1, . . . , n,

define the group homomorphism φi : F ⟨x1, x2⟩ → the group (7.11) by φi(x1) = bi,z,

φi(x2) = b−1
i,z bi,0bi,z. Define the group homomorphism ψ : F ⟨x1, x2⟩ → ⟨g1, g2⟩ by

ψ(xk) = gk, k = 1, 2.

Similar as Lemma 3.0.34 and Corollary 3.0.35, we can prove the following corollary.

Corollary 7.0.15. Let λ ∈ COMPP (z)((W1 ⊗W2)
∗), and {(fn, f en)}n∈N be the multi-

valued functions with preferred branches in the definition of P (z)-compatibility con-

dition of λ. For any a ∈ the group (7.11), and y1, . . . , yn ∈ F ⟨x1, x2⟩, we have

fan(z1, . . . , zn;ψ(y1)u1, . . . , ψ(yn)un, w1, w2;λ)

=f
(
∏n

i=1 φi(yi)
−1)a

n (z1, . . . , zn;u1, . . . , un, w1, w2, w
′
3)

Corollary 7.0.16. COMP ⊂ COM(g1g2)−1.

Proof. Let λ ∈ COMP. We shall prove the following equivalent form:

((
Y

(g1g2)−1

P (z)

)o)p+1

((g1g2)u, x)(λ) =
((
Y

(g1g2)−1

P (z)

)o)p
(u, x)(λ), for any u ∈ V, p ∈ Z.

(7.68)

It is sufficient to prove that for any w1 ∈ W1, w2 ∈ W2, on the region given by
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|z1| > |z|, | arg(z1 − z)− arg(z1)| < π
2
,

((
Y

(g1g2)−1

P (z)

)o)p+1

((g1g2)u, z1)(λ)(w1 ⊗ w2) =
((
Y

(g1g2)−1

P (z)

)o)p
(u, z1)(λ)(w1 ⊗ w2).

By Lemma 7.0.15, we know that on the region |z1| > |z|, | arg(z1 − z)− arg(z1)| < π
2
,

((
Y

(g1g2)−1

P (z)

)o)p+1

((g1g2)u, z1)(λ)(w1 ⊗ w2)

=f
(b1,0b1,z)p+1

1 (z1;ψ1(x1x2)u1, w1, w2;λ)

=f
(b1,z ·b−1

1,zb1,0b1,z)
−1

(b1,0b1,z)p+1

1 (z1;u1, w1, w2;λ)

=f
(b1,0b1,z)p

1 (z1;u1, w1, w2;λ)

=
((
Y

(g1g2)−1

P (z)

)o)p
(u, z1)(λ)(w1 ⊗ w2).

For a P (z)-intertwining map I of type
(

W3

W1W2

)
and an element w′

3 of W ′
3, the

element λI,w′
3
∈ COM also have the following property:

Proposition 7.0.17. Consider the subspace WλI,w′
3
of COM obtained by applying the

coefficients of the vertex operators Y
(g1g2)−1

P (z) (u, x) for all u ∈ V to λI,w′
3
. Then WλI,w′

3

equipped with Y
(g1g2)−1

P (z) is a generalized (g1g2)
−1-twisted V -module.

Proof. The proof of this result is a straightforward verification. Proposition 6.0.6

and the fact that on WλI,w′
3
, Y

(g1g2)−1

P (z) = Y
(g1g2)−1

W1 P (z)W2
would help.

For any λ ∈ COM, let Wλ be the smallest subspace of (W1 ⊗W2)
∗ which con-

tains λ and is stable under the action of all the coefficients of the vertex operators

Y
(g1g2)−1

P (z) (u, x) for all u ∈ V .

We introduce the following conditions for λ ∈ COM. We say that λ satisfies the

P (z)-grading condition, if λ is a (finite) sum of generalized eigenvectors for the

operator L(0)′P (z).
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By Corollary 7.0.12, for any λ satisfying the P (z)-grading condition, we know that

Wλ can be decomposed into generalized eigenspaces of L(0)′P (z), which we denote as

Wλ = ⨿n∈C(Wλ)[n]. For any n ∈ C, let πn : W ′
λ → (W ′

λ)[n] (or πn : Wλ → (Wλ)[n]) be

the projection map.

Let M be a category of twisted V -modules.

P (z)-M-embeddability condition An element λ ∈ COMP (z)(W1,W2) is said to

be P (z)-M-embeddable with respect to W1 and W2, if

• There exists a subspace W ⊂ COMP (z)(W1,W2), such that
(
W,Y

(g1g2)−1

P (z)

)
is a twisted V -module in M, and Wλ ⊂ W .

We denote the subspace of P (z)-M-embeddable functionals in (W1 ⊗W2)
∗ as

EMBP (z),M(W1,W2), or EMBM for short.

Remark 7.0.18. Notice that if λ ∈ EMBM for some M, then automatically λ sat-

isfies the P (z)-grading condition. This is because λ ∈ Wλ ⊂ W for some twisted

module W in M. By Definition 2.0.1, any twisted module, in particular, W , can

be decomposed into a direct sum of L(0)-generalized eigenspaces. In other words,

λ ∈Wλ ⊂ ⊕n∈CW[n].

P (z)-local grading restriction condition An element λ ∈ COMP (z)(W1,W2) is

said to be P (z)-locally grading restricted with respect to W1 and W2, if

1. λ satisfies the P (z)-grading condition.

2. For any n ∈ C, we have

dim(Wλ)[n] <∞ (7.69)

(Wλ)[n−l] = 0, for sufficient large l ∈ R+. (7.70)

We denote the subspace of P (z)-locally grading restricted functionals in (W1 ⊗

W2)
∗ as LGRP (z)(W1,W2), or LGR for short.
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Remark 7.0.19. We can see that P (z)-GMgr-embeddability condition is stronger

that P (z)-local grading restriction condition. However, Theorem 7.0.21 says that

they are equivalent under the condition λ ∈ COMg, for any g ∈ Aut(V ). In other

words,

COMg ∩LGR = COMg ∩EMBGMgr
= COMg ∩EMB(GMgr)g .

For λ ∈ COM satisfying the P (z)-grading condition, consider the map i : W1 ⊗

W2 → W ′
λ(= (Wλ)

∗) defined by
〈
i(w1 ⊗ w2), λ̃

〉
= λ̃(w1 ⊗ w2), for w1 ∈ W1, w2 ∈

W2, λ̃ ∈Wλ.

Lemma 7.0.20. For any λ ∈ COM satisfying the P (z)-grading condition, and n ∈ C,

the space (W ′
λ)[n] is spanned by πn ◦ i(w1 ⊗ w2), w1 ∈ W1, w2 ∈ W2.

Proof. Since (W ′
λ)[n] = ((Wλ)[n])

∗, to prove this lemma, we only need to prove that

for any λ̃ ∈ (Wλ)[n], if ⟨λ̃, πn ◦ i(w1⊗w2)⟩ = 0 for all w1⊗w2 ∈ W1⊗W2, then λ̃ = 0.

This is clear because by the definition of πn and i, we know that ⟨λ̃, πn ◦ i(w1⊗w2)⟩ =

⟨πn(λ̃), i(w1 ⊗ w2)⟩ = ⟨λ̃, i(w1 ⊗ w2)⟩ = λ̃(w1 ⊗ w2).

Theorem 7.0.21. Let g ∈ Aut(V ). Suppose λ ∈ COMg satisfies the P (z)-grading

condition. Then, the space Wλ equipped with Y
(g1g2)−1

P (z) is a g-twisted generalized V -

module.

As a result, for any λ ∈ COMg ∩LGR, the space Wλ equipped with Y
(g1g2)−1

P (z)

is a grading restricted g-twisted generalized V -module. In particular, for any λ ∈

COMP∩LGR, the space Wλ equipped with Y
(g1g2)−1

P (z) is a grading restricted (g1g2)
−1-

twisted generalized V -module.

Proof. It is sufficient to prove this statement for only those generalized eigenvec-

tor λ of L(0)′P (z). Let λ̃ ∈Wλ.

The equivariant property follows from the definition (7.46) of COMg. The identity

property Y
(g1g2)−1

P (z) (1, x)(λ̃) = λ̃ is equivalent to
(
Y

(g1g2)−1

P (z)

)o
(1, x)(λ̃) = λ̃, which
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follows from the definition of Y
(g1g2)−1

P (z) . By using Corollary 7.0.12, the L(0)-grading

condition for Y
(g1g2)−1

P (z) on Wλ can be derived from the L(0)-grading condition for λ.

The L(−1)-derivative property for Y
(g1g2)−1

P (z) is proven in Proposition 7.0.8.

Therefore, we only need to prove the duality property. Let λ′ ∈ W ′
λ and λ̃ ∈ Wλ

be both homogeneous, and u1, u2 ∈ V be bi-homogeneous. (In other words, u1, u2 are

generalized eigenvectors for both L(0)V and g1g2.) By Lemma 7.0.20, we can further

assume λ′ = πwt(λ′) ◦ i(w1 ⊗w2), since by linearity, the duality holding for a spanning

subset of W ′
λ implies the full duality.

Throughout the remainder of this proof, for z ∈ C× and a ∈ C, we use the notation

za = ea·l0(z) and log z = l0(z).

We consider

〈
λ′,
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)(λ̃)

〉
=
∑
a1∈C

K∑
j1,j2=0

〈
i(w1 ⊗ w2),

(
Y

(g1g2)−1

P (z)

)o
−∆+a1−1,j2

(u2)
(
Y

(g1g2)−1

P (z)

)o
−a1−1,j1

(u1)(λ̃)

〉
·

za11 log(z1)
j1z∆−a1

2 log(z2)
j2

=
∑
a1∈C

K∑
j1,j2=0

((
Y

(g1g2)−1

P (z)

)o
−∆+a1−1,j2

(u2)
(
Y

(g1g2)−1

P (z)

)o
−a1−1,j1

(u1)(λ̃)(w1 ⊗ w2)

)
·

za11 log(z1)
j1z∆−a1

2 log(z2)
j2

(7.71)

where ∆ = wt (λ′) + wt (u1) + wt (u2) − wt (λ̃) − 2. By Lemma 7.0.6, we know that

on the region |z1| > |z2| > |z|,

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1) (λ̃)(w1 ⊗ w2) (7.72)

=
∑

a1,a2∈C

K∑
j1,j2=0

((
Y

(g1g2)−1

P (z)

)o
−a2−1,j2

(u2)
(
Y

(g1g2)−1

P (z)

)o
−a1−1,j1

(u1)(λ̃)(w1 ⊗ w2)

)
·

za11 log(z1)
j1za22 log(z2)

j2 (7.73)
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is absolutely convergent to f2(z1, z2;u1, u2, w1, w2; λ̃). Notice that the right-hand side

of (7.71) is a sub-series of the series (7.72). Therefore, (7.71) is also absolutely

convergent on the region given by |z1| > |z2| > |z|. Since the summation over a1 ∈ C

in the right-hand side of (7.71) actually can be replaced by a1 ∈ D where D is a

finite union of sets of the form r − N, r ∈ C, we know that the region of absolute

convergence of (7.71) can be enlarged to the region given by |z1| > |z2| > 0. By

Lemma 7.0.6, on the region given by |zi| > |z|, | arg(zi − z)− arg(zi)| < π
2
, i = 1, 2,

(z1 − z2)
Mu1,u2

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1) (λ̃)(w1 ⊗ w2)

=(z1 − z2)
Mu1,u2f e2 (z1, z2;u1, u2, w1, w2; λ̃)

=(z1 − z2)
Mu1,u2

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1) (λ̃)(w1 ⊗ w2) (7.74)

By Lemma 7.0.6, there exists αa1,j1;a2,j2 ∈ C such that on the region |zi| > |z|,

| arg(zi − z)− arg(zi)| < π
2
, i = 1, 2,

(z1−z2)Mu1,u2f e2 (z1, z2;u1, u2, w1, w2; λ̃) =
∑

a1,a2∈D

K∑
j1,j2=0

αa1,j1;a2,j2z
a1
1 log(z1)

j1za22 log(z2)
j2 ,

where D is a finite union of sets of the form r−N, r ∈ C. Therefore, by (7.71), (7.72),

and (7.74), on the region given by |zi| > |z|, | arg(zi − z)− arg(zi)| < π
2
, i = 1, 2, we

have

(z1 − z2)
Mu1,u2

〈
λ′,
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)(λ̃)

〉
=

∑
a1,a2∈D

a1+a2=∆+Mu1,u2

K∑
j1,j2=0

αa1,j1;a2,j2z
a1
1 log(z1)

j1za22 log(z2)
j2

=(z1 − z2)
Mu1,u2

〈
λ′,
(
Y

(g1g2)−1

P (z)

)o
(u1, z1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ̃)

〉
(7.75)



150

Notice that in the intermediate step of (7.75), the set

D′ := {(a1, a2) ∈ D ×D | a1 + a2 =Mu1,u2 +∆}

is a finite set. Define

f(z1, z2) = (z1 − z2)
−Mu1,u2

∑
(a1,a2)∈D′

K∑
j1,j2=0

αa1,j1;a2,j2z
a1
1 log(z1)

j1za22 log(z2)
j2 .

By (7.75), we know that
〈
λ′,
(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1)(λ̃)

〉
is abso-

lutely convergent to f(z1, z2) on the region given by |z1| > |z2| > |z|, | arg(zi − z) −

arg(zi)| < π
2
, i = 1, 2, which can be enlarged to the region given by |z1| > |z2| > 0.

Similarly, we know that
〈
λ′,
(
Y

(g1g2)−1

P (z)

)o
(u1, z1)

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)(λ̃)

〉
is absolutely

convergent to f(z1, z2) on the region given by |z1| > |z2| > 0.

We still need to consider

〈
λ′,
(
Y

(g1g2)−1

P (z)

)o
(Y (u1, z1 − z2)u2, z2)(λ̃)

〉
=

∑
a1∈Z

a1≥−Mu1,u2

K∑
j2=0

((
Y

(g1g2)−1

P (z)

)o
−∆+a1−1,j2

(
(u1)−a1−1u2

)
(λ̃)(w1 ⊗ w2)

)
·

(z1 − z2)
a1z∆−a1

2 log(z2)
j2 ,

(7.76)

where Mu1,u2 ∈ N. By Proposition 7.0.7, we know that

((
Y

(g1g2)−1

P (z)

)o
(Y (u1, z1 − z2)u2, z2)λ

)
(w1 ⊗ w2) = f e2 (z1, z2;u1, u2, w1, w2; λ̃) (7.77)

on the region given by 0 < |z1 − z2| + |z| < |z2|, and | arg(z1) − arg(z2)| < π
2
,

| arg(z2 − z) − arg(z2)| < π
2
. Since (z1 − z2, z2) = (0,∞) is a regular singularity of

f2(z1, z2;u1, u2, w1, w2; λ̃), there exist a set D1 which is a finite union of sets of form
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r−N, r ∈ C, and βa1;a2,j2 ∈ C, such that on the region given by 0 < |z1−z2|+|z| < |z2|,

the left-hand side of (7.77) is equal to the following absolutely convergent series,

∑
a1∈Z

a1≥−Mu1,u2

∑
a2∈D1

K∑
j2=0

βa1;a2,j2(z1 − z2)
a1za22 log(z2)

j2 . (7.78)

So, we know that (7.76) is equal to

∑
a1∈Z

a1≥−Mu1,u2

K∑
j2=0

βa1;∆−a1,j2(z1 − z2)
a1z∆−a1

2 log(z2)
j2 . (7.79)

As a sub-series of (7.78), the series (7.79) is also absolutely convergent on the region

given by 0 < |z1 − z2| + |z| < |z2|. By the form of (7.79), we can see that the

region where (7.79) is absolutely convergent can be enlarged to the region given by

|z2| > |z1 − z2| > 0. Furthermore, on the region given by 0 < |z1 − z2| + |z| < |z2|,

|z1| > |z|, | arg(zi − z)− arg(zi)| < π
2
, i = 1, 2, | arg(z1)− arg(z2)| < π

2
, we have

∑
a1∈Z

a1≥−Mu1,u2

∑
a2∈D1

K∑
j2=0

βa1;a2,j2(z1 − z2)
a1+Mu1,u2za22 log(z2)

j2

=(z1 − z2)
Mu1,u2

(
Y

(g1g2)−1

P (z)

)o
(Y (u1, z1 − z2)u2, z2)(λ̃)(w1 ⊗ w2)

=(z1 − z2)
Mu1,u2f e2 (z1, z2;u1, u2, w1, w2; λ̃)

=(z1 − z2)
Mu1,u2

(
Y

(g1g2)−1

P (z)

)o
(u2, z2)

(
Y

(g1g2)−1

P (z)

)o
(u1, z1) (λ̃)(w1 ⊗ w2)

=
∑

a1,a2∈D

K∑
j1,j2=0

αa1,j1;a2,j2z
a1
1 log(z1)

j1za22 log(z2)
j2 . (7.80)

We further know that on the above region,

∑
a1∈Z

a1≥−Mu1,u2

K∑
j2=0

βa1;∆−a1,j2(z1 − z2)
a1+Mu1,u2z∆−a1

2 log(z2)
j2
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=
∑

a1,a2∈D
a1+a2=∆+Mu1,u2

K∑
j1,j2=0

αa1,j1;a2,j2z
a1
1 log(z1)

j1za22 log(z2)
j2

=(z1 − z2)
Mu1,u2f(z1, z2). (7.81)

So, on the above region, and therefore the enlarged region given by |z2| > |z1−z2| > 0,

| arg(z1)−arg(z2)| < π
2
, we know that the left-hand side of (7.76) is equal to f(z1, z2),

which finishes the proof of the duality.

Definition 7.0.22. Let C is a category of twisted V -modules. We say C is closed un-

der taking image if for any twisted modules M1,M2, and a surjective homomorphism

M1 →M2, M1 ∈ ob C implies M2 ∈ ob C.

For example, the category GMgr(G) is closed under taking image for any subgroup

G ≤ Aut(V ).

Theorem 7.0.23. Suppose that C is closed under taking image. Let Wi be gi-twisted

modules, i = 1, 2. Then, an element λ ∈ (W1⊗W2)
∗ is in W1 P (z)W2 if and only if λ

satisfies the P (z)-compatibility condition and the P (z)-C-embeddability condition. In

other words,

W1 P (z)W2 = COMPP (z)(W1,W2) ∩ EMBP (z),C(W1,W2).

Proof. For “only if” part, let λ ∈ W1 P (z)W2. By Proposition 7.0.1, we know

that λ ∈ COMP. Write λ = λI,w′
3
, for some W3 ∈ ob C, w′

3 ∈ W ′
3, and twisted

intertwining map I of type
(

W3

W1W2

)
(see Remark 6.0.5). Consider the linear map

φ : W ′
3 → W1 P (z)W2 defined by φ(w′) = λI,w′ , w′ ∈ W ′

3. By definition (6.2),

Proposition 6.0.6 and 7.0.17, we know that φ is a module map. Since W3 ∈ ob C, C is

closed under taking contragredient and image, we know that image(φ) ∈ ob C. Since

Wλ = WλI,w′
3
⊂ image(φ), we know that λ ∈ EMBC. Therefore, λ ∈ COMP∩EMBC.
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Now we prove the “if” part. Let λ ∈ COMP∩EMBC.

We shall identify W ∗
λ and W ′

λ. We define a linear map I : W1 ⊗W2 → W ′
λ by

〈
λ̃, I(w1 ⊗ w2)

〉
= λ̃(w1 ⊗ w2), for any λ̃ ∈Wλ.

Define YI(·, x)· : W1 ⊗W2 → W ′
λ{x}[log(x)] by

YI(w1, x)w2 = x
LW ′

λ
(0)
z
−LW ′

λ
(0)
I
(
x−LW1

(0)zLW1
(0)w1 ⊗ x−LW2

(0)zLW2
(0)w2

)
.

We claim that YI is a twisted intertwining operator of type
(

W ′
λ

W1W2

)
.

For u1, . . . , uk−1 ∈ V , w1 ∈ W1, w2 ∈ W2 and w ∈ Wλ, we have

⟨w, Y (g1g2)−1

P (z) (u1, z1) · · ·Y (g1g2)−1

P (z) (uk−1, zk−1)YI(w1, zk)w2⟩

=
〈
w, Y

(g1g2)−1

P (z) (u1, z1) · · ·Y (g1g2)−1

P (z) (uk−1, zk−1)·

· e(log zk−log z)L(0)I
(
e−(log zk−log z)L(0)w1 ⊗ e−(log zk−log z)L(0)w2

)〉
=
〈
e(log zk−log z)L(0)w, Y

(g1g2)−1

P (z) (z
−L(0)
k zL(0)u1, e

−(log zk−log z−log z1))·

· · ·Y (g1g2)−1

P (z) (z
−L(0)
k zL(0)uk−1, e

−(log zk−log z−log zk−1))·

· I
(
e−(log zk−log z)L(0)w1 ⊗ e−(log zk−log z)L(0)w2

)〉
=
〈
(Y

(g1g2)−1

P (z) )o(z
−L(0)
k zL(0)uk−1, e

−(log zk−log z−log zk−1))·

· · · (Y (g1g2)−1

P (z) )o(z
−L(0)
k zL(0)u1, e

−(log zk−log z−log z1))e(log zk−log z)L(0)w,

I
(
e−(log zk−log z)L(0)w1 ⊗ e−(log zk−log z)L(0)w2

)〉
=
(
(Y

(g1g2)−1

P (z) )o(z
−L(0)
k zL(0)uk−1, e

−(log zk−log z−log zk−1))·

· · · (Y (g1g2)−1

P (z) )o(z
−L(0)
k zL(0)u1, e

−(log zk−log z−log z1))e(log zk−log z)L(0)w
)

(
e−(log zk−log z)L(0)w1 ⊗ e−(log zk−log z)L(0)w2

)
.

(7.82)

By (7.12), the right-hand side of (7.82) is equal to the series obtained by expanding
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the function

f ek−1(ξ1, . . . , ξk−1; z
−L(0)
k zL(0)u1, . . . , z

−L(0)
k zL(0)uk−1,

z
−L(0)
k e(log z)L(0)w1, z

−L(0)
k e(log z)L(0)w2;w)

on the region |ξ1| > · · · > |ξk−1| > |z| as series in powers of ξ1, . . . , ξk−1 and non-

negative integer powers of log ξ1, . . . , log ξ1 and then substituting e−n(log zk−log z−log z1),

. . . , e−n(log zk−log z−log zk−1) (n ∈ C) for en log ξ1 , . . . , en log ξk−1 and log zk − log z − log z1,

. . . , log zk − log z − log zk−1 for log ξ1, . . . , log ξk−1, respectively. Then the right-hand

side of (7.82) is absolutely convergent on the region |zz1z−1
k | > · · · > |zzk−1z

−1
k | > |z|

or equivalently the region |z1| > · · · > |zk−1| > |zk| > 0 and can be analytically ex-

tended to a multivalued analytic function on (ξ1, . . . , ξk−1) = (zz1z
−1
k , . . . , zzk−1z

−1
k ) ∈

Fk−1(C − {0, z}) satisfies Condition 3.0.13 for (k − 1, 0, {0, z}). Since w is P (z)-

compatible, by the part 3. in the definition of P (z)-compatiblity, this function satisfies

Condition 3.0.13 with (k − 1, 1, {0}). Therefore, we know that,

⟨w, Y (g1g2)−1

P (z) (u1, z1) · · ·Y (g1g2)−1

P (z) (uk−1, zk−1)YI(w1, zk)w2⟩

is absolutely convergent on the region |z1| > · · · > |zk−1| > |zk| > 0 and can be

analytically extended to a multivalued analytic function on Fk(C − {0}) satisfies

Condition 3.0.13 for (k − 1, 1, {0}).

We now prove the duality property for YI . By (7.82), for v ∈ V , w1 ∈ W1 and

w2 ∈ W2,

⟨w, Y (g1g2)−1

P (z) (v, z1)YI(w1, z2)w2⟩

=
(
(Y

(g1g2)−1

P (z) )o(z
−L(0)
2 zL(0)v, e−(log z2−log z−log z1))e(log z2−log z)L(0)w

)
(
e−(log z2−log z)L(0)w1 ⊗ e−(log z2−log z)L(0)w2

)
,
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which is absolutely convergent on the region |z−1
2 zz1| > |z| or equivalently |z1| >

|z2| > 0 and its sum is equal to

f e1 (e
−(log z2−log z−log z1); z

−L(0)
2 zL(0)v, e−(log z2−log z)L(0)w1,

e−(log z2−log z)L(0)w2; e
(log z2−log z)L(0)w) (7.83)

on the region |z−1
2 zz1| > |z|, | arg(z−1

2 zz1 − z) − arg z−1
2 zz1| < π

2
or equivalently,

|z1| > |z2| > 0, | arg(z1 − z2)− arg z1|. By definition,

⟨w,YI(w1, z2)Y
g2(v, z1)w2⟩

= ⟨e(log z2−log z)L(0)w,YI(e−(log z2−log z)L(0)w1, z)·

· Y g2(z
−L(0)
2 zL(0)v, e−(log z2−log z−log z1))e−(log z2−log z)L(0)w2⟩

= (e(log z2−log z)L(0)w)(e−(log z2−log z)L(0)w1

⊗ Y g2(z
−L(0)
2 zL(0)v, e−(log z2−log z−log z1))e−(log z2−log z)L(0)w2)

is absolutely convergent on the region |z| > |z−1
2 zz1| > 0 or equivalently |z2| > |z1| > 0

and its sum is equal to to (7.83) on the region |z2| > |z1| > 0, −3π
2
< arg(z−1

2 zz1 −

z) − arg z < −π
2
or equivalently, |z2| > |z1| > 0, −3π

2
< arg(z1 − z2) − arg z2 < −π

2
.

By 2.(a) in the compatibility condition, we see that

⟨w,YI(Y g1(v, z1 − z2)w1, z2)w2⟩

=
〈
e(log z2−log z)L(0)w,YI(Y g1(z

−L(0)
2 zL(0)v, z−1

2 zz1 − z)e−(log z2−log z)L(0)w1, z)

e−(log z2−log z)L(0)w2

〉
= (e(log z2−log z)L(0)w)

(
Y g1(z

−L(0)
2 zL(0)v, z−1

2 zz1 − z)e−(log z2−log z)L(0)w1

⊗ e−(log z2−log z)L(0)w2

)
,

which is absolutely convergent on the region |z| > |z−1
2 zz1 − z| > 0 or equivalently
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|z2| > |z1− z2| > 0 and its sum is equal to (7.83) on the region |z| > |z−1
2 zz1− z| > 0,

| arg z−1
2 zz1 − arg z| < π

2
or equivalently |z2| > |z1 − z2| > 0, | arg z1 − arg z2| < π

2
.

