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ABSTRACT OF THE DISSERTATION
Twisted intertwining operators, tensor products of twisted modules, and their

associativities

By JISHEN DU

Dissertation Director:

Yi-Zhi Huang