Thus the duality property for YI is proven. Since

d

d x
YI(w1, x)w2

=
d

d x
xL(0)z−L(0)I

(
x−L(0)zL(0)w1 ⊗ x−L(0)zL(0)w2

)
=x−1xL(0)z−L(0)I

(
x−L(0)zL(0)w1 ⊗ x−L(0)zL(0)w2

)
− xL(0)z−L(0)I

(
x−1x−L(0)zL(0)w1 ⊗ x−L(0)zL(0)w2

)
− xL(0)z−L(0)I

(
x−L(0)zL(0)w1 ⊗ x−1x−L(0)zL(0)w2

)
=x−1

(
L(0)YI(w1, x)w2 − YI(w1, x)L(0)w2 − YI(L(0)w1, x)w2

)
, (7.84)

the L(−1)-derivative property can be derived from the L(0)-commutator formula.

Since the duality of YI is already proven, similar as the proof of Proposition 7.0.10,

a Jacobi identity for Y
(g1g2)−1

P (z) (v, z1) and YI(w1, z2) can be proven for v ∈ V ⟨g1,g2⟩.

By letting v = ω ∈ V Aut(V ) ⊂ V ⟨g1,g2⟩, we know that the Virasoro-bracket relation

holds. In particular, the L(0)-commutator formula for YI holds, which implies the

L(−1)-derivative property for YI . So, we have proved that YI is a twisted intertwining

operator. Then I is a twisted P (z)-intertwining map.

Since λ ∈ EMBC, there exists a subspace W̃ of COM, such that
(
W̃ , Y

(g1g2)−1

P (z)

)
∈

ob C, and Wλ ⊂ W̃ . Let i : Wλ → W̃ be the inclusion map, and p : W̃ ′ → W ′
λ be the

adjoint of i. Since W̃ ∈ ob C and C is closed under taking contragredient, we know

that W̃ ′ ∈ ob C. Since p is a surjective module map, W̃ ∈ ob C, and C is closed under

taking image, we know that W ′
λ ∈ ob C. Now, we have

λ(w1 ⊗ w2) = ⟨λ, I(w1 ⊗ w2)⟩ = λI,λ(w1 ⊗ w2), (7.85)

where λ ∈Wλ ⊂ (W ′
λ)

′, W ′
λ ∈ ob C, and I is a twisted P (z)-intertwining map of type
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(
W ′

λ
W1W2

)
. Therefore, λ ∈ W1 P (z)W2.

By Theorem 7.0.23, Remark 7.0.19 and Corollary 7.0.16, we have the following

corollary.

Corollary 7.0.24. Let G ≤ Aut(V ). For the case C = GMgr(G), we have

W1 P (z)W2 = COMPP (z)(W1,W2) ∩ LGRP (z)(W1,W2).

Remark 7.0.25. Although for any twisted moduleW and h ∈ Aut(V ), the underlying

vector spaces of W and ϕh(W ) are the same, the spaces COMPP (z)(ϕh1(W1), ϕh2(W2))

are different for different h1, h2 ∈ Aut(V ).

Now we consider the case when h1 = gk11 , h1 = gk22 for k1, k2 ∈ Z. For λ ∈

(W1 ⊗W2)
∗, λ is P (z)-compatible with respect to ϕ

g
k1
1
(W1) and ϕ

g
k2
2
(W2) (in other

words, λ ∈ COMPP (z)

(
ϕ
g
k1
1
(W1), ϕgk22

(W2)
)
) if and only if λ satisfies the same P (z)-

compatibility condition with respect to W1 and W2, except for (7.9) and (7.10) being

replaced by

f

(
b
k1−1
1,z b

−k2
1,0 b1,z

)
···
(
b
k1−1
l,z b

−k2
l,0 bl,z

)
(z1, . . . , zl;u1, . . . , ul, w1, w2;λ) , and

f

(
b
k1−1
1,z b

−k2
1,0

)
···
(
b
k1−1
l,z b

−k2
l,0

)
(z1, . . . , zl;u1, . . . , ul, w1, w2;λ) , (7.86)

respectively. (See Lemma 3.0.30 and Lemma 3.0.33)
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Chapter 8

Major Assumption: Convergence

and Extension Property

In this chapter, letWi be a gi-twisted modules in C, i = 1, 2, 3,W4 be a g1g2g3-twisted

module in C, M1 be a g2g3-twisted module in C, and M2 be a g1g2-twisted module

in C. Let Yi, i = 1, 2, 3, 4, be twisted intertwining operators of type
(

W4

W1M1

)
,
(

M1

W2W3

)
,(

W4

M2W3

)
,
(

M2

W1W2

)
, respectively. In this section, we consider the following multiple series

on ζ1, ζ2, z1, . . . , zl,

⟨w′
4,Y1(w1, ζ1)Y2(w2, ζ2)Y

g3(u1, z1) · · ·Y g3(ul, zl)w3⟩

=
∑

β1,β2,α1,...,αl∈C

∑
q1,q2,p1,...,pl∈N

〈
w′

4, (Y1)−β1−1,q1(w1)(Y2)−β2−1,q2(w2)

Y g3
−α1−1,p1

(u1) · · ·Y g3
−αl−1,pl

(ul)w3

〉
·

ζβ11 ζ
β2
2 z

α1
1 zα1

1 · · · zαl
l · log(ζ1)q1 log(ζ2)q2 log(z1)p1 · · · log(zl)pl .

For a twisted module W , we define P (W ) = {n ∈ C|W[n] ̸= 0}. For any g ∈ Aut(V ),

µ = a+ Z ∈ C/Z, we define

V [µ,g] = {v ∈ V | (g − e2πıa)kv = 0, for some k ∈ N},
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Pg(V ) = {a ∈ C | ℑ(a) ∈ [0, 1) and V [a+Z,g] ̸= 0}.

We say that (Y1,Y2) satisfies the regular singular point property for products,

if for any ai ∈ P (Wi), i = 1, 2, 3, 4, and

a ∈ SpanN
(
Pg1(V ) ∪ Pg2(V ) ∪ Pg3(V ) ∪ Pg2g3(V ) ∪ Pg1g2g3(V )

)
,

the setµ ∈ C/Z

∣∣∣∣∣∣∣
The map (Y1)n1,k1(·)(Y2)n2,k2(·)(·) ̸= 0, for some n1 ∈ µ,

n2 ∈ (−a+ a1 + a2 + a3 − a4 + Z)− µ, k1, k2 ∈ N.


is finite. Similarly, we say that (Y3,Y4) satisfies the regular singular point prop-

erty for iterate, if for any ai ∈ P (Wi), i = 1, 2, 3, 4, and

a ∈ SpanN
(
Pg1(V ) ∪ Pg2(V ) ∪ Pg3(V ) ∪ Pg1g2(V ) ∪ Pg1g2g3(V )

)
,

the setµ ∈ C/Z

∣∣∣∣∣∣∣
The map (Y3)n1,k1

(
(Y4)n2,k2(·)(·)

)
(·) ̸= 0, for some n1 ∈ µ,

n2 ∈ (−a+ a1 + a2 + a3 − a4 + Z)− µ, k1, k2 ∈ N.


is finite.

Assumption 8.0.1. Throughout the remainder of this work, we assume that any pair

of twisted intertwining operators that is considered satisfies the regular singular point

property for both product and iterate.

Remark 8.0.2. A pair of a twisted intertwining operator and a vertex operator acting

on module automatically satisfies the regular singular point property for both product

and iterate.
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If a twisted intertwining operator Y satisfies the condition that the set

{µ ∈ C/Z | Yn,k ̸= 0 for some n ∈ µ, k ∈ N} is finite, (8.1)

then (Y ,Y1) and (Y1,Y) satisfies the regular singular point property for both product

and iterate, for any twisted intertwining operator Y1 of suitable type.

Therefore, by (3.52), we know that if sets

{µ ∈ C/Z|n ∈ µ for some n ∈ P (Wi)}, i = 1, 2, 3, are finite, (8.2)

then any twisted intertwining operator Y of type
(

W3

W1W2

)
satisfies condition (8.1).

Therefore, any twisted intertwining operator pair with a twisted intertwining operator

Y of type
(

W3

W1W2

)
satisfies the regular singular point property for both product and

iterate.

If g ∈ Aut(V ) is of finite order, then for any indecomposable g-twisted V -module

W , the set {µ ∈ C/Z|n ∈ µ for some n ∈ P (W )} is finite. Notice that Y g
W (v, x)w ∈

W [[x
1

o(g) , x
−1
o(g) ]], for any v ∈ V , w ∈ W , where o(g) is the order of g. We know that

for any g-twisted module W , and a ∈ C, ⊕n∈a+ 1
o(g)

ZW[n] is a submodule, and therefore

a direct summand of W .

We say that (Y1,Y2) satisfies the convergence and extension property for

products, if the followings are satisified.

• (1)convergence condition for products: For any l ∈ N, u1, . . . , ul ∈ V , w1 ∈ W1,

w2 ∈ W2, w3 ∈ W3, w
′
4 ∈ W ′

4, the series,

⟨w′
4,Y1(w1, ζ1)Y2(w2, ζ2)Y

g3(u1, z1) · · ·Y g3(ul, zl)w3⟩ , (8.3)

is absolutely convergent on the region given by 0 < |zl| < · · · < |z1| < |ζ2| < |ζ1|.
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• (2) The series (8.3) can be extended to a multi-valued analytic function

fY1,Y2,l+2(z1, . . . , zl, ζ1, ζ2;u1, . . . , ul;w1, w2, w3, w
′
4) (8.4)

on (z1, . . . , zl, ζ1, ζ2) ∈ Fl+2(C − {0}) satisfying Condition 3.0.13 for (l, 2, {0}),

with a preferred single valued branch f eY1,Y2,l+2 on (z1, . . . , zl, ζ1, ζ2) ∈ F 0
l,2(C −

{0}). Moreover, (8.3) converges to the preferred branch f eY1,Y2,l+2 on

the connected component of{
(z1, . . . , zl, ζ1, ζ2) ∈ F 0

l,2(C− {0})
∣∣∣ 0 < |zl| < · · · < |z1| < |ζ2| < |ζ1|

}
containing (−l,−l + 1, . . . ,−1,−2l − 3,−2l − 1). (8.5)

Remark 8.0.3. The complex manifold with boundary, F 0
1,2(C − {0}), is a simply

connected region given by cutting (z1, ζ1, ζ2) ∈ F1,2(C − {0})(= F3(C − {0})) along

z1 ∈ ζ1 + R+, z1 ∈ ζ2 + R+, ζ1 ∈ ζ2 + R+, z1, ζ1, ζ2 ∈ R+. By giving these cuttings

on F1,2(C − {0}) and getting a simply connected region, we have a unique way to

identify π1(F1,2(C−{0}), p) for different point p ∈ F1,2(C−{0}). Therefore, any loop

in F1,2(C− {0}) represents a group element in π1(F1,2(C− {0})) ∼= PB4.

In the definition of convergence and extension property, only the action of V on

W3 is involved (in (8.3)). We also want to study the following series:

⟨w′
4,Y1(w1, ζ1)Y2(Y (v, z1 − ζ2)w2, ζ2)w3⟩ , (8.6)

⟨w′
4,Y1(w1, ζ1)Y (v, z1)Y2(w2, ζ2)w3⟩ , (8.7)

⟨w′
4,Y1(Y (v, z1 − ζ1)w1, ζ1)Y2(w2, ζ2)w3⟩ , (8.8)

⟨w′
4, Y (v, z1)Y1(w1, ζ1)Y2(w2, ζ2)w3⟩ . (8.9)

Proposition 8.0.4. Suppose (Y1,Y2) satisfies the convergence and extension condi-
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tion for product, then,

(1) The series (8.6) is absolutely convergent on the region given by 0 < |z1−ζ2|+|ζ2| <

|ζ1|, and 0 < |z1−ζ2| < |ζ2|. Moreover, it is equal to f eY1,Y2,3
(z1, ζ1, ζ2; v;w1, w2, w3, w

′
4)

on the connected component of

{
(z1, ζ1, ζ2) ∈ F 0

1,2(C− {0})
∣∣∣ 0 < |z1 − ζ2| < |ζ2|, |z1 − ζ2|+ |ζ2| < |ζ1|

}
containing (−2,−5,−3) (or equivalently, containing (−4,−5,−3)). (8.10)

(2) The series (8.7) is absolutely convergent on the region given by 0 < |ζ2| < |z1| <

|ζ1|. Moreover, it is equal to f eY1,Y2,3
(z1, ζ1, ζ2; v;w1, w2, w3, w

′
4) on the connected

component of

{
(z1, ζ1, ζ2) ∈ F 0

1,2(C− {0})
∣∣∣ 0 < |ζ2| < |z1| < |ζ1|

}
containing (−4,−5,−3). (8.11)

(3) The series (8.8) is absolutely convergent on the region given by 0 < |ζ2|+|z1−ζ1| <

|ζ1|. Moreover, it is equal to f eY1,Y2,3
(z1, ζ1, ζ2; v;w1, w2, w3, w

′
4) on the connected

component of

{
(z1, ζ1, ζ2) ∈ F 0

1,2(C− {0})
∣∣∣ 0 < |ζ2|+ |z1 − ζ1| < |ζ1|

}
containing (−4,−5,−3) (or equivalently, containing (−6,−5,−3)). (8.12)

(4) The series (8.9) is absolutely convergent on the region given by 0 < |ζ2| < |ζ1| <

|z1|. Moreover, it is equal to f eY1,Y2,3
(z1, ζ1, ζ2; v;w1, w2, w3, w

′
4) on the connected

component of

{
(z1, ζ1, ζ2) ∈ F 0

1,2(C− {0})
∣∣∣ 0 < |ζ2| < |ζ1| < |z1|

}
containing (−6,−5,−3).
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Proof. By the duality of Y2, on the region given by |ζ2| > |z1 − ζ2| > 0, |ζ2| >

|z1| > 0, and −3π
2
< arg(z1 − ζ2)− arg ζ2 < −π

2
, | arg z1 − arg ζ2| < π

2
(which contains

(z1, ζ2) = (−2,−3)), for any m′
1 ∈M ′

1, we have

⟨m′
1,Y2(Y (v, z1 − ζ2)w2, ζ2)w3⟩ = ⟨m′

1,Y2(w2, ζ2)Y (v, z1)w3⟩

=f eY2,2
(z1, ζ2; v, w2, w3,m

′
1) . (8.13)

Notice that on the region given by (z1, ζ1, ζ2) ∈ F 0
1,2(C − {0}), 0 < |z1| < |ζ2| < |ζ1|,

the function arg(z1 − ζ2) − arg ζ2 is continuous and has image (−3π
2
,−π

2
) ∪ (π

2
, 3π

2
).

For (z1, ζ1, ζ2) = (−1,−5,−3), arg(z1 − ζ2) − arg ζ2 = −π ∈ (−3π
2
,−π

2
) Therefore,

we know that for any (z1, ζ1, ζ2) belongs to the region (8.5), we have −3π
2
< arg(z1 −

ζ2)− arg ζ2 < −π
2
. Therefore, on the region (8.5), we have

f eY1,Y2,3
(z1, ζ1, ζ2; v, w1, w2, w3, w

′
4)

= ⟨w′
4,Y1(w1, ζ1)Y2(w2, ζ2)Y (v, z1)w3⟩

=
∑
n1∈C

∑
k1∈N

〈
(A±Y1)

∓o
n1,k1

(w1)w
′
4,Y2(w2, ζ2)Y (v, z1)w3

〉
ζ−n1−1
1 log(ζ1)

k1

=
∑
n1∈C

∑
k1∈N

f eY2,2

(
z1, ζ2; v, w2, w3, (A±Y1)

∓o
n1,k1

(w1)w
′
4

)
ζ−n1−1
1 log(ζ1)

k1 . (8.14)

For any (z̃1, ζ̃2) ∈ F2(C − 0), (z1, ζ1, ζ2) = (z̃1,∞, ζ̃2) is a regular singularity of

fY1,Y2,3(z1, ζ1, ζ2; v;w1, w2, w3, w
′
4). Therefore, the right-hand side of (8.14) is well-

defined and absolutely convergent on the larger region given by (z1, ζ1) ∈ F2(C− 0),

and |ζ1| > max{|z1|, |ζ2|}. By the analyticity of the both sides of (8.14), we know

that

f eY1,Y2,3
(z1, ζ1, ζ2; v;w1, w2, w3, w

′
4) =∑

n1∈C

∑
k1∈N

f eY2,2

(
z1, ζ2; v, w2, w3, (A±Y1)

∓o
n1,k1

(w1)w
′
4

)
ζ−n1−1
1 log(ζ1)

k1 (8.15)
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holds on the connected component of

{
(z1, ζ1, ζ2) ∈ F 0

1,2(C− {0})
∣∣ |ζ1| > max{|z1|, |ζ2|}

}
containing (−1,−5,−3).

(8.16)

(or equivalently containing (−2,−5,−3) or (−4,−5,−3).)

In particular, on the sub-region given by the connected component of the region

(z1, ζ1, ζ2) ∈ F 0
1,2(C − {0}), |ζ1| > 2|ζ2| > 2|z1 − ζ2| > 0, | arg z1 − arg ζ2| < π

2

containing (−1,−5,−3), we have

f eY1,Y2,3
(z1, ζ1, ζ2; v, w1, w2, w3, w

′
4)

=
∑
n1∈C

∑
k1∈N

f eY2,2

(
z1, ζ2; v, w2, w3, (A±Y1)

∓o
n1,k1

(w1)w
′
4

)
ζ−n1−1
1 log(ζ1)

k1

=
∑
n1∈C

∑
k1∈N

〈
(A±Y1)

∓o
n1,k1

(w1)w
′
4,Y2(Y (v, z1 − ζ2)w2, ζ2)w3

〉
ζ−n1−1
1 log(ζ1)

k1

= ⟨w′
4,Y1(w1, x)Y2(Y (v, z1 − ζ2)w2, ζ2)w3⟩

∣∣∣
xn=enl0(ζ1),log x=l0(ζ1)

(8.17)

Since
(
z1
ζ2
− 1, ζ1

ζ2

)
= (0,∞) is a regular singularity of

fY1,Y2,3

(
z1
ζ2
,
ζ1
ζ2
, 1; v, w1, w2, w3, w

′
4

)
,

we know that on the enlarged region, the connected component of the region given

by (z1, ζ1, ζ2) ∈ F 0
1,2(C − {0}), |ζ1| > |ζ2| + |z1 − ζ2|, |ζ2| > |z1 − ζ2| > 0, containing

(−1,−5,−3) (on which | arg z1 − arg ζ2| < π
2
automatically holds), we have

f eY1,Y2,3
(z1, ζ1, ζ2; v, w1, w2, w3, w

′
4) = ⟨w′

4,Y1(w1, z1)Y2(Y (v, z1 − ζ2)w2, ζ2)w3⟩ ,

(8.18)

where the right-hand side of (8.18) is absolutely convergent on the region given by
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|ζ1| > |ζ2|+|z1−ζ2| > 0, |ζ2| > |z1−ζ2| > 0. The same connected component contains

(−2,−5,−3) and (−4,−5,−3), since we can find the paths [0, 1] 7→ (−1− t,−5,−3),

and [0, 1] 7→ (−3 − eπıt,−5,−3) contained in the region,which is from (−1,−5,−3)

to (−2,−5,−3), and from (−2,−5,−3) to (−4,−5,−3), respectively. Thus part (1)

has been proven.

Since (8.15) holds on (8.16), on the sub-region of (8.16) given by the connected

component of the region (z1, ζ1, ζ2) ∈ F 0
1,2(C − {0}), |ζ1| > |z1| > |ζ2| > 0, | arg(z1 −

ζ2)− arg z1| < π
2
containing (−4,−5,−3), we have

f eY1,Y2,3
(z1, ζ1, ζ2; v, w1, w2, w3, w

′
4)

=
∑
n1∈C

∑
k1∈N

f eY2,2

(
z1, ζ2; v, w2, w3, (A±Y1)

∓o
n1,k1

(w1)w
′
4

)
ζ−n1−1
1 log(ζ1)

k1

=
∑
n1∈C

∑
k1∈N

〈
(A±Y1)

∓o
n1,k1

(w1)w
′
4, Y (v, z1)Y2(w2, ζ2)w3

〉
ζ−n1−1
1 log(ζ1)

k1

= ⟨w′
4,Y1(w1, x)Y (v, z1)Y2(w2, ζ2)⟩

∣∣∣
xn=enl0(ζ1),log x=l0(ζ1)

(8.19)

Similar as (8.18), we know that on the connected component of the region (z1, ζ1, ζ2) ∈

F 0
1,2(C − {0}), |ζ1| > |z1| > |ζ2| > 0, containing (−4,−5,−3) (on which | arg(z1 −

ζ2)− arg z1| < π
2
automatically holds),

f eY1,Y2,3
(z1, ζ1, ζ2; v, w1, w2, w3, w

′
4) = ⟨w′

4,Y1(w1, ζ1)Y (v, z1)Y2(w2, ζ2)⟩ ,

where the right-hand side is absolutely convergent on the region given by |ζ1| > |z1| >

|ζ2| > 0. Thus part (2) has been proven.

Part (3) and part (4) are similar.

Assumption 8.0.5. For any pair of intertwining operators among modules in C, both

the convergence and extension condition for product and iterate hold. Furthermore,

C is closed under taking image.
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Remark 8.0.6. A notation thing: Y(w, z) = Y0(w, z) = Y(w, x)|x=z = Y(w, el0(z)).

For any p ∈ Z, Yp(w, z) = Y(w, x)|x=elp(z) = Y(w, x)|xn=enlp(z),log(x)=log(z)+2πpı =

Y(w, elp(z)) = Y0(w, elp(z)) = Y(w, e2πıpz) = Y0(w, e2πıpz). For any z, n ∈ C, z ̸= 0,

log(z) = l0(z), z
n = enl0(z).

Now, we fix z̃0, z̃1, z̃2 ∈ C with z̃0 = z̃1 − z̃2, and

0 < |z̃0| < |z̃2| < |z̃1|. (8.20)

Let Ũ , Ũ0, Ũ1 be

the connected component of{
(ζ1, ζ2) ∈ F 0

0,2(C− {0})
∣∣ 0 < |ζ1 − ζ2| < |ζ2| < |ζ1|

}
containing (z̃1, z̃2),

(8.21)

the connected component of{
(ζ1, ζ2) ∈ F 0

0,2(C− {0})
∣∣ 0 < |ζ1 − ζ2| < |ζ2|

}
containing (z̃1, z̃2),

the connected component of{
(ζ1, ζ2) ∈ F 0

0,2(C− {0})
∣∣ 0 < |ζ2| < |ζ1|

}
containing (z̃1, z̃2),

respectively.

Remark 8.0.7. There are 3 different connected components of the region given by

(ζ1, ζ2) ∈ F 0
0,2(C−{0}), 0 < |ζ1−ζ2| < |ζ2|, which are characterized by the inequalities

| arg ζ1 − arg ζ2| < π
2
, −2π < arg ζ1 − arg ζ2 < −3π

2
, and 3π

2
< arg ζ1 − arg ζ2 < 2π.

There are 3 different connected components of the region given by (ζ1, ζ2) ∈ F 0
0,2(C−

{0}), 0 < |ζ2| < |ζ1|, which are characterized by the inequalities | arg(ζ1−ζ2)−arg ζ1| <
π
2
, −2π < arg(ζ1 − ζ2)− arg ζ1 < −3π

2
, and 3π

2
< arg(ζ1 − ζ2)− arg ζ1 < 2π.

There are 5 different connected components of the region given by (ζ1, ζ2) ∈ F 0
0,2(C−

{0}), 0 < |ζ1 − ζ2| < |ζ2| < |ζ1|, which are characterized by a pair of inequalities.
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In Table 8.0.7, we give names Ui, i = 1, . . . , 5, to these connected components, and

write down some points belongs to each of them, where ϵ and θ are any real numbers

satisfying ϵ ∈ (0, 0.5) and θ ∈
(
π
12
, π
4

)
. Therefore, Ũ ∈ {U1, . . . , U5} is the one which

contains (z̃1, z̃2).

Table 8.1: Five connected components

arg(ζ1)− arg(ζ2)

arg(ζ1 − ζ2)− arg(ζ1) (
−2π,−3π

2

) (
−π

2
, π
2

) (
π
2
, 3π

2

)
(
−2π,−3π

2

)
∅ U2, (3 + ϵ, 3e−θı) ∅(

−π
2
, π

2

)
U3, (3− ϵı, 3e−θı) U1, (−5,−3) U4, (3 + ϵ, 3eθı)(

π
2
, 3π

2

)
∅ U5, (3− ϵı, 3eθı) ∅
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Chapter 9

The P (z) Part

Let ζ1, ζ2 be complex variables, and ζ0 = ζ1 − ζ2.

Since (ζ1− ζ2, ζ2) = (0,∞) is a regular singularity of fY1,Y2,2(ζ1, ζ2;w1, w2, w3, w
′
4),

for any Ũ ′ ∈ {U1, . . . , U5}, there exist an;i,j(w1, w2, w3, w
′
4) ∈ (W1 ⊗W2 ⊗W3 ⊗W ′

4)
∗

for n ∈ C, i, j ∈ N such that on the region given by (ζ1, ζ2) ∈ Ũ ′, for homogeneous

w1,w2,w3,w
′
4, we have

⟨w′
4,Y1(w1, ζ1)Y2(w2, ζ2)w3⟩ = f

b(Ũ ′)
Y1,Y2,2

(ζ1, ζ2;w1, w2, w3, w
′
4)

=
∑
n∈C

∑
i,j∈N

an;i,j(w1, w2, w3, w
′
4)e

(−n−1)l0(ζ2)(l0(ζ2))
ie(∆+n+1)l0(ζ0)(l0(ζ0))

j, (9.1)

(See also Lemma 11.2 in [HLZ7])

where

∆ = wtw′
4 − wtw1 − wtw2 − wtw3,

and b(Ũ ′) is an element in the fundamental group of F 0
0,2(C−{0}) which only depends

on Ũ ′. We know that there exists M ∈ Z+, s1, . . . , sM ∈ C, such that

an;i,j(w1, w2, w3, w
′
4) = 0,



169

if −n − 1 /∈ ∪Mk=1(sk + N). We also know that an;i,j(w1, w2, w3, w
′
4) = 0 for either i

or j is sufficiently large. For any w3 ∈ W3, w
′
4 ∈ W4, consider the linear functional

λw3,w′
4
∈ (W1 ⊗W2)

∗ defined by

λw3,w′
4
(w1 ⊗ w2) = ⟨w′

4,Y1(w1, z̃1)Y2(w2, z̃2)w3⟩ .

Therefore, we know that for homogeneous module elements,

λw3,w′
4
(w1 ⊗ w2)

=
∑
n∈C

∑
i,j∈N

an;i,j(w1, w2, w3, w
′
4)e

(−n−1)l0(z̃2)(l0(z̃2))
ie(∆+n+1)l0(z̃0)(l0(z̃0))

j. (9.2)

We define λ
(2)
n = λ

(2)
n (w3, w

′
4) ∈ (W1 ⊗W2)

∗, n ∈ C, as follows,

λ(2)n (w1 ⊗ w2) =
∑
i,j∈N

an+wtw3−wtw′
4−1;i,j(e

−l0(z̃0)L(0)sw1, e
−l0(z̃0)L(0)sw2, e

−l0(z̃0)L(0)sw3,

el0(z̃0)L(0)sw′
4) · (z̃0)n+wtw3−wtw′

4 z̃2
(−n−wtw3+wtw′

4)(log(z̃2))
i(log(z̃0))

j. (9.3)

Therefore, we have λw3,w′
4
(w1 ⊗ w2) =

∑
n∈C λ

(2)
n (w1 ⊗ w2).

For any homogeneous w3 ∈ W3, w
′
4 ∈ W ′

4, (ζ1, ζ2) ∈ Ũ , We define λ̃
(2)
n (w3, w

′
4; ζ1, ζ2)

to be an element in (W1 ⊗W2)
∗ with

λ̃(2)n (w3, w
′
4; ζ1, ζ2)(w1 ⊗ w2) =∑

i,j∈N

an+wtw3−wtw′
4−1;i,j(e

−l0(ζ0)L(0)sw1, e
−l0(ζ0)L(0)sw2, e

−l0(ζ0)L(0)sw3, e
l0(ζ0)L(0)sw′

4)

· e(n+wtw3−wtw′
4)l0(ζ0)e(−n−wtw3+wtw′

4)l0(ζ2)(l0(ζ2))
i(l0(ζ0))

j. (9.4)

Therefore, λ
(2)
n (w3, w

′
4) = λ̃

(2)
n (w3, w

′
4; z̃1, z̃2).

The main theorem that we want to prove is the following.

Theorem 9.0.1. Suppose Ũ = U1 (see (8.21) and the table in Remark 8.0.7). For



170

any n ∈ C, w3 ∈ W3, w
′
4 ∈ W ′

4, the linear functional λ
(2)
n (w3, w

′
4) is P (z̃0)-compatible.

Remark 9.0.2. The linear functional λw3,w′
4
∈ (W1 ⊗W2)

∗ actually satisfies most

parts of the definition of P (z̃0)-compatible, except for the fact that

fn(z1, . . . , zn;u1, . . . , un, w1, w2;λw3,w′
4
)

is defined on Fn(C − {0, z̃0,−z̃2}), instead of Fn(C − {0, z̃0}). In other words, there

are extra singularities of fn at zi = −z̃2, i = 1, . . . , n.

Proof. By Lemma 8.0.4, we know that

〈
w′

4,Y1(w1, ζ1)Y2(Y
g2
W2

(u1, z1)w2, ζ2)w3

〉
(9.5)

is absolutely convergent, on the region given by 0 < |z1| < |ζ2|, |z1|+ |ζ2| < |ζ1|, to the

multivalued analytic function fY1,Y2,3(z1+ζ2, ζ1, ζ2;u1, w1, w2, w3, w4). As multivalued

analytic functions, we have

fY1,Y2,3(z1 + ζ2, ζ1, ζ2;u1, w1, w2, w3, w
′
4)

=fY1,Y2,3

(
ζ2
ζ0

+
z1
ζ0
,
ζ2
ζ0

+ 1,
ζ2
ζ0
; ζ

−L(0)
0 u1, ζ

−L(0)
0 w1, ζ

−L(0)
0 w2, ζ

−L(0)
0 w3, ζ

L(0)
0 w′

4

)
, (9.6)

whose right-hand side, as a function on z1
ζ0

and ζ2
ζ0
, has a regular singularity ( z1

ζ0
, ζ2
ζ0
) =

(0,∞). This is because since (a− c, b− c− 1, c) = (0, 0,∞) is a regular singularity of

fY1,Y2,3(a, b, c), we know that (a−c, c) = (0,∞) is a regular singularity of fY1,Y2,3(a, c+

1, c). Therefore, on the region given by 0 < | z1
ζ0
| < 1 < | ζ2

ζ0
|, 0 < |z1| < |ζ2|, |z1|+|ζ2| <

|ζ1|, (ζ1, ζ2) ∈ Ũ , (9.5) can be written as an absolutely convergent series,

〈
w′

4,Y1(w1, ζ1)Y2(Y
g2
W2

(u1, z1)w2, ζ2)w3

〉
=
∑
m,n∈C

∑
i,j,k∈N

bm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 z−m−1

1 ζm+n+2+∆1
0
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(log (ζ2))
i (log (ζ0))

j (log (z1))
k , (9.7)

∆1 = ∆− wtu1 = wtw′
4 − wtu1 − wtw1 − wtw2 − wtw3,

where bm,n;i,j,k = 0 unless −m,n are contained in a fixed finite union of sets of the

form r+N. The right-hand side of (9.7) is absolutely convergent on the region given

by 0 < | z1
ζ0
| < 1 < | ζ2

ζ0
|, or equivalently, 0 < |z1| < |ζ0| < |ζ2|.

By the definition of λ̃
(2)
n (w3, w

′
4; ζ1, ζ2), on the region given by z1 ∈ C, 0 <

|z1| < |ζ1| − |ζ2|, (ζ1, ζ2) ∈ Ũ , we know that (9.7) is equal to its iterate sum∑
n∈C λ̃

(2)
n (w3, w

′
4; ζ1, ζ2)(w1 ⊗ Y g2

W2
(u1, z1)w2). In other words, on the region given

by, 0 < |z1| < |ζ1| − |ζ2|, (ζ1, ζ2) ∈ Ũ , we have

∑
n∈C

λ̃(2)n (w3, w
′
4; ζ1, ζ2)(w1 ⊗ Y g2

W2
(u1, z1)w2)

=
〈
w′

4,Y1(w1, ζ1)Y2(Y
g2
W2

(u1, z1)w2, ζ2)w3

〉
=
∑
n∈C

(∑
m∈C

∑
i,j,k∈N

bm,n;i,j,k(u1;w1,w2,w3,w
′
4)

ζ−n−1
2 z−m−1

1 ζm+n+2+∆1
0 (log (ζ2))

i (log (ζ0))
j (log (z1))

k
)

(9.8)

By the definition of λ̃
(2)
n (w3, w

′
4; ζ1, ζ2), we know that

λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
w1 ⊗ Y g2

W2
(u1, z1)w2

)
=
∑
m∈C

∑
k∈N

λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
w1 ⊗

(
Y g2
W2

)
m,k

(u1)w2

)
· z−m−1

1 (log(z1))
k

=
∑
m∈C

∑
k∈N

(∑
i,j∈N

an+wtw3−wtw′
4−1;i,j

(
w1,
(
Y g2
W2

)
m,k

(u1)w2, w3, w
′
4

)
· (log(ζ2))i(log(ζ0))j

)

· (ζ0)n−wtw1−wtw2−wtu1+m+1ζ
−n−wtw3+wtw′

4
2 z−m−1

1 (log(z1))
k.

(9.9)
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Comparing (9.8) and (9.9), for any z1 with 0 < |z1| < |ζ1| − |ζ2|, we have

λ̃(2)n (w3, w
′
4; ζ1, ζ2)(w1 ⊗ Y g2

W2
(u1, z1)w2)

=
∑
m∈C

∑
i,j,k∈N

bm,n+wtw3−wtw′
4−1;i,j,k(u1;w1, w2, w3, w

′
4) · (log (ζ2))

i (log (ζ0))
j (log (z1))

k

· ζn−wtw1−wtw2−wtu1+m+1
0 z̃2

−n−wtw3+wtw′
4z−m−1

1 .

=ζn−wtw1−wtw2−wtu1
0 ζ

−n−wtw3+wtw′
4

2

∑
i≥0

(log (ζ2))
i

(∑
m∈C

∑
j,k∈N

bm,n+wtw3−wtw′
4−1;i,j,k(u1;w1, w2, w3, w

′
4) · (log (ζ0))

j (log (z1))
k ·
(
z1
ζ0

)−m−1
)
(9.10)

Since the right-hand side of (9.7) is absolutely convergent on the region given by

0 < | z1
ζ0
| < 1 < | ζ2

ζ0
|, or equivalently 0 < |z1| < |ζ0| < |ζ2|, we know that for any n ∈ C,

both sides of (9.10) are absolutely convergent and are equal on the region given by

0 < |z1| < |ζ0|, because essentially (9.10) is a finite linear combination of power series

on z1/ζ0.

For any a ∈ C,
(
ζ2
ζ0
, z1
ζ0

)
= (∞, a) is a regular singularity of (9.6), and also, (9.6)

is analytic at z1
ζ0

= a for any a ̸= 0, 1,− ζ2
ζ0
. For any n ∈ C, i ≥ 0, we consider the

following sub-series of (9.10), which is convergent on 0 < |z1| < |ζ0|,

∑
m∈C

∑
j,k∈N

bm,n+wtw3−wtw′
4−1;i,j,k(u1;w1, w2, w3, w

′
4) · (log (ζ0))

j (log (z1))
k ·
(
z1
ζ0

)−m−1

.

(9.11)

After fixing ζ1, ζ2 with (ζ1, ζ2) ∈ Ũ , as a function on z1, (9.11) can be analytically

extended to a multi-valued analytic function on the region given by z1 ̸= 0, ζ0,−ζ2.

However, these multi-valued functions indexed by i are independent on ζ2 when ζ0 is

fixed. In other words, after replacing ζ2 by another complex number ζ2 new such that

(ζ1 new, ζ2 new) = (ζ0+ζ2 new, ζ2 new) ∈ Ũ , these multi-valued analytic functions (9.11)
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indexed by i would not be changed. This fact means that z1 = −ζ2 is a removable

singularity for these functions. Therefore, as a finite sum of (9.11) over i, on the

region given by 0 < |z1| < |ζ0|,the series

∑
m∈C

∑
i,j,k∈N

bm,n+wtw3−wtw′
4−1;i,j,k(u1;w1,w2,w3,w

′
4)ζ

−n−wtw3+wtw′
4

2 z−m−1
1 ·

ζn−wtw1−wtw2−wtu1+m+1
0 (log (ζ2))

i (log (ζ0))
j (log (z1))

k (9.12)

converges to a multi-valued analytic function h(n)(ζ0, ζ2, z1;u1, w1, w2) on the region

given by ζ0, ζ2, z1 ∈ C with (ζ1, ζ2) ∈ Ũ and z1 ∈ F1(C − {0, ζ0}). We define

he(n)(ζ0, ζ2, z1;u1, w1, w2) on the simply connected region given by (ζ1, ζ2) ∈ Ũ and

z1 ∈ F 0
1 (C− {0, ζ0}) to be the single valued branch of h(n), such that

(9.12) =


he(n)(ζ0, ζ2, z1;u1, w1, w2) if (ζ1, ζ2) ∈ Ũ and z1 ∈ Ω

(1)
0,0,1(ζ0),

h
b−1
1,ζ0

(n) (ζ0, ζ2, z1;u1, w1, w2) if (ζ1, ζ2) ∈ Ũ and z1 ∈ Ω
(2)
0,0,1(ζ0).

(9.13)

(see remark 7.0.3)

Therefore by (9.10), for any (ζ1, ζ2) ∈ Ũ , 0 < |z1| < |ζ0|, we have

λ̃(2)n (w3, w
′
4; ζ1, ζ2)(w1 ⊗ Y g2

W2
(u1, z1)w2) =

he(n)(ζ0, ζ2, z1;u1, w1, w2) if (ζ1, ζ2) ∈ Ũ and z1 ∈ Ω
(1)
0,0,1(ζ0),

h
b−1
1,ζ0

(n) (ζ0, ζ2, z1;u1, w1, w2) if (ζ1, ζ2) ∈ Ũ and z1 ∈ Ω
(2)
0,0,1(ζ0).

(9.14)

We also know that on the region given by 0 < |z1| < |ζ0|, (ζ1, ζ2) ∈ Ũ (larger that

0 < |z1| < |ζ1| − |ζ2|, (ζ1, ζ2) ∈ Ũ), the left-hand side and the right-hand side of (9.8)

are absolutely convergent and equal.

Next, we should consider λw3,w′
4
(Y g1

W1
(u1, z1 − z̃0)w1 ⊗ w2) and λ

(2)
n (Y g1

W1
(u1, z1 −
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z̃0)w1 ⊗ w2). By Lemma 8.0.4, we know that

〈
w′

4,Y1(Y
g1
W1

(u1, z1 − ζ0)w1, ζ1)Y2(w2, ζ2)w3

〉
(9.15)

is absolutely convergent, on the region given by 0 < |z1 − ζ0| + |ζ2| < |ζ1|, to the

multivalued analytic function fY1,Y2,3(z1 + ζ2, ζ1, ζ2;u1, w1, w2, w3, w
′
4). With ζ1, ζ2

fixed, as a function on z1, this multivalued analytic function only has singularity at

z1 = 0, ζ0,−ζ2. Therefore, the corresponding iterate series

∑
n∈C

λ̃(2)n (w3, w
′
4; ζ1, ζ2)(Y

g1
W1

(u1, z1 − ζ0)w1 ⊗ w2)

is absolutely convergent on the region given by 0 < |z1 − ζ0| < min{|0− ζ0|, | − ζ2 −

ζ0|} = |ζ0|.

As multivalued functions, we have

fY1,Y2,3(z1 + ζ2, ζ1, ζ2;u1, w1, w2, w3, w
′
4)

=fY1,Y2,3

(
z1 − ζ0
ζ0

+
ζ2
ζ0

+ 1,
ζ2
ζ0

+ 1,
ζ2
ζ0
; ζ

−L(0)
0 u1, ζ

−L(0)
0 w1, ζ

−L(0)
0 w2, ζ

−L(0)
0 w3, ζ

L(0)
0 w′

4

)
,

(9.16)

whose right-hand side, as function on z1−ζ0
ζ0

and ζ2
ζ0
, has a regular singularity ( z1−ζ0

ζ0
, ζ2
ζ0
) =

(0,∞). This is because since (a′ − b, b − c − 1, c) = (0, 0,∞) is a regular singular-

ity of fY1,Y2,3(a
′, b, c), we have (a, b − c − 1, c) = (0, 0,∞) is a regular singularity

of fY1,Y2,3(a + b, b, c). Also since it is holomorphic at b − c − 1 = 0, we know

that (a, c) = (0,∞) is a regular singularity of fY1,Y2,3(a + c + 1, c + 1, c). There-

fore, there exist cm,n;i,j,k(u1;w1,w2,w3,w
′
4) ∈ C such that on the region given by

0 <
∣∣∣ z1−ζ0ζ0

∣∣∣ < 1 < 1 +
∣∣∣ z1−ζ0ζ0

∣∣∣ < ∣∣∣ ζ2ζ0 ∣∣∣, 0 < |z1 − ζ0| + |ζ2| < |ζ1|, (ζ1, ζ2) ∈ Ũ , we
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have

〈
w′

4,Y1

(
Y g1
W1

(u1, z1 − ζ0)w1, ζ1
)
Y2 (w2, ζ2)w3

〉
=
∑
m,n∈C

∑
i,j,k∈N

cm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 (z1 − ζ0)

−m−1ζm+n+2+∆1
0

· (log (ζ2))i (log (ζ0))j (log (z1 − ζ0))
k . (9.17)

where cm,n;i,j,k = 0 unless −m,n are contained in a fixed finite union of sets of the

form r+N. The right-hand side of (9.17) is absolutely convergent on the region given

by 0 <
∣∣∣ z1−ζ0ζ0

∣∣∣ < 1 < 1 +
∣∣∣ z1−ζ0ζ0

∣∣∣ < ∣∣∣ ζ2ζ0 ∣∣∣, or equivalently, 0 < |z1 − ζ0| < |ζ0|, and

|z1 − ζ0|+ |ζ0| < |ζ2|.

Similar as above, we know that for (ζ1, ζ2) ∈ Ũ , the series on z1 − ζ0,

λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
Y g1
W1

(u1, z1 − ζ0)w1 ⊗ w2

)
,

is absolutely convergent on the region given by (ζ1, ζ2) ∈ Ũ , 0 < |z1 − ζ0| < |ζ0|, and

λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
Y g1
W1

(u1, z1 − ζ0)w1 ⊗ w2

)
=
∑
m∈C

∑
i,j,k∈N

cm,n+wtw3−wtw′
4−1;i,j,k(u1;w1, w2, w3, w

′
4) · (log (ζ2))

i (log (ζ0))
j

· (log (z1 − ζ0))
k ζn−wtw1−wtw2−wtu1+m+1

0 ζ
−n−wtw3+wtw′

4
2 (z1 − ζ0)

−m−1. (9.18)

Moveover, also similarly, as a function on z1, (9.18) can be analytically extend to a

multi-valued analytic function on the region z1 ∈ F1(C− {0, ζ0}).

Also, on the region given by 0 < |z1 − ζ0| < |ζ0| < |ζ2|, we know the iterate series,

∑
n∈C

λ̃
(2)
(n)(w3, w

′
4; ζ1, ζ2)

(
Y g1
W1

(u1, z1 − ζ0)w1 ⊗ w2

)
=
∑
n∈C

(∑
m∈C

∑
i,j,k∈N

cm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 (z1 − ζ0)

−m−1ζm+n+2+∆1
0
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· (log (ζ2))i (log (ζ0))j (log (z1 − ζ0))
k
)

(9.19)

is absolutely convergent.

Next, we want to study the equalness between λw3,w′
4
(Y g1

W1
(u1, z1−ζ0)w1⊗w2) and

λw3,w′
4
(w1 ⊗ Y g2

W2
(u1, z1)w2). Let the multivalued analytic function in the definition of

twisted intertwining operator for Y1, Y2 be fY1 , fY2 , respectively.

By Lemma 8.0.4, the multiple series

〈
w′

4,Y1(w1, ζ1)Y
g2g3
M1

(u1, z1 + ζ2)Y2(w2, ζ2)w3

〉
, (9.20)

is absolutely convergent on the region given by 0 < |ζ2| < |z1 + ζ2| < |ζ1|.

Also, on the region given by 0 < |ζ2| < |z1+ ζ2| < |ζ1|, 0 < |z1| < |ζ2|, |z1|+ |ζ2| <

|ζ1|, | arg(z1 + ζ2)− arg(ζ2)| < π
2
, and | arg(z1 + ζ2)− arg(z1)| < π

2
, we know that

〈
w′

4,Y1(w1, ζ1)Y2(Y
g2
W2

(u1, z1)w2, ζ2)w3

〉
=
∑
n∈C

∑
k≥0

〈(
A+(Y1)

−o)
−n−1,k

(w1)(w
′
4),Y2(Y

g2
W2

(u1, z1)w2, ζ2)w3

〉
enl0(ζ1)(l0(ζ1))

k

=
∑
n∈C

∑
k≥0

f eY2,2

(
z1 + ζ2, ζ2;u1, w2, w3,

(
A+(Y1)

−o)
−n−1,k

(w1)(w
′
4)
)
enl0(ζ1)(l0(ζ1))

k.

=
∑
n∈C

∑
k≥0

〈(
A+(Y1)

−o)
−n−1,k

(w1)(w
′
4), Y

g1g2
M1

(u1, z1)Y2(w2, ζ2)w3

〉
enl0(ζ1)(l0(ζ1))

k

=
〈
w′

4,Y1(w1, ζ1)Y
g2g3
M1

(u1, z1 + ζ2)Y2(w2, ζ2)w3

〉
. (9.21)

Let ϕ(z1, ζ1, ζ2) = (z1+ζ2, ζ1, ζ2) on C3, and O = ϕ−1(F 0
1,2(C−{0})) with the topology

such that ϕ is a homeomorphism. In other words, O is the region (set-theoretically

and topologically) given by

(z1, ζ1, ζ2) ∈ C3, z1 ̸= 0, z1 ̸= −ζ2, z1 ̸= ζ0, ζ1 ̸= 0, ζ2 ̸= 0, ζ1 ̸= ζ2,

with cuttings z1∈R+, z1∈−ζ2 + R+, z1∈ζ0 + R+, ζ1∈R+, ζ2∈R+, ζ1∈ζ2 + R+.
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Define the region O1 by 0 < |ζ2| < |z1+ ζ2| < |ζ1|, 0 < |z1| < |ζ2|, |z1|+ |ζ2| < |ζ1|,

| arg(z1+ζ2)−arg(ζ2)| < π
2
, | arg(z1+ζ2)−arg(z1)| < π

2
, −3π

2
< arg(z1−ζ0)−arg(ζ1) <

−π
2
, and (ζ1, ζ2) ∈ Ũ .

Define the region O2 by 0 < |ζ2| < |z1+ ζ2| < |ζ1|, 0 < |z1| < |ζ2|, |z1|+ |ζ2| < |ζ1|,

| arg(z1+ζ2)−arg(ζ2)| < π
2
, | arg(z1+ζ2)−arg(z1)| < π

2
, π
2
< arg(z1−ζ0)−arg(ζ1) <

3π
2
,

and (ζ1, ζ2) ∈ Ũ .

Notice that O1 and O2 are both connected sub-regions of O, if not empty. At least

one of O1 and O2 has nonempty interior, no matter Ũ is which one in {Ui|i = 1, . . . , 5}.

We know that fY1,Y2,3(z1 + ζ2, ζ1, ζ2;u1, w1, w2, w3, w
′
4) has single valued branches

on O. We defined he(z1, ζ1, ζ2) to be the unique single valued analytic function on O,

(9.21) =


he(z1, ζ1, ζ2) if (z1, ζ1, ζ2) ∈ O1

hb
−1
1,ζ0 (z1, ζ1, ζ2) if (z1, ζ1, ζ2) ∈ O2

We first assume Int(O1) ̸= ∅, which happens for Ũ ∈ {U1, U3, U5}.

Therefore, on the connected component O3 of {(z1, ζ1, ζ2) ∈ O| 0 < |ζ2| < |z1 +

ζ2| < |ζ1|} containing O1, we know that

〈
w′

4,Y1(w1, ζ1)Y
g2g3
M1

(u1, z1 + ζ2)Y2(w2, ζ2)w3

〉
= he(z1, ζ1, ζ2). (9.22)

Actually O3 can be characterized by inequalities as the following.

O3 =


(z1, ζ1, ζ2) ∈ O

∣∣∣∣∣∣∣∣∣∣∣

0 < |ζ2| < |z1 + ζ2| < |ζ1|, (ζ1, ζ2) ∈ Ũ1,

|arg(z1)− arg(z1 + ζ2)| <
π

2
,

− 3π

2
< arg(z1 − ζ0)− arg(ζ1) < −π

2
.


On the connected component O4 of

{(z1, ζ1, ζ2) ∈ O| |z1|+ |ζ2| < |ζ1|, 0 < |z1| < |ζ2|}
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containing O1, we know that

〈
w′

4,Y1(w1, ζ1)Y2(Y
g2
W2

(u1, z1)w2, ζ2)w3

〉
= he(z1, ζ1, ζ2), (9.23)

Therefore, by (9.7), (9.23) implies that on the region O5 given by the union of

connected components of

{(z1, ζ1, ζ2) ∈ O| 0 < |z1| < |ζ0| < |ζ2|}

which have nonempty intersection with O1, we have

∑
m,n∈C

∑
i,j,k∈N

bm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 z−m−1

1 ζm+n+2+∆1
0

(log (ζ2))
i (log (ζ0))

j (log (z1))
k

=he(z1, ζ1, ζ2). (9.24)

Actually O5 can be characterized by inequalities as the following.

O5

=


(z1, ζ1, ζ2)

∈O

∣∣∣∣∣∣∣
0 < |z1| < |ζ0| < |ζ2|, |arg(z1 + ζ2)− arg(ζ2)| <

π

2
,

− 3π

2
< arg(z1 − ζ0)− arg(ζ0) < −π

2
, (ζ1, ζ2) ∈ Ũ0.

, if Ũ = U1 or U5,

=


(z1, ζ1, ζ2)

∈ O

∣∣∣∣∣∣∣
0 < |z1| < |ζ0| < |ζ2|, |arg(z1 + ζ2)− arg(ζ2)| <

π

2
,

π

2
< arg(z1 − ζ0)− arg(ζ0) <

3π

2
, (ζ1, ζ2) ∈ Ũ0.

, if Ũ = U3.

Similar as (9.21), on the region O6 given by 0 < |ζ2| < |z1 + ζ2| < |ζ1|, 0 <

|z1−ζ0|+|ζ2| < |ζ1|, and−3π
2
< arg(z1−ζ0)−arg(ζ1) < −π

2
, | arg(z1+ζ2)−arg(ζ1)| < π

2
,

the two sides of the following equality are absolutely convergent as multiple series,
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and are equal.

⟨w′
4,Y1(w1, ζ1)Y

g2g3
M (u1, z1 + ζ2)Y2(w2, ζ2)w3⟩

=
〈
w′

4,Y1

(
Y g1
W1

(u1, z1 − ζ0)w1, ζ1
)
Y2(w2, ζ2)w3

〉
. (9.25)

Therefore, by (9.22), on the region O7 given by the union of connected components

of

{(z1, ζ1, ζ2) ∈ O| 0 < |z1 − ζ0|+ |ζ2| < |ζ1|}

which has nonempty intersection with

{
(z1, ζ1, ζ2) ∈ O3

∣∣∣| arg(z1 + ζ2)− arg(ζ1)| <
π

2

}
,

we have

〈
w′

4,Y1

(
Y g1
W1

(u1, z1 − ζ0)w1, ζ1
)
Y2(w2, ζ2)w3

〉
= he(z1, ζ1, ζ2) (9.26)

Actually O7 can be characterized by inequalities as the following.

O7 =

(z1, ζ1, ζ2) ∈ O

∣∣∣∣∣∣∣
0 < |z1 − ζ0|+ |ζ2| < |ζ1|, (ζ1, ζ2) ∈ Ũ1,

|arg(z1 + ζ2)− arg(ζ1)| <
π

2
, |arg(z1)− arg(z1 + ζ2)| <

π

2
.


Therefore, by (9.17) and (9.26), on the region O8 given by the union of connected

components of

{(z1, ζ1, ζ2) ∈ O| 0 < |z1 − ζ0| < |ζ0|, |z1 − ζ0|+ |ζ0| < |ζ2|}

which have nonempty intersection with

{(z1, ζ1, ζ2) ∈ O7| (ζ1, ζ2) ∈ Ũ},
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we have

∑
m,n∈C

∑
i,j,k∈N

cm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 (z1 − ζ0)

−m−1ζm+n+2+∆1
0

· (log (ζ2))i (log (ζ0))j (log (z1 − ζ0))
k

=he(z1, ζ1, ζ2). (9.27)

Actually O8 can be characterized by inequalities as the following.

O8

=


(z1, ζ1, ζ2)

∈ O

∣∣∣∣∣∣∣
0 < |z1 − ζ0| < |ζ0|, |z1 − ζ0|+ |ζ0| < |ζ2|, (ζ1, ζ2) ∈ Ũ0,

3π

2
< arg(z1)− arg(ζ0) < 2π, |arg(z1 + ζ2)− arg(ζ1)| <

π

2
.

 ,

if Ũ = U3,

=


(z1, ζ1, ζ2)

∈ O

∣∣∣∣∣∣∣
0 < |z1 − ζ0| < |ζ0|, |z1 − ζ0|+ |ζ0| < |ζ2|, (ζ1, ζ2) ∈ Ũ0,

|arg(z1)− arg(ζ0)| <
π

2
, |arg(z1 + ζ2)− arg(ζ1)| <

π

2
.

 ,

if Ũ = U1 or U5. (9.28)

Case 1 : Ũ = U1. In this case, we know that O5∩O8 has nonempty interior. Therefore

on O5 ∩O8 we have

∑
m,n∈C

∑
i,j,k∈N

bm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 z−m−1

1 ζm+n+2+∆1
0 ·

(log (ζ2))
i (log (ζ0))

j (log (z1))
k

=he(z1, ζ1, ζ2)

=
∑
m,n∈C

∑
i,j,k∈N

cm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 (z1 − ζ0)

−m−1ζm+n+2+∆1
0

· (log (ζ2))i (log (ζ0))j (log (z1 − ζ0))
k ,
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which implies that for any n ∈ C, on O5 ∩O8 we have

∑
m∈C

∑
i,j,k∈N

bm,n+wtw3−wtw′
4−1;i,j,k(u1;w1,w2,w3,w

′
4)ζ

−n−wtw3+wtw′
4

2 z−m−1
1 ·

ζn−wtw1−wtw2−wtu1+m+1
0 (log (ζ2))

i (log (ζ0))
j (log (z1))

k

=
∑
m∈C

∑
i,j,k∈N

cm,n+wtw3−wtw′
4−1;i,j,k(u1;w1, w2, w3, w

′
4) · (log (ζ2))

i (log (ζ0))
j

· (log (z1 − ζ0))
k ζn−wtw1−wtw2−wtu1+m+1

0 ζ
−n−wtw3+wtw′

4
2 (z1 − ζ0)

−m−1.

(9.29)

Notice that when Ũ = U1, we have −3π
2
< arg(z1 − ζ0) − arg(ζ0) < −π

2
for any

(z1, ζ1, ζ2) ∈ O5. In other words, O5 ∩ O8 is contained in the region given by

(z1, ζ1, ζ2) ∈ C3 such that z1 ∈ Ω
(1)
0,0,1(ζ0). On the region given by (z1, ζ1, ζ2) ∈ O5∩O8,

(ζ1, ζ2) ∈ Ũ , by (9.13), (9.14), and (9.29), we know that

λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
w1 ⊗ Y g2

W2
(u1, z1)w2

)
= he(n)(ζ0, ζ2, z1;u1, w1, w2)

=λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
Y g1
W1

(u1, z1 − ζ0)w1 ⊗ w2

)
. (9.30)

Since both sides of (9.30) are single valued analytic on the region given by (ζ1, ζ2) ∈ Ũ ,

z1 ∈ Ω
(1)
0,0,1(ζ0) ∩ Ω

(1)
0,1,0(ζ0), and are equal on a nonempty open sub-region given by

(z1, ζ1, ζ2) ∈ O5 ∩ O8, (ζ1, ζ2) ∈ Ũ , we know that (9.30) holds on the whole region

{(z1, ζ1, ζ2) ∈ O| (ζ1, ζ2) ∈ Ũ , z1 ∈ Ω
(1)
0,0,1(ζ0) ∩ Ω

(1)
0,1,0(ζ0)}.

Together with the final step below, we proved that for any (ζ1, ζ2) ∈ Ũ and n ∈ C,

the function λ̃
(2)
n (w3, w

′
4; ζ1, ζ2) is P (ζ0)-compatible with respect to W1 and W2. In

particular, since (z̃1, z̃2) ∈ Ũ , we know that λ
(2)
n (w3, w

′
4) is P (z̃0)-compatible with

respect to W1 and W2. In other words, λ
(2)
n (w3, w

′
4) ∈ COMPP (z̃0)(W1,W2).

Case 2 : Ũ = U3. We also know that O5 ∩ O8 has nonempty interior. Therefore

on O5 ∩O8, we still have (9.29). However, when Ũ = U3, we have
π
2
< arg(z1 − ζ0)−

arg(ζ0) <
3π
2

for any (z1, ζ1, ζ2) ∈ O5. Therefore in this case, the region given by
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(z1, ζ1, ζ2) ∈ O5 ∩ O8, (ζ1, ζ2) ∈ Ũ is a sub-region of the region given by (ζ1, ζ2) ∈ Ũ ,

z1 ∈ Ω
(2)
0,0,1(ζ0) ∩ Ω

(1)
0,1,0(ζ0). On the region given by (z1, ζ1, ζ2) ∈ O5 ∩O8, (ζ1, ζ2) ∈ Ũ ,

we have

λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
w1 ⊗ Y g2

W2
(u1, z1)w2

)
= h

b−1
1,ζ0

(n) (ζ0, ζ2, z1;u1, w1, w2)

=λ̃(2)n (w3, w
′
4; ζ1, ζ2)

(
Y g1
W1

(u1, z1 − ζ0)w1 ⊗ w2

)
. (9.31)

Similar as Case 1, (9.31) holds on the region given by (ζ1, ζ2) ∈ Ũ , z1 ∈ Ω
(2)
0,0,1(ζ0) ∩

Ω
(1)
0,1,0(ζ0).

Together with the final step below, by Remark 7.0.25, we proved that for any

(ζ1, ζ2) ∈ Ũ and n ∈ C, the function λ̃
(2)
n (w3, w

′
4; ζ1, ζ2) is P (ζ0)-compatible with

respect to ϕg1(W1) andW2. In particular, since (z̃1, z̃2) ∈ Ũ , we know that λ
(2)
n (w3, w

′
4)

is P (z̃0)-compatible with respect to ϕg1(W1) and W2. In other words, λ
(2)
n (w3, w

′
4) ∈

COMPP (z̃0)(ϕg1(W1),W2).

Case 3 : Ũ = U5. We have O5 ∩O8 = ∅. Define O9 as follows.

O9 =


(z1, ζ1, ζ2)

∈ O

∣∣∣∣∣∣∣
0 < |z1 − ζ0| < |ζ0|, |z1 − ζ0|+ |ζ0| < |ζ2|, (ζ1, ζ2) ∈ Ũ ,

|arg(z1)− arg(ζ0)| <
π

2
, −2π < arg(z1 + ζ2)− arg(ζ1) < −3π

2
.


The fact that (9.27) holds on the region O8 implies that on the region O9, we have

∑
m,n∈C

∑
i,j,k∈N

cm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 (z1 − ζ0)

−m−1ζm+n+2+∆1
0

· (log (ζ2))i (log (ζ0))j (log (z1 − ζ0))
k

=hb(z1, ζ1, ζ2), (9.32)

where b is the group element in π1(F1,2(C− {0})) represented by the loop γ defined
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by

γ(t) =



(
3− 1

4
ı+ 4tı, 3− 1

2
ı, 3e

π
6
ı

)
, t ∈ [0, 1/4](

7 +
3

4
ı− 16t, 3− 1

2
ı, 3e

π
6
ı

)
, t ∈ [1/4, 1/2](

−1 +
11

4
ı− 4tı, 3− 1

2
ı, 3e

π
6
ı

)
, t ∈ [1/2, 3/4](

−13− 1

4
ı+ 16t, 3− 1

2
ı, 3e

π
6
ı

)
. t ∈ [3/4, 1]

(See Remark8.0.3)

However, we already know that z1 = −ζ2 is just a removable singularity of the mul-

tivalued analytic function Note that O5 ∩ O9 is a region with nonempty interior

contained in the region given by (ζ1, ζ2) ∈ Ũ , z1 ∈ Ω
(1)
0,0,1(ζ0)∩Ω

(1)
0,1,0(ζ0). On O5 ∩O9,

we have

∑
m,n∈C

∑
i,j,k∈N

cm,n;i,j,k(u1;w1,w2,w3,w
′
4)ζ

−n−1
2 (z1 − ζ0)

−m−1ζm+n+2+∆1
0

· (log (ζ2))i (log (ζ0))j (log (z1 − ζ0))
k ,

=hb(z1, ζ1, ζ2)

=
∑
n∈C

∑
i∈N

ζ−n−1
2 (log (ζ2))

i

b.

(∑
m∈C

∑
j,k∈N

bm,n;i,j,k(u1;w1,w2,w3,w
′
4)z

−m−1
1 ζm+n+2+∆1

0 (log (ζ0))
j (log (z1))

k

)

Therefore for any n ∈ C, we have

∑
m∈C

∑
i,j,k∈N

cm,n+wtw3−wtw′
4−1;i,j,k(u1;w1, w2, w3, w

′
4) · (log (ζ2))

i (log (ζ0))
j

· (log (z1 − ζ0))
k ζn−wtw1−wtw2−wtu1+m+1

0 ζ
−n−wtw3+wtw′

4
2 (z1 − ζ0)

−m−1.

=b.
(∑
m∈C

∑
i,j,k∈N

bm,n+wtw3−wtw′
4−1;i,j,k(u1;w1,w2,w3,w

′
4)ζ

−n−wtw3+wtw′
4

2 z−m−1
1 ·
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ζn−wtw1−wtw2−wtu1+m+1
0 (log (ζ2))

i (log (ζ0))
j (log (z1))

k
)

Therefore, on the region O5 ∩O9, we have

b.
(
λ̃(2)n (w3, w

′
4; ζ1, ζ2)

(
w1 ⊗ Y g2

W2
(u1, z1)w2

) )
= b.

(
he(n)(ζ0, ζ2, z1;u1, w1, w2)

)
=λ̃(2)n (w3, w

′
4; ζ1, ζ2)

(
Y g1
W1

(u1, z1 − ζ0)w1 ⊗ w2

)
. (9.33)

Together with the final step below, by Remark 7.0.25, we proved that for any

(ζ1, ζ2) ∈ Ũ and n ∈ C, the function λ̃
(2)
n (w3, w

′
4; ζ1, ζ2) is P (ζ0)-compatible with

respect to ϕg1(W1) andW2. In particular, since (z̃1, z̃2) ∈ Ũ , we know that λ
(2)
n (w3, w

′
4)

is P (z̃0)-compatible with respect to ϕg1(W1) and W2. In other words, λ
(2)
n (w3, w

′
4) ∈

COMPP (z̃0)(ϕg1(W1),W2).

The next step is to prove that

λ(2)n
(
w1 ⊗ Y g2

W2
(u1, z1) · · ·Y g2

W2
(ul, zl)w2

)
(9.34)

is absolutely convergent, on the region given by 0 < |zl| < . . . < |z1| < |z̃0|, to

a multivalued analytic function defined on (z1, . . . , zl) ∈ Fl(C − {0, z̃0}) satisfying

Condition 3.0.13 for (l, 0, {0, z̃0}). By using the argument essentially same as the

proof of Lemma 3.0.37 and Lemma 7.0.6, we can show that on the region given by

0 < |zl| < . . . < |z1| < |ζ2| < |ζ1|

〈
w′

4,Y1(w1, ζ1)Y2

(
Y g2
W2

(u1, z1) · · ·Y g2
W2

(ul, zl)w2, ζ2
)
w3

〉
is absolutely convergent to

fY1,Y2,l+2(z1 + ζ2, . . . , zl + ζ2, ζ1, ζ2;u1, . . . , ul, w1, w2, w3, w
′
4)

=fY1,Ω+(Y2),l+2(z1, . . . , zl, ζ0,−ζ2;u1, . . . , ul, w1, w2, w3, e
ζ2L(1)w′

4) (9.35)
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Therefore ζ2 = ∞ is a regular singualrity of (9.35) for (z1, . . . , zl, ζ0) ∈ Fl+1(C×).

We know that (9.34) is equal to the sum of coefficients of ζ−n−wtw3+wtw4
2 log(ζ2)

k

over k ∈ N in the corresponding expansion with subtitution ζ0 = z̃0, ζ2 = z̃2 (the

subtitution ζ2 = z̃2 is involved only because of the polynomial eζ2L(1)w′
4). Therefore,

by part (e) of Condition 3.0.13, we know that the multivalued function that (9.34)

converges to, denoted by

fl(z1, . . . , zl;u1, . . . , ul, w1, w2;λ
(2)
n ),

satisfies Condition 3.0.13 for (l, 0, {0, z̃0}).

The final step is to prove that the multivalue function

fl

(
z1z̃0
zl+1

, . . . ,
zlz̃0
zl+1

;u1, . . . , ul, w1, w2;λ
(2)
n

)
(9.36)

satisfies Condition (l, 1, {0}). We know that on the region given by 0 < |zl| < |zl−1| <

· · · < |z1| < |zl+1|, the series

λ(2)n

(
w1 ⊗ Y g2

W2

(
u1,

z1z̃0
zl+1

)
· · ·Y g2

W2

(
ul,

zlz̃0
zl+1

)
w2

)
(9.37)

is absoulely convergent to (9.36). Consider

〈
w′

4,Y1(w1, ζ1)Y2

(
Y g2
W2

(
u1,

z1ζ0
zl+1

)
· · ·Y g2

W2

(
ul,

zlζ0
zl+1

)
w2, ζ2

)
w3

〉
, (9.38)

which is absolutely convergent, on the region given by 0 <
∣∣∣ zlζ0zl+1

∣∣∣ < · · · <
∣∣∣ zlζ0zl+1

∣∣∣ <
|ζ2| < |ζ1|, to

fY1,Y2,l+2

(
z1ζ0
zl+1

+ ζ2, . . . ,
zlζ0
zl+1

+ ζ2, ζ1, ζ2;u1, . . . , ul, w1, w2, w3, w
′
4

)
=fY1,Ω+(Y2),l+2

(
z1ζ0
zl+1

, . . . ,
zlζ0
zl+1

, ζ0,−ζ2;u1, . . . , ul, w1, w2, w3, e
ζ2L(1)w′

4

)
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=fY1,Ω+(Y2),l+2

(
z1, . . . , zl, zl+1, X; (ζ−1

0 )−L(0)z
−L(0)
l+1 u1, . . . , (ζ

−1
0 )−L(0)z

−L(0)
l+1 ul,

(ζ−1
0 )−L(0)z

−L(0)
l+1 w1, (ζ

−1
0 )−L(0)z

−L(0)
l+1 w2, (ζ

−1
0 )−L(0)z

−L(0)
l+1 w3, (ζ

−1
0 )L(0)z

L(0)
l+1 e

ζ2L(1)w′
4

)
,

(9.39)

where X = − ζ2zl+1

ζ0
. Notice that (ζ−1

0 )−L(0)z
−L(0)
l+1 w1 is a finite sum of elements of

the form ζa0 z
b
l+1log(ζ0)

k1 log(zl+1)
k2w1 for a, b ∈ C, k1, k2 ∈ N. It is similar for the

Virasoro action on u1, . . . , ul, w2, w3, and w′
4 in (9.39). They have no influence on

the regularity of any singularity.

Since X = ∞ is a regular singularity of (9.39) for (z1, . . . , zl, zl+1) ∈ Fl+1(C×),

applying part (e) of Condition 3.0.13 for (l, 2, {0}) to (9.39), we know that (9.36)

satisfies Condition 3.0.13 for (l, 1, {0}). Indeed, (9.36) is a coefficient of the expansion

of (9.39) corresponding to the regular singularity ζ2 = ∞. Multiplying a certain power

of (−zl+1/ζ0) to a coefficient of the expansion corresponding to X = ∞, one would

obtain the coefficient of the expansion corresponding to ζ2 = ∞.

From (9.2), we know that near the point (ζ1, ζ2) = (z̃1, z̃2) ∈ M̂2
0 , we have

⟨w′
4,Y1(w1, ζ1)Y2(w2, ζ2)w3⟩

=
∑
n∈C

∑
i,j∈N

ãn;i,j(w1, w2, w3, w
′
4)e

(−n−1)l0(ζ2)(l0(ζ2))
ie(∆+n+1)l0(ζ1−ζ2)(l0(ζ1 − ζ2))

j.

(9.40)

For n ∈ C, i, j ∈ N, w′
4 ∈ W ′

4, w3 ∈ W3, define

βn;i,j(w
′
4, w3; ζ0)(w1 ⊗ w2) =

= ãn;i,j(e
−L(0)sl0(ζ0)w1, e

−L(0)sl0(ζ0)w2, e
−L(0)sl0(ζ0)w3, e

L(0)sl0(ζ0)w′
4). (9.41)
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We have

λ(2)n (w1 ⊗ w2) =

(∑
i,j∈N

βn−wtw′
4+wtw3−1;i,j(w

′
4, w3; ζ0)(w1 ⊗ w2)·

e(n−wtw′
4+wtw3)l0(ζ0)e(−n+wtw′

4−wtw3)l0(ζ2)(log(ζ2))
i(log(ζ0))

j
) ∣∣∣

ζ1=z̃1, ζ2=z̃2
.

(9.42)

Similar to theorem 9.0.1, it is not hard to prove that βn;i,j(w
′
4, w3; ζ0) is P (ζ0)-

compatible.

Since

f e1 (z1; v, w1, w2; βn;i,j(w
′
4, w3; ζ0))

=
∑
m∈C

∑
k∈N

ãn;i,j(v−m−1,k(w1), w2, w3, w
′
4)e

(−m−wt v+∆)l0(ζ0)eml0(z−ζ0)(l0(z − ζ0))
k (9.43)

Since (ζ1− ζ2, ζ2) = (0,∞) is a regular singularity of fY1,Y2,2(ζ1, ζ2;w1, w2, w3, w
′
4),

by the definition of λ̃
(2)
n , we easily have the following property.

Proposition 9.0.3. For any w3 ∈ W3 and w′
4 ∈ W ′

4, there exists N ′ ∈ N, such that

λ̃(2)n (w3, w
′
4; ζ1, ζ2) = 0, for any n ∈ C, with ℜ(n)<−N ′, and (ζ1, ζ2) ∈ F2(C×).

(9.44)

We denote the minimal N ′ such that (9.44) holds by N(w3, w
′
4).

Theorem 9.0.4. Suppose that {N(w3, w
′
4)|w3 ∈ W3, w

′
4 ∈ W ′

4} (see Proposition

9.0.3) has an upper bound N ∈ N. In other words, there exists N ∈ N such that

λ̃(2)n (w3, w
′
4; ζ1, ζ2) = 0,

for any n ∈ C with ℜ(n) < −N,w3 ∈ W3, w
′
4 ∈ W ′

4, and (ζ1, ζ2) ∈ F2(C×).

Then, the linear functional λ
(2)
n (w3, w

′
4) = λ̃

(2)
n (w3, w

′
4; z̃1, z̃2) ∈ (W1 ⊗W2)

∗ is P (z̃0)-
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locally-grading-restricted for any n ∈ C.

Proof. Since W1, W2, W3, and W
′
4, are generalized grading restricted untwisted V G-

modules, and the Virasoro action L(n) are induced by the conformal element ω ∈ V G,

we know that the argument from (11.31) to (11.37) in [HLZ4] still hold. In particular,

there exists L ∈ Z+ independent of ζ1, ζ2 ∈ C, w1 ∈ W1, and w2 ∈ W2, such that

(
LP (ζ0)(0)− wtw′

4 + wtw3 − n− 1
)L

(βn;i,j(w
′
4, w3)) = 0,

or equivalently,wt βn;i,j(w
′
4, w3) = n+ wtw′

4 − wtw3 + 1 (9.45)

Now, we want to study
(
Y

(g1g2)−1

P (ζ0)

)o
(v, x) (βn;i,j(w

′
4, w3)). Since βn;i,j(w

′
4, w3) is P (ζ0)-

compatible, we know that there exists the function f1(z1; v, w1, w2; βn;i,j(w
′
4, w3)) on

z1 ∈ M1(0, ζ0) as in the definition of P (ζ0)-compatibility, and a preferred branch

f e1 (z1; v, w1, w2; βn;i,j(w
′
4, w3)) which is single valued analytic on the region given by

z1 ∈M1
0 (0, ζ0). There exist ai′,m,j′;n,i,j = ai′,m,j′;n,i,j(v, w1, w2; βn;i,j(w

′
4, w3)) ∈ C, such

that on the region given by |z1| > |ζ0|, | arg(z1 − ζ0) − arg(z1)| < π
2
, we have the

expansion

f e1 (z1; v, w1, w2; βn;i,j(w
′
4, w3)) =

M∑
i′,j′=0

∑
m∈N

ai′,m,j′;n,i,je
(ri′−m)l0(z1)(l0(z1))

j′ . (9.46)

∑
n∈C

∑
i,j∈N

βn;i,j(w
′
4, w3)(w1 ⊗ w2)e

(n+1)l0(ζ0)e(−n−1)l0(−ζ2)(l0(ζ2))
i(l0(ζ0))

j

= ⟨w′
4,Y1(w1, ζ1)Y2(w2, ζ2)w3⟩ (9.47)

We define

(
Y

(g1g2)−1

P (z) (exL(1)(−x2)L(0)u, x−1)(λ)
)
(w1 ⊗ w2)
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=
N∑

i,j=0

∑
n∈N

ai,n,j(u,w1, w2;λ)x
ri−n(log x)j. (9.48)

We define λ̃
(2)
n (w3, w

′
4; ζ1, ζ2) ∈ (W1 ⊗W2)

∗ by

λ̃(2)n (w3, w
′
4; ζ1, ζ2)(w1 ⊗ w2) =∑

i,j∈N

ãn+wtw3−wtw′
4−1;i,j(e

−l0(ζ0)L(0)sw1, e
−l0(ζ0)L(0)sw2, e

−l0(ζ0)L(0)sw3, e
l0(ζ0)L(0)sw′

4)

· e(n+wtw3−wtw′
4)l0(ζ0)e(−n−wtw3+wtw′

4)l0(ζ2)(log(ζ2))
i(log(ζ0))

j.

Therefore, λ
(2)
n (w3, w

′
4) = λ̃

(2)
n (w3, w

′
4; z̃1, z̃2). Let ∆v,n1 = wt

(
Y o
n1,i1

(v)(w′
4)
)
−wtw1−

wtw2 − wtw3 = ∆− wt v + n1 + 1.

For any n1 ∈ C, i1 ∈ N, there exists an1,i1;k,i′ ∈ C such that on the region

0 < |ζ2| < |z1|, and (yi ge fujiao budengshi)

e(−n1−1)l0(z1+ζ2) (l0(z1 + ζ2))
i1 = e(−n1−1)l0(z1)

i1∑
i′=0

∑
k∈N

an1,i1;k,i′ζ
k
2 z

−k
1 l0(z1)

i′ .

On the region given by 0 < |ζ2| < |ζ1| < |z1 + ζ2|, |z1| > 2|ζ1|,

〈
w′

4, Y
g1g2g3
W4

(v, z1 + ζ2)Y1(w1, ζ1)Y2(w2, ζ2)w3

〉
=
〈(
Y

(g1g2g3)−1

W ′
4

)o
(v, z1 + ζ2)w

′
4,Y1(w1, ζ1)Y2(w2, ζ2)w3

〉
=
∑
n1∈D

∑
i1∈N

〈
Y o
n1,i1

(v)(w′
4),Y1(w1, ζ1)Y2(w2, ζ2)w3

〉
e(−n1−1)l0(z1+ζ2)(l0(z1 + ζ2))

i1

=
∑
n1∈D

∑
i1∈N

∑
n∈C

λ̃(2)n
(
w3, Y

o
n1,i1

(v)(w′
4); ζ1, ζ2

)
e(−n1−1)l0(z1+ζ2)(l0(z1 + ζ2))

i1

=
∑
n1∈D

∑
i1∈N

∑
n∈C

λ̃(2)n
(
w3, Y

o
n1,i1

(v)(w′
4); ζ1, ζ2

)
(w1 ⊗ w2)·(

e(−n1−1)l0(z1)

i1∑
i′=0

∑
k∈N

an1,i1;k,i′ζ
k
2 z

−k
1 l0(z1)

i′

)
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=
∑
ñ∈C

∑
i′∈N

∑
n∈C

∑
i1≥i′

∑
n1∈D,k∈N,
−n1−1−k=ñ

an1,i1;k,i′ζ
k
2 ·

λ̃(2)n
(
w3, Y

o
n1,i1

(v)(w′
4); ζ1, ζ2

)
(w1 ⊗ w2)

)
eñl0(z1)(l0(z1))

i′

=
∑
ñ∈C

∑
i′∈N

∑
n∈C

∑
i1≥i′

∑
n1∈D,k∈N,
−n1−1−k=ñ

an1,i1;k,i′ζ
k
2 ·

(∑
i,j∈N

ãn−ñ+wtw3−wtw′
4−n1−2;i,j

(
w1, w2, w3, Y

o
n1,i1

(v)(w′
4)
)
e(n−wt v−ñ−wtw1−wtw2)l0(ζ0)

e(−n+ñ+n1−wtw3+wtw′
4+1)l0(ζ2)(l0(ζ2))

i(l0(ζ0))
j

)]
eñl0(z1)(l0(z1))

i′

=
∑
ñ∈C

∑
i′∈N

[∑
n∈C

e(−n−wtw3+wtw′
4)l0(ζ2)e(n−wt v−ñ−wtw1−wtw2)l0(ζ0)·

∑
i1≥i′

∑
n1∈D,k∈N,
−n1−1−k=ñ

an1,i1;k,i′

(∑
i,j∈N

ãn−ñ+wtw3−wtw′
4−n1−2;i,j

(
w1, w2, w3, Y

o
n1,i1

(v)(w′
4)
)

(l0(ζ2))
i(l0(ζ0))

j

)]
eñl0(z1)(l0(z1))

i′

=
∑
ñ∈C

∑
n∈C

∑
i′∈N

∑
i,j∈N∑

i1≥i′

∑
n1∈D,k∈N,
−n1−1−k=ñ

an1,i1;k,i′ · ãn−ñ+wtw3−wtw′
4−n1−2;i,j

(
w1, w2, w3, Y

o
n1,i1

(v)(w′
4)
)

· e(−n−wtw3+wtw′
4)l0(ζ2)e(n−wt v−ñ−wtw1−wtw2)l0(ζ0)eñl0(z1)(l0(z1))

i′(l0(ζ2))
i(l0(ζ0))

j

(9.49)

The right-hand side is absolutely convergent because ( z1
ζ2
, ζ0
ζ2
) = (∞, 0) is a regular

singularity of fY1,Y2,1(
ζ0
ζ2
+ 1, 1, z1

ζ2
; v;w1, w2, w3, w

′
4).

(
Y

(g1g2)−1

P (ζ0)

)o
(v, z1)

(
λ̃(2)n (w3, w

′
4; ζ1, ζ2)

)
(w1 ⊗ w2)
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=f e1

(
z1; v, w1, w2; λ̃

(2)
n (w3, w

′
4; ζ1, ζ2)

)
=λ̃(2)n (w3, w

′
4; ζ1, ζ2)

(
Y g1
W1

(v, z1 − ζ0)w1 ⊗ w2

)
=
∑
i,j∈N

ãn+wtw3−wtw′
4−1;i,j(e

−l0(ζ0)L(0)sY g1
W1

(v, z1 − ζ0)w1, e
−l0(ζ0)L(0)sw2, e

−l0(ζ0)L(0)sw3,

el0(ζ0)L(0)sw′
4) · e(n+wtw3−wtw′

4)l0(ζ0)e(−n−wtw3+wtw′
4)l0(ζ2)(log(ζ2))

i(log(ζ0))
j

=
∑
i,j,i′∈N

∑
m∈C

ãn+wtw3−wtw′
4−1;i,j (Ym,i′(v)w1, w2, w3, w

′
4) · (log(ζ2))i(log(ζ0))j(l0(z1 − ζ0))

i′

· e(n−wtw1−wtw2−wt v+m+1)l0(ζ0)e(−n−wtw3+wtw′
4)l0(ζ2)e(−m−1)l0(z1−ζ0)

=
∑
i,j,i′∈N

∑
ñ∈C

b̃n+wtw3−wtw′
4−1;i,j (Ym,i′(v)w1, w2, w3, w

′
4) · (log(ζ2))i(log(ζ0))j(l0(z1))i

′

· e(n−wtw1−wtw2−wt v−ñ)l0(ζ0)e(−n−wtw3+wtw′
4)l0(ζ2)eñl0(z1),

where b̃n+wtw3−wtw′
4−1;i,j are some complex numbers, whose existence is because of

lemma 4.1 in a convergence lemma, and the fact that z1 = ∞ is a regular singularity

of

f e1

(
z1; v, w1, w2; λ̃

(2)
n (w3, w

′
4; ζ1, ζ2)

)
.

Therefore, we know that

(
Y

(g1g2)−1

P (ζ0)

)o
−ñ−1,i′

(v)
(
λ̃(2)n (w3, w

′
4; ζ1, ζ2)

)
=
∑
i,j∈N

b̃n+wtw3−wtw′
4−1;i,j (Ym,i′(v)w1, w2, w3, w

′
4) · (log(ζ2))i(log(ζ0))j

· e(n−wtw1−wtw2−wt v−ñ)l0(ζ0)e(−n−wtw3+wtw′
4)l0(ζ2). (9.50)

Since the right-hand side of (9.49) is equal to

∑
n,ñ∈C

∑
i′∈N

(
Y

(g1g2)−1

P (ζ0)

)o
−ñ−1,i′

(v)
(
λ̃(2)n (w3, w

′
4; ζ1, ζ2)

)
(w1 ⊗ w2) · eñl0(z1)(l0(z1))i

′

=
∑
n,ñ∈C

∑
i,j,i′∈N

b̃n+wtw3−wtw′
4−1;i,j (Ym,i′(v)w1, w2, w3, w

′
4) · (log(ζ2))i(log(ζ0))j
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· e(n−wtw1−wtw2−wt v−ñ)l0(ζ0)e(−n−wtw3+wtw′
4)l0(ζ2)eñl0(z1)(l0(z1))

i′ . (9.51)

Compare the coefficient of the right-hand side of (9.49) and (9.51), we know that

(
Y

(g1g2)−1

P (ζ0)

)o
−ñ−1,i′

(v)
(
λ̃(2)n (w3, w

′
4; ζ1, ζ2)

)
=
∑
i,j∈N

b̃n+wtw3−wtw′
4−1;i,j (Ym,i′(v)w1, w2, w3, w

′
4) · (log(ζ2))i(log(ζ0))j

· e(n−wtw1−wtw2−wt v−ñ)l0(ζ0)e(−n−wtw3+wtw′
4)l0(ζ2)

=
∑
i,j∈N

∑
i1≥i′

∑
n1∈D,k∈N,
−n1−1−k=ñ

an1,i1;k,i′ · ãn−ñ+wtw3−wtw′
4−n1−2;i,j

(
w1, w2, w3, Y

o
n1,i1

(v)(w′
4)
)

e(−n−wtw3+wtw′
4)l0(ζ2)e(n−wt v−ñ−wtw1−wtw2)l0(ζ0)(l0(ζ2))

i(l0(ζ0))
j

=
∑
i1≥i′

∑
n1∈D,k∈N,
−n1−1−k=ñ

an1,i1;k,i′ζ
k
2 · λ̃(2)n−wt v−ñ

(
w3, Y

o
n1,i1

(v)(w′
4); ζ1, ζ2

)
(9.52)

By (9.45), we know that wt λ̃n(w3, w
′
4; ζ1, ζ2) = n for any n ∈ C. Therefore, by

(9.52), we know that

wtY o
n1,i1

(v1) · · ·Y o
nr,ir(vr)

(
λ̃(2)n (w3, w

′
4; ζ1, ζ2)

)
= n−

r∑
i=1

(wt vi − ni − 1). (9.53)

Therefore, we know that

W
λ
(2)
n (w3,w′

4)
=
∐
l∈C

(
W
λ
(2)
n (w3,w′

4)

)
[l]

(9.54)

Since we have

λ̃(2)n (w3, w
′
4; ζ1, ζ2) = 0 if ℜ(n) ≤ −N, (9.55)

for any n ∈ C, and w3 ∈ W3, w
′
4 ∈ W ′

4, by (9.52) and the definition of W
λ
(2)
n (w3,w′

4)
, we
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have
(
W
λ
(2)
n (w3,w′

4)

)
[l]
= 0 for any l ∈ C with ℜ(l) ≤ −N .

Basically, the P (z) story is finished here.
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Chapter 10

The Q(z) Part

For any z ∈ C×, a Q(z)-intertwining map of type
(

W ′
1

W ′
3W2

)
is a linear map J from

W ′
3 ⊗W2 to W ′

1 = (W1)
∗ of the form

J(w′
3 ⊗ w2)(w1) = ⟨w′

3,Y(w1, z)w2⟩, for all w1 ∈ W1, w2 ∈ W2, w3 ∈ W ′
3,

where Y is a twisted intertwining operator of type
(

W3

W1W2

)
. By using the Ω± and A±

operator, we have

⟨w′
3,Y(w1, x)w2⟩ =

〈
exL(1)w′

3,Ω±(Y)(w2, e
∓πıx)w1

〉
=
〈
A±(Ω±(Y))

(
x−2L(0)e(±2∓1)πıL(0)ex

−1L(1)w2, e
±πıx−1

)
exL(1)w′

3, w1

〉
=
〈
Ω±(A±(Ω±(Y)))

(
exL(1)w′

3, e
(±1∓1)πıx−1

)
x−2L(0)e(±2∓1)πıL(0)ex

−1L(1)w2, e
−x−1L(1)w1

〉
.

Therefore, we have

〈
e−xL(1)w′

3,Y(ex
−1L(1)w1, x)e

−x−1L(1)e(∓2±1)πıL(0)x2L(0)w2

〉
=
〈
Ω±(A±(Ω±(Y)))

(
w′

3, x
−1
)
w2, w1

〉
. (10.1)
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Let p = p(z̃2) be the unique integer satisfying lp(z̃2
−1) = −l0(z̃2). Then, we know

that

〈
e−z̃2L(1)w′

3,Y(ez̃2
−1L(1)w1, z̃2)e

−z̃2−1L(1)e(∓2±1)πıL(0)z̃2
2L(0)w2

〉
=
〈
Ω±(A±(Ω±(Y)))p

(
w′

3, z̃2
−1
)
w2, w1

〉
.

When z̃2 /∈ R+, we have p = −1, and Ω−(A+(Ω−(Y)))p is a twisted intertwinig

operator of type

(
ϕg1g2 (W

′
1)

ϕg1g22 (W
′
3) ϕg1g−1

2
(W2)

)
if z̃2 /∈ R+, (10.2)

For any J ∈ Hom(W ′
3 ⊗W2,W ′

1) and z ∈ C×, we define Bz(J) ∈ Hom(W ′
3 ⊗W2,W ′

1)

as follows (we identify W ′
1 with (W1)

∗),

Bz(J)(w
′
3 ⊗ w2)(w1) =

〈
ez

−1L(1)w1, J
(
e−zL(1)w′

3 ⊗ e−z
−1L(1)e(∓2±1)πıL(0)z2L(0)w2

)〉

Since Ω± and A± are bijections between different spaces of intertwining operators, we

know that J is aQ(z̃2)-intertwining map if and only if Bz̃2(J) is a P (z̃2
−1)-intertwining

map of the type (10.2), which is equivalent to the fact that

YBz̃2
(J)(w

′
3, x)w2 = xL(0)(z̃2

−1)−L(0)Bz̃2(J)
(
x−L(0)(z̃2

−1)L(0)w′
3 ⊗ x−L(0)(z̃2

−1)L(0)w2

)
=xL(0)(z̃2

−1)−L(0)ez̃2
−1L(−1)J

(
e−z̃2L(1)x−L(0)(z̃2

−1)L(0)w′
3⊗

e−z̃2
−1L(1)e(∓2±1)πıL(0)z̃2

2L(0)x−L(0)(z̃2
−1)L(0)w2

)
(10.3)

is a twisted intertwining operator of type (10.2). Let r = ∓2±1 ∈ {−3,−1, 1, 3}. In

the following, we take r = +2+1 = 3.
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Now, let J ∈ Hom(W ′
4 ⊗W3,W1 P (z̃0)W2) be defined by

πn (J(w
′
4 ⊗ w3)) = λ̃(2)n (w3, w

′
4; z̃1, z̃2) ∈

(
W1 P (z̃0)W2

)
[n]
, n ∈ C. (10.4)

When we identify W1 P (z̃0)W2 with (W1 ⊠P (z̃0) W2)
∗, we know that the linear map J

is uniquely determined by

J(w′
4 ⊗ w3)(πn(w1 ⊠P (z̃0) w2)) = λ̃(2)n (w3, w

′
4; z̃1, z̃2)(w1 ⊗ w2), (10.5)

for any w1 ∈ W1, w2 ∈ W2, and n ∈ C. By (10.6) and (9.2), we know that

J(w′
4 ⊗ w3)(w1 ⊠P (z̃0) w2) =

∑
n∈C

J(w′
4 ⊗ w3)

(
πn(w1 ⊠P (z̃0) w2)

)
= ⟨w′

4,Y1(w1, z̃1)Y2(w2, z̃2)w3⟩ . (10.6)

We want to show that J is a Q(z̃2)-intertwining map of type

(
W1 P (z̃0)W2

W ′
4 W3

)
. (10.7)

From the above discussion, it is equivalent to prove that YBz̃2
(J)(·, x)· is a twisted

intertwining operator of the type

(
ϕg1g2g3

(
W1 P (z̃0)W2

)
ϕg1g2g23 (W

′
4) ϕg1g2g−1

3
(W3)

)
if z̃2 /∈ R+.

Theorem 10.0.1. For any (z̃1, z̃2) ∈ U1 (See remark 8.0.7) with z̃2 /∈ R+ , the map

YBz̃2
(J)(·, x)· is a twisted intertwining operator of the type

(
ϕg1g2g3

(
W1 P (z̃0)W2

)
ϕg1g2g23 (W

′
4) ϕg1g2g−1

3
(W3)

)
.



197

As a result, (z̃1, z̃2) ∈ U1, J is a Q(z̃2)-intertwining map of type

(
W1 P (z̃0)W2

W ′
4 W3

)
. (10.8)

Proof. First, we prove the duality property of YBz̃2
(J)(·, x)·. We would study the

following three series,

〈
η
−L(0)
2 (z̃2

−1)L(0)e−z̃2
−1L(1)πn(w1 ⊠P (z̃0) w2), ϕg1g2g3(Y )(v, η1)YBz̃2

(J) (w
′
4, η2)w3

〉
,

(10.9)〈
η
−L(0)
2 (z̃2

−1)L(0)e−z̃2
−1L(1)πn(w1 ⊠P (z̃0) w2), YBz̃2

(J) (w
′
4, η2)ϕg1g2g−1

3
(Y )(v, η1)w3

〉
,

(10.10)〈
η
−L(0)
2 (z̃2

−1)L(0)e−z̃2
−1L(1)πn(w1 ⊠P (z̃0) w2), YBz̃2

(J)

(
ϕg1g2g23(Y )(v, η1 − η2)w

′
4, η2

)
w3

〉
.

(10.11)

Let ζ0, ζ1, ζ2 ∈ C× be complex variables with ζ0 = ζ1 − ζ2, and 0 < |ζ0| < |ζ2| < |ζ1|.

We can define Jζ0,ζ2 ∈ Hom(W ′
4 ⊗ W3,W1 P (ζ0)W2) to be the linear map uniquely

determined by

Jζ0,ζ2(w
′
4 ⊗ w3)(w1 ⊠P (ζ0) w2) =

∑
n∈C

Jζ0,ζ2(w
′
4 ⊗ w3)

(
πn
(
w1 ⊠P (ζ0) w2

))
= ⟨w′

4,Y1(w1, ζ1)Y2(w2, ζ2)w3⟩ . (10.12)

Similar as the map J , the map Jζ0,ζ2 is well-defined, and we have J = Jz̃0,z̃2 .

To study (10.9)-(10.11), we first study

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2, ϕg1g2g3(Y )(v, η1)YBζ2
(Jζ0,ζ2 )

(w′
4, η2)w3

〉
,

(10.13)
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〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2, YBζ2
(Jζ0,ζ2 )

(w′
4, η2)ϕg1g2g−1

3
(Y )(v, η1)w3

〉
,

(10.14)〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2, YBζ2
(Jζ0,ζ2 )

(
ϕg1g2g23(Y )(v, η1−η2)w′

4, η2

)
w3

〉
,

(10.15)

where Y⊠P (ζ0)
(·, x)· is the unique twisted intertwining operator such that for any

w1 ∈ W1, w2 ∈ W2, Y⊠P (ζ0)
(w1, ζ0)w2 = w1 ⊠P (ζ0) w2.

First, on the maximal Reinhardt sub-region of the region given by 0 <
∣∣∣ ζ2η1η1−η2

∣∣∣ <
|ζ2| < |ζ1|, 0 < |η1| < |η2|, which is the region given by 0 < 2|η1| < |η2|, 0 < |ζ2| < |ζ1|,

(10.16) is absolutely convergent. Therefore, on the region given by 0 < 2|η1| < |η2|,

0 < |ζ0| < |ζ2| < |ζ1|, we know that (10.14) is equal to

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)(w1 ⊠P (ζ0) w2) , YBζ2

(Jζ0,ζ2 )
(w′

4, η2)Y ((g1g2g
−1
3 )−1v, η1)w3

〉
=
〈
w1 ⊠P (ζ0) w2, Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4⊗

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)Y ((g1g2g
−1
3 )−1v, η1)w3

)〉
=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4, Y1(w1, ζ1)Y2(w2, ζ2)

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)Y ((g1g2g
−1
3 )−1v, η1)w3

〉
=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4, Y1(w1, ζ1)Y2(w2, ζ2)

Y
(
e−ζ

−1
2 (1−x)L(1)(1− η−1

2 η1)
−2L(0)(−ζ2η−1

2 )L(0)(g1g2g
−1
3 )−1v,

erπıe2l0(ζ2)el0(ζ
−1
2 )e−l0(η2)η1

1− x

)
e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉 ∣∣∣
x=η−1

2 η1

(10.16)

=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4, Y1(w1, ζ1)Y2(w2, ζ2)

Y p1

(
e−ζ

−1
2 (1−η−1

2 η1)L(1)(1− η−1
2 η1)

−2L(0)(−ζ2η−1
2 )L(0)(g1g2g

−1
3 )−1v,

ζ2η1
η1 − η2

)
e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉
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=f b1Y1,Y2,3

(
ζ1, ζ2,

ζ2η1
η1 − η2

; e−ζ
−1
2 (1−η−1

2 η1)L(1)

(
−ζ2η2

(η2 − η1)2

)L(0)
g−p13 (g1g2g

−1
3 )−1v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
(10.17)

where p1 = p1(r, ζ2, η1, η2) is the unique integer satisfying

lp1

(
ζ2η1

η1 − η2

)
= rπı+ 2l0(ζ2) + l0(ζ

−1
2 )− l0(η2) + l0(η1) +

∑
k>0

1

k
η−k2 ηk1 , (10.18)

and b1 is an element in the fundamental group dependent on the value of ζ1, ζ2, and

ζ2η1
η1−η2 . Since the right-hand side of (10.17) is holomorphic on the region 0 <

∣∣∣η1η2 ∣∣∣ <
1 <

∣∣∣ ζ2ζ0 ∣∣∣, as a finite sum of series on η1
η2

and ζ2
ζ0
, we know the left-hand side of (10.17)

is absolutely convergent on the region 0 <
∣∣∣η1η2 ∣∣∣ < 1 <

∣∣∣ ζ2ζ0 ∣∣∣.
We define the region R1 by

R1 =

{
(ζ0, ζ2, η1, η2) ∈ (C×)4

∣∣∣∣ ζ0 + ζ2 ̸= 0, η1 ̸= η2,
ζ2η1

η1 − η2
̸= ζ1

}
, (10.19)

equipped with the cuttings ζ0 ∈ R+, ζ2 ∈ R+, ζ0 + ζ2 ∈ R+, η1 ∈ R+, η2 ∈ R+,

ζ2η1
η1−η2 − ζ1 ∈ R+,

ζ2η1
η1−η2 − ζ2 ∈ R+,

ζ2η1
η1−η2 ∈ R+ (which change the topology and

complex structure. All the positive real lines are attached to the upper half complex

planes). Because of the cuttings η1 ∈ R+, η2 ∈ R+, ζ2 ∈ R+, and
ζ2η1
η1−η2 ∈ R+, we

know that p1 is locally constant on

R′
1 =

{
(ζ0, ζ2, η1, η2) ∈ R1

∣∣∣∣ 0 < ∣∣∣∣η1η2
∣∣∣∣ < 1 <

∣∣∣∣ζ2ζ0
∣∣∣∣} .

Because of the cuttings ζi ∈ R+, i = 0, 1, 2, ηj ∈ R+, j = 1, 2, and ζ2η1
η1−η2 ∈ R+,

ζ2η1
η1−η2 ∈ R+,

ζ2η1
η1−η2 − ζ1 ∈ R+, and ζ2η1

η1−η2 − ζ2 ∈ R+, we know that b1 is locally

constant on R1 and therefore R′
1. Because of the cuttings η1 ∈ R+ and η2 ∈ R+,

we know that the function arg η1 − arg η2 is continuous on R′
1. We pick a point
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q1 = (−2,−5,−1− ı,−5ı) in R′
1. On the connected component C1 of R′

1 containing

q1, using q1 to compute, we know that p1 = 2, and b1 is the unique element such that

(10.20) holds. On C1, we have

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2 , YBζ2
(Jζ0,ζ2 )

(w′
4, η2)ϕg1g2g−1

3
(Y )(v, η1)w3

〉
=f b1Y1,Y2,3

(
ζ1, ζ2,

ζ2η1
η1 − η2

; e−ζ
−1
2 (1−η−1

2 η1)L(1)

(
−ζ2η2

(η2 − η1)2

)L(0)
g−p13 (g1g2g

−1
3 )−1v;

w1, w2, e
−ζ−1

2 L(1)erπıL(0)ζ
2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
=f eY1,Y2,3

(
ζ1, ζ2,

ζ2η1
η1 − η2

; e−ζ
−1
2 (1−η−1

2 η1)L(1)

(
−ζ2η2

(η2 − η1)2

)L(0)
(g1g2)g

−2
3 (g1g2g

−1
3 )−1v;

w1, w2, e
−ζ−1

2 L(1)erπıL(0)ζ
2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
(10.20)

Write η0 = η1 − η2. On the maximal Reinhardt sub-region of the region given

by 0 < |ζ2| < |ζ1| <
∣∣∣η2+η0
ζ−1
2 η0

∣∣∣, 0 < |η0| < |η2|, which is the region given by 0 <(
1 + |ζ1|

|ζ2|

)
|η0| < |η2|, 0 < |ζ2| < |ζ1|, (10.21) is absolutely convergent. Therefore, on

the region given by 0 <
(
1 + |ζ1|

|ζ2|

)
|η0| < |η2|, 0 < |ζ0| < |ζ2| < |ζ1|, we know that

(10.15) is equal to

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)(w1 ⊠P (ζ0) w2) , YBζ2

(Jζ0,ζ2 )

(
Y ((g1g2g

2
3)

−1v, η0)w
′
4, η2

)
w3

〉
=
〈
w1 ⊠P (ζ0) w2, Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)Y ((g1g2g
2
3)

−1v, η0)w
′
4⊗

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉
=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)Y ((g1g2g
2
3)

−1v, η0)w
′
4, Y1(w1, ζ1)Y2(w2, ζ2)

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉
=

〈
Y

(
e−ζ2(1+η

−1
2 η0)L(1)

(
η2ζ

−1
2

(η2 + η0)2

)L(0)
(g1g2g

2
3)

−1v,
e−l0(η2)el0(ζ

−1
2 )η0

1 + η−1
2 η0

)

e−ζ2L(1)η
−L(0)
2 (ζ−1

2 )L(0)w′
4, Y1(w1, ζ1)Y2(w2, ζ2)
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e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉

=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4,

Y

(
e

ζ−1
2 η0

η2+η0
L(1)

(
−(η2 + η0)

2

ζ−2
2 η20

)L(0)
e−ζ2(1+η

−1
2 η0)L(1)

(
η2ζ

−1
2

(η2 + η0)2

)L(0)
(g1g2g

2
3)

−1v,

1 + x

e−l0(η2)el0(ζ
−1
2 )η0

)
Y1(w1, ζ1)Y2(w2, ζ2)

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉 ∣∣∣
x=η−1

2 η0

=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4,

Y

(
e

η0+η20η
−1
2

ζ2(η2+η0)
L(1) (−ζ2η2η−2

0

)L(0)
(g1g2g

2
3)

−1v,
1 + x

e−l0(η2)el0(ζ
−1
2 )η0

)
Y1(w1, ζ1)Y2(w2, ζ2)e

−ζ−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉 ∣∣∣
x=η−1

2 η0

(10.21)

=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4,

Y p2

(
e

η0+η20η
−1
2

ζ2(η2+η0)
L(1) (−ζ2η2η−2

0

)L(0)
(g1g2g

2
3)

−1v,
η2 + η0

ζ−1
2 η0

)
Y1(w1, ζ1)Y2(w2, ζ2)e

−ζ−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉
(10.22)

=f b2Y1,Y2,3

(
ζ1, ζ2,

η2 + η0

ζ−1
2 η0

; e
η0+η20η

−1
2

ζ2(η2+η0)
L(1) (−ζ2η2η−2

0

)L(0)
(g1g2g3)

−p2(g1g2g
2
3)

−1v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
, (10.23)

where p2 = p2(ζ2, η0, η2) is the unique integer satisfying

lp2

(
η2 + η0

ζ−1
2 η0

)
= l0(η2)− l0(ζ

−1
2 )− l0(η0)−

∑
k>0

(−1)k

k
η−k2 ηk0 , (10.24)

and b2 is an element in the fundamental group. Since the right-hand side of (10.23)

is analytic on the region 0 <
∣∣∣η0η2 ∣∣∣ < 1 < 2 <

∣∣∣ ζ2ζ0 ∣∣∣, we know that the left-hand side of

(10.23) is absolutely convergent on this region.
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We define the region R2 by

R2 =

{
(ζ0, ζ2, η0, η2) ∈ (C×)4

∣∣∣∣ ζ0 + ζ2 ̸= 0, η0 + η2 ̸= 0,
η2 + η0

ζ−1
2 η0

̸= ζ1

}
, (10.25)

equipped with the cuttings ζ0 ∈ R+,ζ2 ∈ R+, ζ0 + ζ2 ∈ R+, η0 ∈ R+, η2 ∈ R+,

η2+η0
ζ−1
2 η0

− ζ1 ∈ R+,
η2+η0
ζ−1
2 η0

− ζ2 ∈ R+,
η2+η0
ζ−1
2 η0

∈ R+ (which changes the topology and

complex structure. All the positive real lines are attached to the upper half complex

planes). Because of the cuttings η0 ∈ R+, η2 ∈ R+, and
η2+η0
ζ−1
2 η0

∈ R+, we know that p2

is locally constant on

R′
2 =

{
(ζ0, ζ2, η0, η2) ∈ R2

∣∣∣∣ 0 < ∣∣∣∣η0η2
∣∣∣∣ < 1 < 2 <

∣∣∣∣ζ2ζ0
∣∣∣∣} .

Because of all cuttings in R2, we know that b2 is locally constant on R′
2. Because

of the cuttings ζ0 ∈ R+ and ζ2 ∈ R+, we know that the function arg ζ0 − arg ζ2 is

continuous on R2 and therefore R′
2. We pick a point q2 = (−2,−5,−1 + ı,−5ı) in

R′
2. On the connected component C2 of R′

2 containing q2, using q2 to compute, we

know that p2 = −1, and b2 is the identity group element e. On C2, we have

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2, YBζ2
(Jζ0,ζ2 )

(
ϕg1g2g23(Y )(v, η1−η2)w′

4, η2

)
w3

〉
=f eY1,Y2,3

(
ζ1, ζ2,

η2 + η0

ζ−1
2 η0

; e
η0+η20η

−1
2

ζ2(η2+η0)
L(1) (−ζ2η2η−2

0

)L(0)
(g1g2g3) · (g1g2g23)−1v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
(10.26)

Using η0 = η1 − η2, there is a natural bijection between R1 and R2. Under this

identification, the line segment connecting q1 and q2 is contained in C1 ∩ C2. On

C1 ∩ C2, by (10.20) and (10.26), we know that

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2, YBζ2
(Jζ0,ζ2 )

(
ϕg1g2g23(Y )(v, η1−η2)w′

4, η2

)
w3

〉
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=f eY1,Y2,3

(
ζ1, ζ2,

η2 + η0

ζ−1
2 η0

; e
η0+η20η

−1
2

ζ2(η2+η0)
L(1) (−ζ2η2η−2

0

)L(0)
(g1g2g3) · (g1g2g23)−1v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
=f eY1,Y2,3

(
ζ1, ζ2,

ζ2η1
η1 − η2

; e−ζ
−1
2 (1−η−1

2 η1)L(1)

(
−ζ2η2

(η2 − η1)2

)L(0)
(g1g2)g

−2
3 (g1g2g

−1
3 )−1v;

w1, w2, e
−ζ−1

2 L(1)erπıL(0)ζ
2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
=
〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2, YBζ2
(Jζ0,ζ2 )

(w′
4, η2)ϕg1g2g−1

3
(Y )(v, η1)w3

〉
(10.27)

The right-hand side and the left-hand side are both absolutely convergent series.

Compare the powers of ζ0 on the both sides, we have

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)πn

(
w1 ⊠P (ζ0) w2

)
,YBζ2

(Jζ0,ζ2 )

(
ϕg1g2g23(Y )(v, η1−η2)w′

4, η2

)
w3

〉
=
〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)πn

(
w1 ⊠P (ζ0) w2

)
,YBζ2

(Jζ0,ζ2 )
(w′

4, η2)ϕg1g2g−1
3
(Y )(v, η1)w3

〉
.

(10.28)

When regard ζ0, ζ2 as fixed, both sides of (10.28) are absolutely convergent to a single

valued branch of a multivalued function on

{
(η1, η2) ∈ (C×)2

∣∣∣∣ η1 ̸= η2,
η2 + η0

ζ−1
2 η0

̸= ζ1,
η2 + η0

ζ−1
2 η0

̸= ζ2,
η2 + η0

ζ−1
2 η0

̸= 0

}
. (10.29)

However, when regarding ζ0 and ζ2 as independent variables, this function is inde-

pendent on ζ0. After taking a union of (10.29) over some open set of ζ0, we know

that the domain of the multivalued function that (10.28) absolutely converges to is

{
(η1, η2) ∈ (C×)2

∣∣ η1 ̸= η2
}
. (10.30)

It is easy to see that every singularity of this multivalued function is regular.
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It can be checked that for any (a, b) ∈ U1 (defined in Remark 8.0.7), the set

{(η1, η2)|(a− b, b, η1, η2) ∈ C1 ∩ C2} (10.31)

is nonempty open. In particular, for (a, b) = (z̃1, z̃2), we know that (10.10) and (10.11)

are absolutely convergent and equal on some nonempty open set, which implies that

they are absolutely convergent and equal on the region given by 0 < |η1| < |η2|,

0 < |η0| < |η2|, arg(η1 − η2)− arg(η2) ∈
(
−3π

2
,−π

2

)
, and | arg(η1)− arg(η2)| < π

2
.

Let
(
fYBζ2

(Jζ0,ζ2
),2, f

e
YBζ2

(Jζ0,ζ2
),2

)
be a multivalued function with a preferred single

valued branch, such that fYBζ2
(Jζ0,ζ2

),2 satisfies Condition 3.0.13 for (1, 1, {0}), and on

the region given by 0 < |ζ0| < |ζ2|, and | arg(η1)− arg(η2)| < π
2
,

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)πn

(
w1 ⊠P (ζ0) w2

)
,YBζ2

(Jζ0,ζ2 )

(
ϕg1g2g23(Y )(v, η1−η2)w′

4, η2

)
w3

〉
=f eYBζ2

(Jζ0,ζ2
),2

(
η1, η2; v, w

′
4, w3; η

−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)πn

(
w1 ⊠P (ζ0) w2

))
. (10.32)

We know that there uniquely exists such a pair
(
fYBζ2

(Jζ0,ζ2
),2, f

e
YBζ2

(Jζ0,ζ2
),2

)
because

of the part (e) of Condition 3.0.13 applying to coefficients of the expansion of

fY1,Ω+(Y2),3

(
ζ0,−ζ2,

ζ2η2
η1 − η2

)

at the regular singularity ζ0 = 0.

On the region given by (ζ0, ζ2, η1, η2) ∈ C2 and | arg(η1)− arg(η2)| < π
2
, by (10.26)

and (10.32), we have

f eY1,Y2,3

(
ζ1, ζ2,

η2 + η0

ζ−1
2 η0

; e
η0+η20η

−1
2

ζ2(η2+η0)
L(1) (−ζ2η2η−2

0

)L(0)
(g1g2g3) · (g1g2g23)−1v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
=
∑
n∈C

∑
k∈N

f eYBζ2
(Jζ0,ζ2

),2

(
η1, η2; v, w

′
4, w3; η

−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)(Y⊠P (ζ0)

)−n−1,k(w1)w2

)
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ζn+wtw1+wtw2
0 log(ζ0)

k. (10.33)

We define the region R0 by

R0 =

{
(ζ0, ζ2, η1, η2) ∈ (C×)4

∣∣∣∣ ζ0 + ζ2 ̸= 0, η1 ̸= η2,
ζ2η1

η1 − η2
̸= ζ1

}
, (10.34)

equipped with the cuttings ζ0 ∈ R+, ζ2 ∈ R+, ζ0 + ζ2 ∈ R+, η1 ∈ R+, η2 ∈ R+,

η1 − η2 ∈ R+,
ζ2η1
η1−η2 − ζ1 ∈ R+,

ζ2η1
η1−η2 − ζ2 ∈ R+,

ζ2η1
η1−η2 ∈ R+ (which change the

topology and complex structure. All the positive real lines are attached to the upper

half complex planes). Define

R′
0 =

{
(ζ0, ζ2, η1, η2) ∈ R0

∣∣∣ |ζ0| < min{|ζ2|, |η2ζ2/η0|}
}
. (10.35)

Because of these cuttings, the left-hand side of (10.33) is single-valued analytic on

R0, and the both sides of (10.33) are single-valued analytic on R′
0. Therefore, we

know that (10.33) holds on the union C0 of connected components of R′
0 whose

interesction with the region given by (ζ0, ζ2, η1, η2) ∈ C2 and | arg(η1)− arg(η2)| < π
2

have nonempty interior.

Now, we study (10.13). On the region given by 0 < |ζ2| +
∣∣∣ ζ2η2η1−η2 − ζ0

∣∣∣ < |ζ1|, we

have

〈
Y⊠P (ζ0)

(
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

− ζ0

)
w1, ζ0

)
w2 ,

Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗ e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉

=
〈
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4,

Y1

(
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

− ζ0

)
w1, ζ1

)

Y2(w2, ζ2)e
−ζ−1

2 L(1)erπıL(0)ζ
2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

〉
(10.36)
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=f b3Y1,Y2,3

(
ζ1, ζ2,

η1ζ2
η1 − η2

; eζ
−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
(10.37)

The expression (10.36) is absolute convergent on the region given by 0 < |ζ2| +∣∣∣ ζ2η2η1−η2 − ζ0

∣∣∣ < |ζ1|, to a single-valued branch (10.37) of its multivalued function. Let

R′
3 =

{
(ζ0, ζ2, η1, η2) ∈ R1

∣∣∣∣ 0 < |ζ2|+
∣∣∣∣ ζ2η2
η1 − η2

− ζ0

∣∣∣∣ < |ζ1|
}
.

Then, b3 is locally constant on R′
3, and (10.37) is single valued analytic on R′

3. Let

q3 = (−2,−14,−25i,−5i) ∈ R′
3. We have (ζ1, ζ2,

ζ2η2
η1−η2 − ζ0+ ζ1) = (−16,−14,−17.5)

at q3. Using Proposition 8.0.4, we know that b3 = e on the connected component C3

of R′
3 containing q3. Therefore, on C3 we have

〈
Y⊠P (ζ0)

(
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

− ζ0

)
w1, ζ0

)
w2 ,

Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗ e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉

=f eY1,Y2,3

(
ζ1, ζ2,

η1ζ2
η1 − η2

; eζ
−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
. (10.38)

Also, on the region given by

0 <

∣∣∣∣ η2ζ2
η1 − η2

− ζ0

∣∣∣∣ < |ζ0| <
∣∣∣∣ η2ζ2
η1 − η2

∣∣∣∣ ,∣∣∣∣arg( η2ζ2
η1 − η2

)
− arg(ζ0)

∣∣∣∣ < π

2
,

∣∣∣∣arg( η2ζ2
η1 − η2

− ζ0

)
− arg(ζ0)

∣∣∣∣ < π

2
, (10.39)
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we know that as elements in W1 ⊠P (ζ0) W2,

Y⊠P (ζ0)

(
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

− ζ0

)
w1, ζ0

)
w2

=Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

)
Y⊠P (ζ0)

(w1, ζ0)w2. (10.40)

Therefore, on

{(ζ0, ζ2, η1, η2) ∈ C3| Conditions (10.39) hold.} , (10.41)

we have

〈
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

)
Y⊠P (ζ0)

(w1, ζ0)w2 ,

Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗ e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉

=

〈
Y⊠P (ζ0)

(
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

− ζ0

)
w1, ζ0

)
w2 ,

Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗ e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉

=f eY1,Y2,3

(
ζ1, ζ2,

η1ζ2
η1 − η2

; eζ
−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
. (10.42)

The region where the left-hand side of (10.42) is equal to the right-hand side of (10.42)

(i.e., ignore the intermediate term) can be enlarged from (10.41) to a larger region as

the following. Notice that the left-hand side of (10.42) is a finite linear combination

(whose coefficients are of the form ηa2ζ
b
2(η1 − η2)

c log(η2)
d log(ζ2)

e, a, b ∈ C, c ∈

Z, d, e ∈ N) of series in ζ2η2
ζ1−ζ2 , and ζ0, whose coefficients are of the form ⟨a1, Jζ0,ζ2(a2⊗

a3)⟩ (a1, a2, a3 are module elements instead of elements in algebraic completion of
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modules), which can be written as finite linear combinations of monomials of the

form ζa2 ζ
b
0 log(ζ2)

c log(ζ0)
d, a, b ∈ C, c, d ∈ Z. Therefore, the left-hand side of (10.42)

is an iterate series whose inner sum (i.e. coefficient) are in ζ2 and the outer sum

is in
(

ζ2η1
η1−η2 − ζ2

)
and ζ0. We already know (10.42) is absolutely convergent on the

region (10.41). We know that there is an expansion (multiple series) in ζ0, X − ζ2,

and ζ2 of fY1,Y2,3(ζ1, ζ2, X) which absolutely converges on the region given by 0 <

|ζ0| < |X − ζ2| < |ζ2|. This is because
(
ζ1−ζ2
X−ζ2 ,

ζ2
X−ζ2

)
= (0,∞) is a regular singularity

of the function fY1,Ω+(Y2),3(
ζ1−ζ2
X−ζ2 ,

−ζ2
X−ζ2 , 1), which has relation with fY1,Ω+(Y2),3(ζ1 −

ζ2,−ζ2, X−ζ2) (using L(0)-conjugation property) and therefore fY1,Y,3(ζ1, ζ2, X). Let

X = ζ2η1
η1−η2 . Since the intersection of the region given by 0 < |ζ0| < |X − ζ2| < |ζ2|

and the region (10.41) is open and nonempty, using unique expansion property, we

know that they are the same series. Therefore, we know that as a series in ζ0, X − ζ2

and ζ2, the left-hand side of (10.42) is absolutely convergent on the region given by

0 < |ζ0| <
∣∣∣∣ ζ2η1
η1 − η2

− ζ2

∣∣∣∣ < |ζ2|. (10.43)

Moreover, on the region given by (10.43), and the second line of (10.39), (ζ0, ζ2, η1, η2) ∈

C3 we have

〈
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v,

η2ζ2
η1 − η2

)
Y⊠P (ζ0)

(w1, ζ0)w2 ,

Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗ e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉

=f bY1,Y2,3

(
ζ1, ζ2,

η1ζ2
η1 − η2

; eζ
−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
v;w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
, (10.44)
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for some group element b. Therefore, since we have

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2 , ϕg1g2g3(Y )(v, η1)YBζ2
(Jζ0,ζ2 )

(w′
4, η2)w3

〉
=
〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2, Y ((g1g2g3)
−1v, η1)YBζ2

(Jζ0,ζ2 )
(w′

4, η2)w3

〉
=
〈
eζ

−1
2 L(1)(ζ−1

2 )−L(0)η
L(0)
2 Y o((g1g2g3)

−1v, η1)η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2 ,

Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗ e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉
=

〈
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
(g1g2g3)

−1v,
η2e

−l0(η1)−l0(ζ−1
2 )

1− x

)

Y⊠P (ζ0)
(w1, ζ0)w2 , Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉∣∣∣∣
x=η2η

−1
1

, (10.45)

we know, by taking the maximal Reinhardt sub-region of (10.43), that the left-land

side of (10.45), which is the same as (10.13), is absolutely convergent on the region

given by

2 <

∣∣∣∣η1η2
∣∣∣∣ , 0 <

∣∣∣∣η1η2
∣∣∣∣+ 1 <

∣∣∣∣ζ2ζ0
∣∣∣∣ . (10.46)

On the region given by (10.46) and the second line of (10.39), we have

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2 , ϕg1g2g3(Y )(v, η1)YBζ2
(Jζ0,ζ2 )

(w′
4, η2)w3

〉
=

〈
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
(g1g2g3)

−1v,
η2e

−l0(η1)−l0(ζ−1
2 )

1− x

)

Y⊠P (ζ0)
(w1, ζ0)w2 , Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉∣∣∣∣
x=η2η

−1
1

=

〈
Y p3

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
(g1g2g3)

−1v,
η2ζ2

η1 − η2

)
Y⊠P (ζ0)

(w1, ζ0)w2 ,
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Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4 ⊗ e−ζ

−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉

=

〈
Y

(
eζ

−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
(g1g2)

−p3(g1g2g3)
−1v,

η2ζ2
η1 − η2

)

Y⊠P (ζ0)
(w1, ζ0)w2 Jζ0,ζ2

(
e−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4⊗

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3

)〉

=f b4Y1,Y2,3

(
ζ1, ζ2,

η1ζ2
η1 − η2

; eζ
−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
(g1g2)

−p3(g1g2g3)
−1v;

w1, w2, e
−ζ−1

2 L(1)erπıL(0)ζ
2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
,

(10.47)

where b4 is an element in the fundamental group and p3 = p3(ζ2, η1, η2) is the unique

integer satisfying

lp3

(
η2ζ2

η1 − η2

)
= l0(η2)− l0(η1)− l0

(
ζ−1
2

)
+
∑
k>0

1

k
ηk2η

−k
1 . (10.48)

We define the region

R′
4 = {(ζ0, ζ2, η1, η2) ∈ R1| 2 < |η1/η2| , 0 < |η1/η2|+ 1 < |ζ2/ζ0|} (10.49)

Notice that q3 ∈ R′
4, and also satisfies the second line of the condition (10.39). Let

C4 be the connected component of R′
4 containing q3. Because of those cuttings on

R1, p3 and b4 are both locally constant on R1 and therefore R′
4. Therefore, p3 and

b4 are constant on C4. Using q3 to compute, we obtain that p3 = −1 on C4. Using

(10.44) and the fact that q3 is contained in C3 and also satisfies the second line of the

condition (10.39), we know that b4 = e on C4. Therefore on C4, we have

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)Y⊠P (ζ0)

(w1, ζ0)w2 , ϕg1g2g3(Y )(v, η1)YBζ2
(Jζ0,ζ2 )

(w′
4, η2)w3

〉
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=f eY1,Y2,3

(
ζ1, ζ2,

η1ζ2
η1 − η2

; eζ
−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
(g1g2)(g1g2g3)

−1v;

w1, w2, e
−ζ−1

2 L(1)erπıL(0)ζ
2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
(10.50)

Therefore, for any n ∈ C,

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)πnY⊠P (ζ0)

(w1, ζ0)w2 , ϕg1g2g3(Y )(v, η1)YBζ2
(Jζ0,ζ2 )

(w′
4, η2)w3

〉
(10.51)

is a coefficient of the expansion of the right-hand side of (10.50) at the regular sin-

gularity ζ0 = 0. By the part (e) of Condition 3.0.13, we know that (10.51), as a

function in −ζ2 and ζ2η2
η1−η2 =

ζ2·(η2η−1
1 )

1−(η2η
−1
1 )

is absolutely convergent, on the region given

by 2 < |η1/η2|, to a multivalued function satisfies Condition 3.0.13 for (1, 1, {0}). We

know that the expansion at (X1, X2) = (∞, 0) of a multivalued function in X1 and

X2 satisfying Condition 3.0.13 for (1, 1, {0}) would have the region of convergence

0 < |X2| < |X1|. Therefore, The region of convergence of (10.51) can be enlarged to

r < |η1/η2|, for any r ≥ 1 satisfying the condition

−ζ2, 0 /∈
{
ζ2 · (η2η−1

1 )

1− (η2η
−1
1 )

∣∣∣∣ |η1/η2| > r

}

We know that r = 1 satisfies the above condition. Therefore, on the region

R′
5 = {(ζ0, ζ2, η1, η2) ∈ R1| |η1/η2| > 1} , (10.52)

the series (10.51) is absolutely convergent.

On C4, by (10.50), we know that

f eY1,Y2,3

(
ζ1, ζ2,

η1ζ2
η1 − η2

; eζ
−1
2 η−1

2 (η1−η2)L(1)
(

−ζ2η2
(η1 − η2)2

)L(0)
(g1g2)(g1g2g3)

−1v;
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w1, w2, e
−ζ−1

2 L(1)erπıL(0)ζ
2L(0)
2 η

−L(0)
2 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
2 (ζ−1

2 )L(0)w′
4

)
=

∑
n∈C,k∈N

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)(Y⊠P (ζ0)

)−n−1,k(w1)(w2) , ϕg1g2g3(Y )(v, η1)

YBζ2
(Jζ0,ζ2 )

(w′
4, η2)w3

〉
ζn+wtw1+wtw2
0 log(ζ0)

k. (10.53)

Equipped the coarsest topology on C4∩C0 such that both embeddings C4∩C0 ↪→

R1 and C4 ∩ C0 ↪→ R0 are continuous, which is equivalent to the subspace topology

induced by C4 ∩ C0 ⊂ R0. It can be check that q2 and q3 are both contained in R′
0,

and can be connected by a continuous path in R′
0. Therefore, sinse q2 ∈ C0, we know

that q3 ∈ C0, and C4 ∩ C0 has nonempty interior.

On the region given by C4 ∩ C0, compare the coefficient of ζn+wtw1+wtw2
0 log(ζ0)

k,

in (10.33) and (10.53), we know that

〈
η
−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)(Y⊠P (ζ0)

)−n−1,k(w1)(w2) , ϕg1g2g3(Y )(v, η1)YBζ2
(Jζ0,ζ2 )

(w′
4, η2)w3

〉
=f eYBζ2

(Jζ0,ζ2
),2

(
η1, η2; v, w

′
4, w3; η

−L(0)
2 (ζ−1

2 )L(0)e−ζ
−1
2 L(1)(Y⊠P (ζ0)

)−n−1,k(w1)w2

)
(10.54)

Both sides of (10.54) is analytic and single-valued on the region given by 0 < |η2| <

|η1|, and | arg(η1−η2)−arg(η1)| < π
2
, they are equal in a nonempty open subset C4∩C0,

we know that they are equal on the region given by 0 < |η2| < |η1|, and | arg(η1 −

η2)− arg(η1)| < π
2
. It can be checked that for any (ζ1, ζ2) ∈ U1 (see the definition of

U1 in Remark 8.0.7), the set {(η1, η2) ∈ F2(C×)| (ζ1−ζ2, ζ2η1, η2) ∈ C4∩C0} is always

a subset of region given by 0 < |η2| < |η1|, and | arg(η1 − η2) − arg(η1)| < π
2
having

nonempty interior. Therefore, in particular for (ζ1, ζ2) = (z̃1, z̃2), we know that

〈
η
−L(0)
2 (z̃2

−1)L(0)e−z̃2
−1L(1)πn(w1 ⊠P (z̃0) w2) , ϕg1g2g3(Y )(v, η1)YBz̃2

(J) (w
′
4, η2)w3

〉
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=f eYBz̃2
(J),2

(
η1, η2; v, w

′
4, w3; η

−L(0)
2 (z̃2

−1)L(0)e−z̃2
−1L(1)(Y⊠P (z̃0)

)−n−1,k(w1)w2

)
.

(10.55)

So far, the duality property for YBz̃2
(J) is proved.

The final step is to prove that

〈
η
−L(0)
k+1 (z̃2

−1)L(0)e−z̃2
−1L(1)πn(w1 ⊠P (z̃0) w2) ,

ϕg1g2g3(Y )(v1, η1) · · ·ϕg1g2g3(Y )(vk, ηk)YBz̃2
(J) (w

′
4, ηk+1)w3

〉
, (10.56)

is absolutely convergent, on the region given by 0 < |ηk+1| < · · · < |η1|, to a single-

valued branch of a multivalued function satisfying Condition 3.0.13 for (k, 1, {0}).

Using a similar arguement as the k = 1 case we have already studied above, we can

show that (10.56) is absolutely convergent, on the region given by 0 < |ηk+1| < · · · <

|η1|, to a multivalued function, which we denote by

f eYBz̃2
(J),k+1(η1, . . . , ηk+1; v1, . . . , vk, w

′
4, w3, η

−L(0)
k+1 (z̃2

−1)L(0)e−z̃2
−1L(1)πn(w1 ⊠P (z̃0) w2)).

(10.57)

Moreover, we can show that (10.57) converges to the coefficient of the series expansion

of (10.58) at the regular singularity ζ0 = 0. Here, we view (10.58) as a function in ζ0,

−ζ2, and ηk+1ζ2
η1−ηk+1

, . . . , ηk+1ζ2
ηk−ηk+1

. One can consider fY1,Ω+(Y2),k+2 if that helps understand.

fY1,Y2,k+2

(
ζ1, ζ2,

η1ζ2
η1 − ηk+1

, . . . ,
ηkζ2

ηk − ηk+1

;

eζ
−1
2 η−1

k+1(η1−ηk+1)L(1)

(
−ζ2ηk+1

(η1 − ηk+1)2

)L(0)
(g1g2)(g1g2g3)

−1v1, · · ·

eζ
−1
2 η−1

k+1(ηk−ηk+1)L(1)

(
−ζ2ηk+1

(ηk − ηk+1)2

)L(0)
(g1g2)(g1g2g3)

−1vk, w1, w2,

e−ζ
−1
2 L(1)erπıL(0)ζ

2L(0)
2 η

−L(0)
k+1 (ζ−1

2 )L(0)w3, e
−ζ2L(1)η

−L(0)
k+1 (ζ−1

2 )L(0)w′
4

)
. (10.58)
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Since (10.58) satisfies Condition 3.0.13 for (k, 2, {0}), using the part (d) of Condition

3.0.13, we know that (10.57) satisfies Condition 3.0.13 for (k, 1, {0}).
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Chapter 11

Associativities

11.1 Associativity of twisted intertwining opera-

tors

We say that the category C satisfies the associativity of twisted intertwining

operators, the the following two properties are satisfied.

1. LetW1, W2, W3,M1, W4 be any g1-, g2-, g3-, g2g3-, g1g2g3-twisted V -modules in

C, respectively. For any twisted intertwining operators Y1, Y2 of types
(

W4

W1 M1

)
,(

M1

W2 W3

)
, respectively, there exists a g1g2-twisted V -moduleM2 in C, and twisted

intertwining operators Y3, Y4 of types
(

W4

M2 W3

)
,
(

M2

W1 W2

)
, respectively, such that

for any wi ∈ Wi, i = 1, 2, 3, and w′
4 ∈ W ′

4, the equation (11.2) holds on the

region given by

0 < |z1 − z2| < |z2| < |z1|,

|arg(z1 − z2)− arg(z1)| <
π

2
, |arg(z1)− arg(z1)| <

π

2
. (11.1)

2. LetW1, W2, W3,M2, W4 be any g1-, g2-, g3-, g1g2-, g1g2g3-twisted V -modules in

C, respectively. For any twisted intertwining operators Y3, Y4 of types
(

W4

M2 W3

)
,
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(
M2

W1 W2

)
, respectively, there exists a g2g3-twisted V -moduleM1 in C, and twisted

intertwining operators Y1, Y2 of types
(

W4

W1 M1

)
,
(

M1

W2 W3

)
, respectively, such that

for any wi ∈ Wi, i = 1, 2, 3, and w′
4 ∈ W ′

4, the equation (11.2) holds on the

region given by (11.1).

⟨w′
4,Y1(w1, z1)Y2(w2, z2)w3⟩ = ⟨w′

4,Y3(Y4(w1, z1 − z2)w2, z2)w3⟩ (11.2)

In this section, we shall prove the associativity of twisted intertwining operators for

a nice enough category C.

Theorem 11.1.1. Suppose C satisfies assumptions 6.0.7, 8.0.1, and 8.0.5. In other

words,

1. For any twisted module W in C, the nilpotent part LW (0)N of LW (0) is nilpotent

on W .

2. For any twisted module W in C, LW (1) is locally nilpotent.

3. For any z ∈ C×, and twisted modules W1 and W2 in C, W1 P (z)W2 is also in C

4. The contragredient of an object in C is also in C. The direct sum of two objects

in C is also in C.

5. For any twisted module W in C and n ∈ C, dim(W[n]) < ∞. In particular,

W ∼= W ′′.

6. C is closed under taking image.

7. Let W1, W2, W3, M1, M2, W4 be any g1-, g2-, g3-, g2g3-, g1g2-, g1g2g3-twisted

V -modules in C, respectively. Let Y1, Y2, Y3, Y4 be any twisted intertwining

operators of types
(

W4

W1 M1

)
,
(

M1

W2 W3

)
,
(

W4

M2 W3

)
,
(

M2

W1 W2

)
, respectively.
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(a) (Y1,Y2) satisfies the regular singular point property and the convergence

and extension property for products.

(b) (Y3,Y4) satisfies the regular singular point property and the convergence

and extension property for iterates.

Furthermore, we assume

8. Let W1, W2, W3, M1, Y1, Y2 be as in 7. For any w3 ∈ W3, w
′
4 ∈ W ′

4, z1, z2 ∈ C

satisfying (11.1), and n ∈ C, the functional λ̃
(2)
n (w3, w

′
4; z1, z2) ∈ (W1 ⊗W2)

∗

defined in (9.4) is P (z1 − z2)-C-embeddable.

Then, the associativity of twisted intertwining operators for C holds.

Proof. We first prove the part 1. of associativity of twisted intertwining operators.

LetW1,W2,W3,M1,W4 be any g1-, g2-, g3-, g2g3-, g1g2g3-twisted V -modules in C,

respectively. Let Y1, Y2 be twisted intertwining operators of types
(

W4

W1 M1

)
,
(

M1

W2 W3

)
,

respectively. Let z1, z2 ∈ C satisfying (11.1).

For any n ∈ C, recall that in (9.4) we have defined λ̃
(2)
n (w3, w

′
4; z1, z2) ∈ (W1⊗W2)

∗.

By Theorem 9.0.1, we know that λ̃
(2)
n (w3, w

′
4; z1, z2) is P (z1 − z2)-compatible for any

w3 ∈ W3 and w′
4 ∈ W ′

4. By the fact that C is closed under taking image, and

λ̃
(2)
n (w3, w

′
4; z1, z2) is P (z1−z2)-C-embeddable, applying Theorem 7.0.23, we know that

λ̃
(2)
n (w3, w

′
4; z1, z2) ∈ W1 P (z)W2. Also, we know that wt

(
λ̃
(2)
n (w3, w

′
4; z1, z2)

)
= n.

Let Λ(w3, w
′
4; z1, z2) be the element in W1 P (z1−z2)W2 such that

πn (Λ(w3, w
′
4; z1, z2)) = λ̃(2)n (w3, w

′
4; z1, z2), for any n ∈ C.

We naturally identify the spaces W1 P (z1−z2)W2 and
(
W1 ⊠P (z1−z2) W2

)∗
. Therefore,

we can view Λ(w3, w
′
4; z1, z2) as a linear functional in

(
W1 ⊠P (z1−z2) W2

)∗
. We have

Λ(w3, w
′
4; z1, z2)

(
w1 ⊠P (z1−z2) w2

)
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=
∑
n∈C

λ̃(2)n (w3, w
′
4; z1, z2)

(
πnw1 ⊠P (z1−z2) w2

)
=⟨w′

4,Y1(w1, z1)Y2(w3, z2)w3⟩. (11.3)

The last step is because of the definition of λ̃
(2)
n (w3, w

′
4; z1, z2). It is easy to check that

λ̃
(2)
n (w3, w

′
4; z1, z2), n ∈ C, and therefore Λ(w3, w

′
4; z1, z2) are bilinear in w3 and w′

4.

Consider the map

W ′
4 ⊗W3 → W1 ⊠P (z1−z2) W2 (11.4)

w′
4 ⊗ w3 7→ Λ(w3, w

′
4; z1, z2)

Recall (10.4), the map (11.4) is equal to J with z̃1 = z1 and z̃2 = z2. Since z1, z2 sat-

isfies (11.1), by Theorem 10.0.1, we know that the map (11.4) is a Q(z2)-intertwining

map of type
(W1 P (z̃0)

W2

W ′
4 W3

)
. In other words, There exists a twisted intertwining operator

Y4 of type
(

W4

W1⊠P (z1−z2)
W2 W3

)
, such that for any w ∈ W1 ⊠P (z1−z2) W2

Λ(w3, w
′
4; z1, z2)w = ⟨w′

4,Y4(w, z1 − z2)w3⟩. (11.5)

Therefore, for any w1 ∈ W1, w2 ∈ W2, w3 ∈ W3, w
′
4 ∈ W ′

4, we have

⟨w′
4,Y1(w1, z1)Y2(w2, z2)w3⟩

=Λ(w3, w
′
4; z1, z2)

(
w1 ⊠P (z1−z2) w2

)
=
∑
n∈C

Λ(w3, w
′
4; z1, z2)

(
πnw1 ⊠P (z1−z2) w2

)
=
∑
n∈C

⟨w′
4,Y4(πnw1 ⊠P (z1−z2) w2, z1 − z2)w3⟩

(∗)
=⟨w′

4,Y4(w1 ⊠P (z1−z2) w2, z1 − z2)w3⟩

=⟨w′
4,Y4(Y⊠P (z1−z2)

(w1, z1 − z2)w2, z1 − z2)w3⟩
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Notices that the (∗) step is becauseW1⊠P (z1−z2)W2 is an object in C, and ⟨w′
4,Y4(w1⊠P (z1−z2)

w2, z1 − z2)w3⟩ is absolutely convergent. Let Y3 be Y⊠P (z1−z2)
.

Using operator Ω+, the part 2. of associativity of twisted intertwining operators

can be derived from the part 1.

We have finished the prove.

The condition 8. in Theorem 11.1.1 is weaker than the following:

• Any twisted module generated by one element is an object of C.

Therefore, we have

Corollary 11.1.2. Suppose C satisfies Condition 1-7 in Theorem 11.1.1. Further-

more, we assume that for any g ∈ {h ∈ Aut(V )|Obj(Ch) ̸= ∅}, any g-twisted module

generated by one element is an object of C. Then, the associativity of twisted inter-

twining operators for C holds.

The condition 8. in Theorem 11.1.1 is also weaker than the followings:

• Any grading-restricted twisted module generated by one element is an object

of C.

• There exists N ∈ N such that λ̃
(2)
n (w3, w

′
4; ζ1, ζ2) = 0, for any n ∈ C with

ℜ(n) < −N , w3 ∈ W3, w
′
4 ∈ W ′

4, and (ζ1, ζ2) ∈ F2(C×).

Therefore, we have

Corollary 11.1.3. Suppose C satisfies Condition 1-7 in Theorem 11.1.1. Further-

more, we assume

1. For any g ∈ {h ∈ Aut(V )|Obj(Ch) ̸= ∅}, any grading-restricted g-twisted

module generated by one element is an object of C.
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2. Let W1, W2, W3, M1, Y1, Y2 be as in condition 7. in Theorem 11.1.1. There

exists NY1,Y2 ∈ N such that λ̃
(2)
n (w3, w

′
4; z1, z2) = 0, for any n ∈ C with ℜ(n) <

−NY1,Y2, w3 ∈ W3, w
′
4 ∈ W ′

4, and (z1, z2) satisfying (11.1).

(See (9.4) for the definition of λ̃
(2)
n .)

Then, the associativity of twisted intertwining operators for C holds.

Using Theorems 11.1.1 and 9.0.4, Corollaries 6.0.12, 7.0.24 and 11.1.3, and Re-

marks 7.0.19 and 8.0.2, we derive the following Corollary:

Corollary 11.1.4. Let G be a subgroup of Aut(V ). Assume that the following con-

ditions are satisfied:

1. For g ∈ G, there are only finitely many irreducible grading-restricted g-twisted

V -modules.

2. For g ∈ G, every grading-restricted g-twisted V -module is completely reducible.

3. For g1, g2 ∈ G, and grading-restricted g1-, g2-, g1g2-twisted V -modules W1, W2,

and W3, the fusion rule NW3
W1W2

:= dimVW3
W1W2

is finite.

4. For any g ∈ G, and irreducible grading-restricted g-twisted V -moduleW , LW (0)N

is nilpotent.

5. Let W1, W2, W3, M1, M2, W4 be any g1-, g2-, g3-, g2g3-, g1g2-, g1g2g3-twisted

V -modules in C, respectively. Let Y1, Y2, Y3, Y4 be any twisted intertwining

operators of types
(

W4

W1 M1

)
,
(

M1

W2 W3

)
,
(

W4

M2 W3

)
,
(

M2

W1 W2

)
, respectively.

(a) (Y1,Y2) satisfies the convergence and extension property for products.

(b) (Y3,Y4) satisfies the convergence and extension property for iterates.

(c) There exists NY1,Y2 ∈ N such that λ̃
(2)
n (w3, w

′
4; z1, z2) = 0, for any n ∈ C

with ℜ(n) < −NY1,Y2, w3 ∈ W3, w
′
4 ∈ W ′

4, and (z1, z2) satisfying (11.1).

(See (9.4) for the definition of λ̃
(2)
n .)
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Then, the associativity of twisted intertwining operators for GMgr(G) holds.

11.2 Associativity isomorphisms of the P (z)-tensor

products

Using our results on the associativity of twisted intertwining operators, one can always

get the corresponding result on associativity of P (z)-tensor products.

Lemma 11.2.1. Suppose C is a category of twisted V -modules such that for any

z ∈ C×, and any W1 and W2 in C, the P (z)-tensor product W1 ⊠P (z) W2 of W1 and

W2 in C exists. The followings are equivalent:

1. The category C satisfies the associativity of twisted intertwining operators.

2. For any z1, z2 ∈ C satisfying (11.1), there exists a unique natural isomorphism

AP (z1−z2),P (z2)
P (z1),P (z2)

: −⊠P (z1) (−⊠P (z2) −) ⇒ (−⊠P (z1−z2) −)⊠P (z2) −

such that for any twisted modules W1, W2, and W3 in C, the map

(
AP (z1−z2),P (z2)
P (z1),P (z2)

)
W1,W2,W3

: W1 ⊠P (z1) (W2 ⊠P (z2) W3)

→ (W1 ⊠P (z1−z2) W2)⊠P (z2) W3

satisfies that for any w1 ∈ W1, w2 ∈ W2, w3 ∈ W3,

(
AP (z1−z2),P (z2)
P (z1),P (z2)

)
W1,W2,W3

(w1 ⊠P (z1) (w2 ⊠P (z2) w3))

= (w1 ⊠P (z1−z2) w2)⊠P (z2) w3. (11.6)

Proof. We only prove that 1. implies 2. because the other direction can be proved
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by inverting the whole arguement. Suppose C satisfies the associativity of twisted

intertwining operators.

Let Y⊠P (z1)
and Y⊠P (z2)

be twisted intertwining operators which induces the P (z1)-,

and P (z2)-tensor product, with types
(W1⊠P (z1)

(W2⊠P (z2)
W3)

W1 W2⊠P (z2)
W3

)
,
(W2⊠P (z2)

W3

W2 W3

)
, respectively.

There exist a twisted module M2 in C, and twisted intertwining operators Y3 and Y4

of types
(W1⊠P (z1)

(W2⊠P (z2)
W3)

M2 W3

)
,
(

M2

W1W2

)
such that for any wi ∈ Wi, i = 1, 2, 3, and

w′ ∈ (W1 ⊠P (z1) (W2 ⊠P (z2) W3))
′, we have

⟨w′,Y⊠P (z1)
(w1, z1)Y⊠P (z2)

(w2, z2)w3⟩ = ⟨w′,Y3(Y4(w1, z1 − z2)w2, z2)w3⟩. (11.7)

Notice that since Y4 is a twisted intertwining operator, w1 ⊗w2 7→ Y4(w1, z1 − z2)w2

is a P (z1− z2)-product of W1 and W2. By the universal property of P (z1− z2)-tensor

product, there uniquely exists a module map f : W1 ⊠P (z1−z2) W2 → M such that

Y4(w1, z1 − z2)w2 = f(w1 ⊠P (z1−z2) w2) for any w1 ∈ W1, w2 ∈ W2.

Let Y5(w, x)w3 = Y3(f(w), x)w3 for any w ∈ W1 ⊠P (z1−z2) W2 and w3 ∈ W3.

Since f is a module map, we know that Y5 is a twisted intertwining operator of type(W1⊠P (z1)
(W2⊠P (z2)

W3)

W1⊠P (z1−z2)
W2 W3

)
. Since w⊗w3 7→ Y5(w, z2)w3, w ∈W1⊠P (z1−z2)W2, w3 ∈ W3 is a

P (z2)-product of W1 ⊠P (z1−z2)W2 and W3. By the universal property of P (z2)-tensor

product, there uniquely exists a module map

B : (W1 ⊠P (z1−z2) W2)⊠P (z2) W3 → W1 ⊠P (z1) (W2 ⊠P (z2) W3)

such that Y5(w, z2)w3 = B(w ⊠P (z2) w3) for any w ∈ W1 ⊠P (z1−z2) W2, w3 ∈ W3.

Therefore, for any wi ∈ Wi, i = 1, 2, 3, and w′ ∈ (W1 ⊠P (z1) (W2 ⊠P (z2) W3))
′, we

have

〈
w′,
(
w1 ⊠P (z1)

(
w2 ⊠P (z2) w3

))〉
=⟨w′,Y⊠P (z1)

(w1, z1)Y⊠P (z2)
(w2, z2)w3⟩
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=⟨w′,Y3(Y4(w1, z1 − z2)w2, z2)w3⟩

=⟨w′,Y3(f(w1 ⊠P (z1−z2) w2), z2)w3⟩

=⟨w′,Y5(w1 ⊠P (z1−z2) w2, z2)w3⟩

=
〈
w′, B

((
w1 ⊠P (z1−z2) w2

)
⊠P (z2) w3

)〉
.

Therefore, we know that

B
((
w1 ⊠P (z1−z2) w2

)
⊠P (z2) w3

)
= w1 ⊠P (z1)

(
w2 ⊠P (z2) w3

)
, for any wi ∈ Wi, i = 1, 2, 3.

(11.8)

Moreover, we know that (11.8) uniquely determines B.

Applying the second part of the associativity of twisted intertwining operators to

the twisted intertwining operator Y⊠P (z2)
, Y⊠P (z1−z2)

of types
((W1⊠P (z1−z2)

W2)⊠P (z2)
W3

W1⊠P (z1−z2)
W2 W3

)
,( W1⊠P (z1−z2)

W2

W1⊠P (z1−z2)
W1 W2

)
, we know there exist a twisted module M1 in C, and twisted inter-

twining operators Y1, Y2 of types
((W1⊠P (z1−z2)

W2)⊠P (z2)
W3

W1M1

)
,
(

M1

W2W3

)
, such that

⟨w′,Y⊠P (z2)
(Y⊠P (z1−z2)

(w1, z1 − z2)w2, z2)w3⟩ = ⟨w′,Y1(w1, z1)Y2(w2, z2)w3⟩.

Using the university property of P (z2)-tensor product, there uniquely exists a module

map g : W2⊠P (z2)W3 →M1, such that g(w2⊠P (z2)w3) = Y2(w2, z2)w3 for any w2 ∈ W2,

w3 ∈ W3. Let Y6(w1, x)w = Y1(w1, x)g(w) for any w1 ∈ W1, w ∈ W2 ⊠P (z2) W3.

Since g is a module map, we know that Y6 is a twisted intertwining map of type((W1⊠P (z1−z2)
W2)⊠P (z2)

W3

W1 W2⊠P (z2)
W3

)
. Since w1 ⊗ w 7→ Y6(w1, z1)w is a P (z1)-product of W1 and

W2 ⊠P (z2) W3, we know that there uniquely exists a module map

A : W1 ⊠P (z1) (W2 ⊠P (z2) W3) → (W1 ⊠P (z1−z2) W2)⊠P (z2) W3

such that A(w1 ⊠P (z1) w) = Y6(w1, z1)w, for any w1 ∈ W1, w ∈ W2 ⊠P (z2) W3.
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Therefore, for any wi ∈ Wi, i = 1, 2, 3, and w′ ∈ ((W1 ⊠P (z1−z2) W2) ⊠P (z2) W3)
′,

we have

〈
w′,
(
w1 ⊠P (z1−z2) w2

)
⊠P (z2) w3

〉
=⟨w′,Y⊠P (z2)

(Y⊠P (z1−z2)
(w1, z1 − z2)w2, z2)w3⟩

=⟨w′,Y1(w1, z1)Y2(w2, z2)w3⟩

=⟨w′,Y1(w1, z1)g(w2 ⊠P (z2) w3)⟩

=⟨w′,Y6(w1, z1)(w2 ⊠P (z2) w3)⟩

=
〈
w′, A

(
w1 ⊠P (z1)

(
w2 ⊠P (z2) w3

))〉
Therefore, we know that

A
(
w1 ⊠P (z1)

(
w2 ⊠P (z2) w3

))
=
(
w1 ⊠P (z1−z2) w2

)
⊠P (z2) w3, for any wi ∈ Wi, i = 1, 2, 3.

(11.9)

Moreover, we know that (11.9) uniquely determines A.

By (11.8) and (11.9), it is clear that AB = id and BA = id. Therefore, A and B

are isomorphisms. Let (
AP (z1−z2),P (z2)
P (z1),P (z2)

)
W1,W2,W3

.

It is not hard to see that AP (z1−z2),P (z2)
P (z1),P (z2)

is functorial in all three positions. In other

words, AP (z1−z2),P (z2)
P (z1),P (z2)

is a natural transformation from the functor

−⊠P (z1) (−⊠P (z2) −) : C × C × C → C

to the functor

(−⊠P (z1−z2) −)⊠P (z2) − : C × C × C → C.

The uniqueness of AP (z1−z2),P (z2)
P (z1),P (z2)

is easy.
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As easy results of Lemma 11.2.1, Theorem 11.1.1, and Corollary 11.1.4, we have

the following Corollaries:

Corollary 11.2.2. Assume C is a category of twisted modules satisfying all the con-

ditions in Theorem 11.1.1, or Corollary 11.1.2, or Corollary 11.1.3. Then, we know

that −⊠P (z1) (−⊠P (z2)−) and (−⊠P (z1−z2)−)⊠P (z2)− can be viewed as two functors

from C × C × C to C

For any z1, z2 ∈ C satisfying (11.1), there exists a unique natural isomorphism

AP (z1−z2),P (z2)
P (z1),P (z2)

: −⊠P (z1) (−⊠P (z2) −) ⇒ (−⊠P (z1−z2) −)⊠P (z2) −

satisfying (11.6).

Corollary 11.2.3. Let G be a subgroup of Aut(V ). Assume all conditions in Corol-

lary 11.1.4 are satisfied. Then, we know that −⊠P (z1) (−⊠P (z2) −) and (−⊠P (z1−z2)

−)⊠P (z2) − can be viewed as two functors from GMgr(G)×GMgr(G)×GMgr(G) to

GMgr(G)

For any z1, z2 ∈ C satisfying (11.1), there exists a unique natural isomorphism

AP (z1−z2),P (z2)
P (z1),P (z2)

: −⊠P (z1) (−⊠P (z2) −) ⇒ (−⊠P (z1−z2) −)⊠P (z2) −

satisfying (11.6).
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Appendix A

A lemma on convergence

A.0.1 Settings and Notations

Let A = (ai,j) ∈ GLn(C), b = (b1, . . . , bn) ∈ Cn, r = (r1, . . . , rn) ∈ R n
+ , and δ =

(δ1, . . . , δn) ∈ {0,∞}n. Write u = (u1, . . . , un) = (z1, . . . , zn)A − (b1, . . . , bn), where

each

ui = ui(z1, . . . , zn) = a1,iz1 + · · ·+ an,izn − bi

is a function of z1, . . . , zn. In other words, u : Cn → Cn is a invertible affine transfor-

mation dependent on A and b.

Define the region

∆×
A,b,δ(r) = {(z1, . . . , zn) ∈ Cn| |ui| > ri if δi = ∞, 0 < |ui| < ri if δi = 0} . (A.1)

Clearly, ∆×
A,b,δ(r) = u−1

(
∆×
In,0,δ

(r)
)
. For the A, b, δ, and r we fixed, we write M =

∆×
A,b,δ(r). Also, define M0 to be the space such that M0 is set-theoretically equal to

M , but with a different topology by adding cuttings along ui ∈ R+, i = 1, . . . , n.

The positive real line in the ui-plane, namely ui ∈ R+, is attached to the upper half

ui-plane. In this way, M0 become simply-connected.
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We define ∆A,b,δ(r) in the following way. First, define

∆In,0,δ(r) =
{
(z1, . . . , zn) ∈ (Ĉ)n

∣∣∣ |z1| > ri if δi = ∞, |zi| < ri if δi = 0
}
,

where Ĉ = C∪{∞} is the Riemann sphere and |∞| = +∞. (Note that δ ∈ ∆In,0,δ(r).

The space ∆In,0,δ(r) has a natural complex manifold structure as it is an open subset

of (Ĉ)n. Consider the compactification

û : Cn → Cn ↪→ (Ĉ)n : (z1, . . . , zn) 7→ (u1, . . . , un).

Let C(A, b) be a complex manifold and i : Cn ↪→ C(A, b) be a holomorphic embedding

such that û extends from Cn → (Ĉ)n to a biholomorphic map û : C(A, b) → (Ĉ)n.

We know that such C(A, b) and i : Cn ↪→ C(A, b) are canonically unique. Define

∆A,b,δ(r) = û−1 (∆In,0,δ(r)) ⊂ C(A, b),

which has a complex manifold structure given by û and ∆In,0,δ(r). Note that ∆
×
A,b,δ(r) ⊂

∆A,b,δ(r) and û
−1(δ) ∈ ∆A,b,δ(r). We write M̂ = ∆A,b,δ(r).

Suppose f(z1, . . . , zn) is a single valued analytic function defined on some region

Ω ⊂ Cn containing M such that (z1, . . . , zn)A − b = δ is a pole of f(z1, . . . , zn).

By “pole”, what we mean is that there exists such a M given above, L ∈ −N, and

ak1,...,kn ∈ C for kj ∈ Z, j = 1, . . . , n, such that

f(z1, . . . , zn) =
∑

k1,...,kn∈Z

ak1,...,knu
k1
1 · · ·uknn , (A.2)

where the right-hand side is absolutely convergent on the region (z1, . . . , zn) ∈ M .

Moreover, ak1,...,kn ̸= 0 only if kj ∈ L + N for any j with δj = 0, and kj′ ∈ −L − N

for any j′ with δj′ = ∞. Clearly, f(z1, . . . , zn) is analytic at (z1, . . . , zn)A = δ if and
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only if L can be taken as 0.

Let Ω ⊂ Cn be a region on Cn. We define the maximal Reinhardt sub-region of Ω

to be

R(Ω) = {(z1, . . . , zn) ∈ Ω | (eθ1iz1, . . . , eθnizn) ∈ Ω for any θi ∈ R, i = 1, . . . , n}.

We say that Ω is a Reinhardt region or Reinhardt domain if Ω = R(Ω).

For holomorphic function with several complex variables, we have the following

theorem:

Lemma A.0.1. Let Ω ⊂ Cn be a connected Reinhardt domain containing the origin,

and f ∈ Hol(Ω). Then there exists a unigue power series such that f(z) =
∑

α∈Nn aαz
α

with normal convergence in Ω. Moreover, we have aα = (∂αf)(0)
α!

.

We can generalize the condition of containing the origin to containing δ. By the

above lemma, we can easily prove the following.

Lemma A.0.2. Let Ω ⊂ Cn be a region containing such a M given above, and

f ∈ Hol(Ω). Then, (z1, . . . , zn)A− b = δ is a pole of f if and only if for any K >> 0,

(
n∏
i=1

uϵii

)K

· f(z1, . . . , zn)

can be analytically extended from M to M̂ , where ϵi = 1,−1 if δi = 0,∞, respectively.

For A ∈ GLn(C) and b ∈ Cn, we also define

R(Ω;A, b) = {(z1, . . . , zn) ∈ Ω | (eθ1iu1, . . . , eθniun) ∈ u(Ω) for any θi ∈ R, i = 1, . . . , n},

where u = (u1, . . . , un) : (z1, . . . , zn) 7→ (z1, . . . , zn)A−b are the same as above. Using

lemma 1.1, we can easily prove the following.
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Lemma A.0.3. Let Ω ⊂ Cn be a connected region containing such a M given above.

For any f ∈ Hol(Ω), if (A.2) holds on (z1, . . . , zn) ∈M , then it holds on the connected

component of R(Ω;A, b) containing M .

Let Ω ⊂ Cn be a region on Cn. We define

R̄(Ω; δ) =
{
(z1, . . . , zn) ∈ (Ĉ)n | There exist λi ∈ Ĉ, |λi|ϵi ≤ 1, i = 1, . . . , n,

and (w1, . . . , wn) ∈ Ω, such that (z1, . . . , zn) = (λ1w1, . . . , λnwn).} ,

R̄(Ω;A, b, δ) = û−1
(
R̄(Ω; In, 0, δ)

)
⊂ C(A, b).

Using lemma 1.1, we can easily prove the following.

Lemma A.0.4. Let Ω ⊂ Cn be a region containing such a M given above. For

any f ∈ Hol(Ω), if (A.2) holds on (z1, . . . , zn) ∈ M , then it holds on the connected

component K of R(Ω;A, b) containing M .

Moreover, if f can be analytically extended from M to M̂ , then, the right-hand

side of (A.2) is absolutely convergent on the region R̄(K;A, b, δ).

For the following two sections, let A = In, and b = (0, . . . , 0), which means

M = ∆×
In,0,δ

(r).

A.0.2 Pole case

With A = In, and b = (0, . . . , 0), the function f in the first section has expansion on

(z1, . . . , zn) ∈M = ∆×
In,0,δ

(r),

f(z1, . . . , zn) =
∑

lj∈ϵj ·(L+N)
j=1,...,n

al1,...,lnz
l1
1 · · · zlnn , (A.3)

where L is some non-positive integer and ϵj is defined in lemma 1.2. Let K be the

connected component of R(Ω) containing ∆×
In,0,δ

(r). By lemma A.0.4, (A.3) holds on
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K.

Now, let m ∈ Z+, r
′ ∈ R m

+ , and δ(i) ∈ {0,∞}m, i = 1, . . . , n. Let Ωi ⊂ Cm, i =

1, . . . , n be connected regions containing ∆×
Im,0,δ(i)

(r′). Suppose for any i = 1, . . . , n,

we have analytic functions

gi(w(i),1, . . . , w(i),m) : Ωi → C,

which has a pole at (w(i),1, . . . , w(i),m) = δ(i). Therefore, for any i = 1, . . . , n, on the re-

gion (w(i),1, . . . , w(i),m) ∈ ∆×
Im,0,δ(i)

(r′), and therefore on Ki, the connected component

of R(Ωi) containing ∆×
Im,0,δ(i)

(r′), we have the series expansions similar as (A.2),

gi(w(i),1, . . . , w(i),m) =
∑

kj∈ϵ(i),j(Li+N)
j=1,...,n

a
(i)
k1,...,kn

wk1(i),1 · · ·w
kn
(i),n, (A.4)

where Li ∈ Z, and ϵ(i),j = 1 or −1 if δ
(i)
j = 0 or ∞, respectively. We assume gi satisfies

the following condition:

lim
(w(i),1,...,w(i),m)→δ(i)

gi(w(i),1, . . . , w(i),m) = δi, for any i = 1, . . . , n. (A.5)

For any l ∈ Z+, on the region (w(i),1, . . . , w(i),m) ∈ Ki, there exists b
(i)
k1,...,kn;l

∈ C

such that

gi(w(i),1, . . . , w(i),m)
l =

∑
kj∈ϵ(i),j(Li+N)
j=1,...,m

b
(i)
k1,...,kn;l

wk1(i),1 · · ·w
km
(i),m, (A.6)

b
(i)
k1,...,km;l =

m∑
j=1

∑
q1,j ,...,ql,j∈ϵ(i),j(Li+N)
q1,j+···+ql,j=kj

(
a(i)q1,1,...,q1,m · · · · · a(i)ql,1,...,ql,m

)
,

where the right-hand side of (A.6) is absolutely convergent on the region Ki.

However, to get an expansion like (A.6) for the l ∈ C case, we need some conditions
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for gi to be satisfied. Define

k
(i)
j =


min{kj ∈ Z | a(i)k1,...,km ̸= 0 for some kl, l = 1, . . . ,m, l ̸= j}, if δ

(i)
j = 0,

max{kj ∈ Z | a(i)k1,...,km ̸= 0 for some kl, l = 1, . . . ,m, l ̸= j}, if δ
(i)
j = ∞.

We assume that a
(i)

k
(i)
1 ,...,k

(i)
m

̸= 0 for i = 1, . . . , n. WLOG, we assume a
(i)

k
(i)
1 ,...,k

(i)
m

= 1. In

this case, on the region (w(i),1, . . . , w(i),m) ∈ Ki, we have

gi(w(i),1, . . . , w(i),m) =

(
m∏
j=1

w
k
(i)
j

(i),j

)
(1 + Pi) , (A.7)

where Pi = Pi(w(i),1, . . . , w(i),m) ∈ C[[wϵ(i),1(i),1 , . . . , w
ϵ(i),m
(i),m ]]. (A.8)

We know that the constant term Pi is zero. Also, Pi is absolutely convergent on the

region given by (w(i),1, . . . , w(i),m) ∈ Ki. Notice that the condition (A.5) is equivalent

to either of the followings.

• gi can be analytically extended to a holomorphic map (Ĉ)m ⊃ ∆Im,0,δ(i)(r
′) → Ĉ,

and gi(δ
(i)) = δi. (A.9)

• For any j ∈ {1, . . . ,m}, we have ϵi · ϵ(i),j · k(i)j ≥ 0, and
m∑
j=1

ϵ(i),j · k(i)j ̸= 0.

(A.10)

Now, regarding Pi as formal series, for any α ∈ C, there exist b(i)k1,...,km;α, c
(i)
k1,...,km

∈

C such that, as formal series, we have

log(1 + Pi) =
∑
l∈Z+

(−1)l+1

l
(Pi)

l =
∑

kj∈ϵ(i),jZ+

j=1,...,m

c
(i)
k1,...,km

wk1(i),1 . . . w
km
(i),m (A.11)

exp (α log(1 + Pi)) =
∑
k∈N

αk

k!

∑
l∈Z+

(−1)l+1

l
(Pi)

l

k
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=
∑

kj∈ϵ(i),jN
j=1,...,m

b
(i)

k1+αk
(i)
1 ,...,km+αk

(i)
m ;α

wk1(i),1 . . . w
km
(i),m. (A.12)

We define the formal series for α ∈ C,

gi(w(i),1, . . . , w(i),m)
α =

∑
kj∈ϵ(i),jN
j=1,...,m

b
(i)

k1+αk
(i)
1 ,...,km+αk

(i)
m ;α

w
k1+αk

(i)
1

(i),1 . . . wkm+αk
(i)
m

(i),m .

For any (j1, . . . , jm) ∈ Nm, let ∂(j1,...,jm) = ∂j1+...+jm

(∂x1)
j1 ···(∂xm)jm

be a formal differential

operator. Write

∂(j1,...,jm) (exp(P (x1, . . . , xm))) = exp
(
P (x1, . . . , xm)

)
·B(j1,...,jm)

(
∂β(P ), β ∈ Nm

)
,

(A.13)

where P (x1, . . . , xm) ∈ C[[x1, . . . , xm]] is any formal power series with constant term

zero, and B(j1,...,jm)

(
∂βP, β ∈ Nm

)
∈ C[∂βP, β ∈ Nm] is a polynomial on the derivatives

of P . Let P = α log(1 + Pi), xj = w
ϵ(i),j
(i),j . Using these notations, we can write down

the following relation

b
(i)

k1+αk
(i)
1 ,...,km+αk

(i)
m ;α

=(|k1|! · · · |km|!)∂(|k1|,...,|km|)

(
exp

(
α log

(
1 + Pi

(
w(i),1, . . . , w(i),m

))) )
(δ(i))

=(|k1|! · · · |km|!) · exp
(
α log(1 + Pi)

(
δ(i)
))

·B(|k1|,...,|km|)
(
(∂βP )

(
δ(i)
)
, β ∈ Nm

)
=(|k1|! · · · |km|!) · 1 ·B(|k1|,...,|km|)

(
α · β! · cϵ(i),j ·β1,...,ϵ(i),j ·βm , β ∈ Nm

)
(A.14)

Let l̃0(z), z ∈ C× be the single valued branch of Log(z) such that ℑ(l̃0(z)) ∈

(−π, π] for any z ∈ C×. We know that for any z ∈ C, |z| < 1,

l̃0(1 + z) =
∑
l∈Z+

(−1)l+1

l
zl, (A.15)
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where the right-hand side is absolutely convergent.

By lamma A.0.4, we know that the series Pi is absolutely convergent on R̄(Ki; δ
(i)).

We define

U ′
i =

{
(w(i),1, . . . , w(i),m) ∈ R̄(Ki; δ

(i))
∣∣∣ |Pi(w(i),1, . . . , w(i),m)| < 1

}
.

Since Pi(δ
(i)) = 0 and ∆×

Im,0,δ(i)
(r′) ⊂ Ki, for sufficiently small r′′, we know that

∆Im,0,δ(i)(r
′′) ⊂ U ′

i . Let Ui be the connected component of U ′
i containing ∆Im,0,δ(i)(r

′′).

Lemma A.0.5. The right-hand side of (A.11) is absolutely convergent, on the region

R̄(R(Ui); δ
(i)), to the analytic function l̃0(1 + Pi). The right-hand side of (A.12) is

absolutely convergent, on the region R̄(R(Ui); δ
(i)), to the analytic function

exp
(
αl̃0(1 + Pi)

)
.

Proof. We only prove the second half of this theorem, because the first half is similar

and easier. To prove (A.12) is absolutely convergent on R̄(R(Ui); δ
(i)), by lemma

A.0.4, we only need to prove that (A.12) is convergent on R(Ui).

We know that φ
(i)
α (w(i),1, . . . , w(i),m) = exp

(
αl̃0(1 + Pi)

)
is a single valued analytic

function on the region U ′
i which contains some ∆Im,0,δ(i)(r

′′). Therefore, we know that

there exist b
′(i)
k1,...,km;α ∈ C such that on the region R(Ui),

φ(i)
α (w(i),1, . . . , w(i),m) = exp

(
αl̃0(1 + Pi)

)
=

∑
kj∈ϵ(i),jN
j=1,...,m

b
′(i)
k1+αk

(i)
1 ,...,km+αk

(i)
m ;α

wk1(i),1 . . . w
km
(i),m,

where the right-hand side is absolutely convergent on the region R̄(R(Ui); δ
(i)). Now,

we need to prove that b
′(i)
k1,...,km;α = b

(i)
k1,...,km;α.
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By lemma 1.1, we know that

b
′(i)
k1+αk

(i)
1 ,...,km+αk

(i)
m ;α

=
1

|k1|! · · · |km|!
·
(
∂(k1,...,km)φ(i)

α

) (
δ(i)
)
,

where ∂(k1,...,km) =
∂|k1|+...+|km|(

∂w
ϵ(i),1
(i),1

)|k1|
· · ·
(
∂w

ϵ(i),m
(i),m

)|km| . (A.16)

Since exp(z) =
∑

k≥0
zk

k!
uniformly absolutely converges on any compact subset of C,

we know that
∑

k≥0
(αl̃0(1+Pi))

k

k!
uniformly absolutely converges on any compact subset

of Ui. Also, for any j = 1, . . . , n, the series
∑

k≥0
∂

∂w
ϵ(i),j
(i),j

(
(αl̃0(1+Pi))

k

k!

)
= ∂(αl̃0(1+Pi))

∂w
ϵ(i),j
(i),j

·∑
k≥0

(αl̃0(1+Pi))
k

k!
is also uniformly absolutely convergent on any compact subset of Ui.

Therefore, we know that ∂

∂w
ϵ(i),j
(i),j

(∑
k≥0

(αl̃0(1+Pi))
k

k!

)
=
∑

k≥0
∂

∂w
ϵ(i),j
(i),j

(
(αl̃0(1+Pi))

k

k!

)
. Use

induction, we know that ∂(k1,...,km)
(∑

k≥0
(αl̃0(1+Pi))

k

k!

)
=
∑

k≥0 ∂
(k1,...,km)

(
(αl̃0(1+Pi))

k

k!

)
.

Therefore, we know that

∂(k1,...,km)
(
φ(i)
α

)
=exp

(
αl̃0(1 + Pi))

)
·B(|k1|,...,|km|)

(
∂(ϵ(i),1β1,...,ϵ(i),mβm)(αl̃0(1 + Pi)), β ∈ Nm

)
(A.17)

Similarly, since l̃0(1 + z) =
∑

k>0
(−1)k+1

k
zk uniformly absolutely converges on any

compact subset of {z ∈ C| |z| < 1}, we know that
∑

k≥0
(−1)k+1

k
P k
i uniformly abso-

lutely converges on any compact subset of Ui. Also, for any j = 1, . . . , n, the series∑
k≥0

∂

∂w
ϵ(i),j
(i),j

(
(−1)k+1

k
P k
i

)
= ∂Pi

∂w
ϵ(i),j
(i),j

·
∑

k≥0(−1)k+1P k
i is also uniformly absolutely con-

vergent on any compact subset of Ui. Use induction, we know that

∂(γ1,...,γm)

(∑
k≥0

(−1)k+1

k
P k
i

)
=
∑
k≥0

∂(γ1,...,γm)

(
(−1)k+1

k
P k
i

)
,
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for any γj ∈ ϵ(i),jN. Therefore, by (A.15) we know that

∂(γ1,...,γm)
(
αl̃0(1 + Pi)

)
(δ(i)) = α ·

∂|γ1|+...+|γm|
(∑

k≥0
(−1)k+1

k
P k
i

)
(
∂w

ϵ(i),1
(i),1

)|γ1|
· · ·
(
∂w

ϵ(i),m
(i),m

)|γm| (δ
(i))

=α · (|γ1|! · · · |γm|!) · c(i)
γ1+k

(i)
1 ,...,γm+k

(i)
m

. (A.18)

Therefore, by (A.14), (A.16), (A.17), and (A.18), we know that

b
′(i)
k1+αk

(i)
1 ,...,km+αk

(i)
m ;α

=
1

|k1|! · · · |km|!
·
(
∂(k1,...,km)φ(i)

α

) (
δ(i)
)
,

=
1

|k1|! · · · |km|!
· exp

(
αl̃0(1 + Pi))

(
δ(i)
) )

·

B(|k1|,...,|km|)

(
∂(ϵ(i),1β1,...,ϵ(i),mβm)(αl̃0(1 + Pi))

(
δ(i)
)
, β ∈ Nm

)
=

1

|k1|! · · · |km|!
· 1 ·B(|k1|,...,|km|)

(
α · β! · c

ϵ(i),j ·β1+k
(i)
1 ,...,ϵ(i),j ·βm+k

(i)
m
, β ∈ Nm

)
=b

(i)

k1+αk
(i)
1 ,...,km+αk

(i)
m ;α

. (A.19)

Since l0(z) exists on C× = Ĉ− {0,∞}, we have the following lemma.

Corollary A.0.6. Let pi = pi(w(i),1, . . . , w(i),m) ∈ Z such that

lpi
(
gi(w(i),1, . . . , w(i),m)

)
= l̃0(1 + Pi) +

m∑
j=1

k
(i)
j l0(w(i),j).

Then, for any α ∈ C,

m∑
j=1

k
(i)
j l0(w(i),j) +

∑
kj∈ϵ(i),jZ+

j=1,...,m

c
(i)
k1,...,km

wk1(i),1 . . . w
km
(i),m, (A.20)
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and

(
m∏
j=1

eαk
(i)
j l0(w(i),j)

)
·
∑

kj∈ϵ(i),jN
j=1,...,n

b
(i)

k1+αk
(i)
1 ,...,km+αk

(i)
m ;α

wk1(i),1 . . . w
km
(i),m

=
∑

kj∈ϵ(i),jN
j=1,...,m

b
(i)

k1+αk
(i)
1 ,...,km+αk

(i)
m ;α

e(k1+αk
(i)
1 )l0(w(i),1) . . . e(km+αk

(i)
m )l0(w(i),m). (A.21)

are absolutely convergent, on the region R̄(R(Ui); δ
(i)) ∩ (C×)m, to

lpi
(
gi(w(i),1, . . . , w(i),m)

)
, and eαlpi

(
gi(w(i),1,...,w(i),m)

)
, respectively.

Now, we consider the composition of f(z1, . . . , zn) and zi = gi(w(i),1, . . . , w(i),m),

i = 1, . . . , n. First, we do the following formal calculus without taking any conver-

gence issues into consideration.

f(g1, . . . , gn) =
∑

ℓc∈ϵc·(L+N)
c=1,...,n

aℓ1,...,ℓng
ℓ1
1 · · · gℓnn

=
∑

ℓc∈ϵc·(L+N)
c=1,...,n

aℓ1,...,ℓn

 n∏
i=1

∑
kj∈ϵ(i),jN
j=1,...,m

b
(i)

k1+ℓik
(i)
1 ,...,km+ℓik

(i)
m ;ℓi

w
k1+ℓik

(i)
1

(i),1 . . . wkm+ℓik
(i)
m

(i),m



=
∑

ℓc∈ϵc·(L+N)
c=1,...,n

aℓ1,...,ℓn

 ∑
kj,i∈ϵ(i),jN+ℓik

(i)
j

i=1,...,n, j=1,...,m

n∏
i′=1

b
(i′)
k1,i′ ,...,km,i′ ;ℓi′

w
k1,i′

(i′),1 . . . w
km,i′

(i′),m

 (A.22)

Notice that by (A.10), for any i = 1, . . . , n, there exists ji ∈ {1, . . . ,m} such that

ϵi · ϵ(i),ji · k
(i)
ji

≥ 1.
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So, we know that for any constant k ∈ Z, the set

{
ℓi ∈ ϵi(L+ N)

∣∣∣ k ∈ ϵ(i),jiN+ ℓik
(i)
ji

}

is a finite set. The finiteness of these sets implies that (A.22) is summable as a formal

series on w(i),j, i = 1, . . . , n, j = 1, . . . ,m. In other words, there exists bk ∈ C for any

k = (kj,i) ∈ Matm×n(Z), such that the formal series (A.22) is equal to

∑
k=(kj,i)∈Matm×n(Z)

bk ∏
i=1,...,n
j=1,...,m

w
kj,i
(i),j

 . (A.23)

By (A.10), we know that bk = 0 if kj,i << 0 for ϵ(i),j = −1, or kj,i >> 0 for ϵ(i),j = 1 for

some i, j. In other words, (w(1),1, . . . , w(1),m, . . . , w(n),1, . . . , w(n),m) = (δ(1), . . . , δ(n))

is a pole of (A.23). For sufficiently large positive integer N (actually N > −L is

enough), we do the same formal calculus for (
∏n

i=1 g
ϵi
i )

N
f(g1, . . . , gn), and have

(
n∏
i=1

gNϵii

)
· f(g1, . . . , gn) =

∑
ℓc∈ϵc·(L+N)
c=1,...,n

aℓ1,...,ℓng
ℓ1+Nϵ1
1 · · · gℓn+Nϵnn (A.24)

=
∑

ℓc∈ϵc·(L+N)
c=1,...,n

aℓ1,...,ℓn

 ∑
kj,i∈ϵ(i),jN+(ℓi+Nϵi)k

(i)
j

i=1,...,n, j=1,...,m

n∏
i′=1

b
(i′)
k1,i′ ,...,km,i′ ;ℓi′+Nϵi′

w
k1,i′

(i′),1 . . . w
km,i′

(i′),m


=

∑
k=(kj,i)∈Matm×n(Z)

ck ∏
i=1,...,n
j=1,...,m

w
kj,i
(i),j

 . (A.25)

For those i with δi = 0, there are only non-negative powers of gi in (A.24). For any

l ∈ N, the lowest (for ϵ(i),j = 1), or highest (for ϵ(i),j = −1) power of w(i),j in the

expansion of gli is l · k
(i)
j , which is zero or has the same sign as ϵ(i),j. For those i with

δi = ∞, and l ∈ −N, we have similar result for gli. Therefore, we know that ck = 0

unless kj,i ∈ ϵ(i),jN for all i = 1, . . . , n, and j = 1, . . . ,m.
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Also, we know that

ck =

(∏
i,j

|kj,i|!

)−1

·
∑

ℓc∈ϵc·(L+N)
c=1,...,n

aℓ1,...,ℓn·

∂k

∣∣∣
w

ϵ(i),j
(i),j

=0,

i=1,...,n, j=1,...,m.

 ∑
kj,i∈ϵ(i),jN+(ℓi+Nϵi)k

(i)
j

i=1,...,n, j=1,...,m

n∏
i′=1

b
(i′)
k1,i′ ,...,km,i′ ;ℓi′+Nϵi′

w
k1,i′

(i′),1 . . . w
km,i′

(i′),m


(A.26)

All the procedures to find bk and ck above are only formal calculus. Now we

consider the analytic perspective and absolute convergence of (A.23).

Theorem A.0.7. the series (A.23) is absolutely convergent to

f
(
g1(w(1),1 . . . , w(1),m), . . . , gn(w(n),1 . . . , w(n),m)

)
on the connected component K̃ of the region

Ω̃ = R
({

(w(1),1, . . . , w(1),m, . . . , w(n),1, . . . , w(n),m) ∈ (C×)
mn
∣∣∣

(w(i),1, . . . , w(i),m) ∈ R̄(R(Ui); δ
(i)) ∩ (C×)m, i = 1, . . . , n,(

g1(w(1),1, . . . , w(1),m), . . . , gn(w(n),1, . . . , w(n),m)
)
∈ R̄(K; δ).

})
(A.27)

containing ∆×
Im,0,δ(1)

(r′′)× · · ·×∆×
Im,0,δ(n)(r

′′) for sufficiently small r′′. (Notice that K̃

exists and is non-empty.)

Proof. Since for sufficiently large positive integer N , the function

(
n∏
i=1

zϵii

)N

f(z1, . . . , zn)
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is analytic on R̄(K; δ), we know that

G(w(1),1, . . . , w(1),m, . . . , w(n),1, . . . , w(n),m) =(
n∏
i=1

gi(w(i),1, . . . , w(i),m)
Nϵi

)
· f
(
g1(w(1),1, . . . , w(1),m), . . . , gn(w(n),1, . . . , w(n),m)

)
(A.28)

is analytic on the region given by
(
g1(w(1),1, . . . , w(1),m), . . . , gn(w(n),1, . . . , w(n),m)

)
∈

R̄(K; δ). Since, by (A.9), we have
(
g1(δ

(1)), . . . , gn(δ
(n))
)
= δ ∈ ∆In,0,δ(r) ⊂ R̄(K; δ),

we know that (δ(1), . . . , δ(n)) is contained in the above region, which means that (A.28)

is analytic near (δ(1), . . . , δ(n)). Therefore, we have the expansion of (A.28) at this

point, i.e. on K̃, (A.28) is equal to an absolutely convergent series

∑
k=(kj,i)∈Matm×n(Z)

c′k ∏
i=1,...,n
j=1,...,m

w
kj,i
(i),j

 , where c′k = 0 unless kj,i ∈ ϵ(i),jN for all i, j.

(A.29)

First, we show that c′k = ck, for all k ∈ Matm×n(Z).

By lemma 1.1, we know that

c′k =

(∏
i,j

|kj,i|!

)−1

· (∂kG)
(
δ(1), . . . , δ(n)

)
,

where ∂k =
∏

i=1,...,n
j=1,...,m

∂|kj,i|

∂
(
w
ϵ(i),j
(i),j

)|kj,i| . (A.30)

For any i = 1, . . . , n, and p ∈ N, the series

∑
lc∈ϵj ·(L+N)
c=1,...,n

∂p

∂ (zϵii )
p

(
al1,...,lnz

l1+Nϵ1
1 · · · zln+Nϵnn

)

is uniformly absolutely convergent on any compact subset of R̄(K; δ), which is because
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the p = 0 case holds. Therefore, the series

∑
lc∈ϵc·(L+N)
c=1,...,n

∂

∂w
ϵ(i),j
(i),j

(
al1,...,lng

l1+Nϵ1
1 · · · gln+Nϵnn

)

=
∂gϵii
∂w

ϵ(i),j
(i),j

·
∑

lc∈ϵc·(L+N)
c=1,...,n

[
∂

∂zϵii

(
al1,...,lnz

l1+Nϵ1
1 · · · zln+Nϵnn

)] ∣∣∣
zi=gi

(A.31)

is uniformly absolutely convergent on any compact subset of the region given by(
g1(w(1),1, . . . , w(1),m), . . . , gn(w(n),1, . . . , w(n),m)

)
∈ R̄(K; δ). Therefore, for any i =

1, . . . , n, j = 1, . . . ,m, we have

∂G

∂w
ϵ(i),j
(i),j

=
∑

lc∈ϵc·(L+N)
c=1,...,n

∂

∂w
ϵ(i),j
(i),j

(
al1,...,lng

l1+Nϵ1
1 · · · gln+Nϵnn

)
.

Similarly, for any k = (kj,i) ∈ Matm×n(Z) with kj,i ∈ ϵ(i),jN, we have

∂kG =
∑

lc∈ϵc·(L+N)
c=1,...,n

∂k
(
al1,...,lng

l1+Nϵ1
1 · · · gln+Nϵnn

)
.

Therefore, we know that

(∏
i,j

|kj,i|!

)−1

(∂kG)(δ
(1), . . . , δ(n))

=

(∏
i,j

|kj,i|!

)−1 ∑
lc∈ϵc·(L+N)
c=1,...,n

∂k
(
al1,...,lng

l1+Nϵ1
1 · · · gln+Nϵnn

)
(δ(1), . . . , δ(n))

=

(∏
i,j

|kj,i|!

)−1 ∑
lc∈ϵc·(L+N)
c=1,...,n

∂k

∣∣∣
w

ϵ(i),j
(i),j

=0,

i=1,...,n, j=1,...,m.

(
al1,...,lng

l1+Nϵ1
1 · · · gln+Nϵnn

)
(A.32)

Notice that on the non-empty region K̃, gαi (α ∈ C) has an absolutely convergent

series expansion stated in corollary A.0.6, which is used to define bk and ck. Therefore,
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we can see that the right-hand side of (A.32) is equal to the right-hand side of (A.26).

By (A.30), we know that c′k = ck for any k ∈ Matm×n(Z).

By lemma A.0.5, we know that on K̃,
(∏n

i=1 g
−Nϵi
i

)
can be written as an absolutely

convergent series using corollary A.0.6. Therefore, on K̃, we have

∑
k=(kj,i)∈Matm×n(Z)

bk ∏
i=1,...,n
j=1,...,m

w
kj,i
(i),j



=

 ∑
kj,i∈ϵ(i),jN−Nϵik

(i)
j

i=1,...,n, j=1,...,m

n∏
i′=1

b
(i′)
k1,i′ ,...,km,i′ ;−Nϵi′

w
k1,i′

(i′),1 . . . w
km,i′

(i′),m

 ·

 ∑
k=(kj,i)∈Matm×n(Z)

ck ∏
i=1,...,n
j=1,...,m

w
kj,i
(i),j




=

(
n∏
i=1

gi(w(i),1, . . . , w(i),m)
−Nϵi

)
·

 ∑
k=(kj,i)∈Matm×n(Z)

c′k ∏
i=1,...,n
j=1,...,m

w
kj,i
(i),j




=

(
n∏
i=1

g−Nϵii

)
·G = f(g1, . . . , gn).

A.0.3 Regular singularity case

Suppose we have a multi-valued analytic function f(z1, . . . , zn) defined on (z1, . . . , zn) ∈

M = ∆×
In,0,δ

with a preferred single valued branch f e(z1, . . . , zn) on M0 such that

(z1, . . . , zn) = δ is a regular singularity of f(z1, . . . , zn). Therefore, there exist

K,L ∈ N, and α1, . . . , αK , ak1,...,kn;i1,...,in ∈ C for any kj ∈ Dj = ∪Kp=1(αp + ϵjN),
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and ij ∈ {0, . . . , L}, j = 1, . . . , n, such that

f e(z1, . . . , zn) =
∑

kj∈Dj ,
j=1,...,n

L∑
i1,...,in=0

ak1,...,kn;i1,...,inz
k1
1 · · · zknn log(z1)

i1 · · · log(zn)in , (A.33)

where z
kj
j = ekj l0(zj), log(zj) = l0(zj). The right-hand side of (A.33) is absolutely

convergent (and therefore single valued analytic) on the region (z1, . . . , zn) ∈ M0.

The right-hand side of (A.33) can be written as

∑
kj∈ϵjN,
j=1,...,n

K∑
q1,...,qn=1

L∑
i1,...,in=0

aαq1+k1,...,αqn+kn;i1,...,inz
αq1+k1
1 · · · zαpn+kn

n log(z1)
i1 · · · log(zn)in

=
K∑

q1,...,qn=1

L∑
i1,...,in=0

(
z
αq1
1 · · · zαqn

n log(z1)
i1 · · · log(zn)in

)
· fαq1 ,...,αqn ;i1,...,in(z1, . . . , zn),

(A.34)

where fαq1 ,...,αqn ;i1,...,in(z1, . . . , zn) =
∑

kj∈ϵjN,
j=1,...,n

aαq1+k1,...,αqn+kn;i1,...,inz
k1
1 · · · zknn .

Then, (z1, . . . , zn) = δ is a pole for each fαq1 ,...,αqn ;i1,...,in .

Suppose we have functions g1, . . . , gn satisfying the same conditions in section

2. Using corollary A.0.6, we have formal series for gk(w(k),1, . . . , w(k),m)
αqk , and

log(gk(w(k),1, . . . , w(k),m)). Using theorem A.0.7 (series (A.25)), we have formal se-

ries for each fαq1 ,...,αqn ;i1,...,in(z1, . . . , zn). Therefore, we have a formal series

∑
k=(kj,i)∈Matm×n(C)

dk ∏
i=1,...,n
j=1,...,m

w
kj,i
(i),j

 (A.35)

for f e(g1, . . . , gn) using (A.34), where dk ∈ C.
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Theorem A.0.8. The formal series (A.35) is absolutely convergent to

K∑
q1,...,qn=1

L∑
i1,...,in=0

(
eαq1 lp1 (g1) · · · eαqn lpn (gn)lp1(g1)

i1 · · · lpn(gn)in
)

· fαq1 ,...,αqn ;i1,...,in(g1, . . . , gn)

=
∑

kj∈Dj ,
j=1,...,n

L∑
i1,...,in=0

ak1,...,kn;i1,...,ine
k1lp1 (g1) · · · eknlpn (gn)lp1(g1)i1 · · · lp1(g1)in , (A.36)

where p1, . . . , pn ∈ Z are defined in corollary A.0.6, on the same region in theorem

A.0.7.
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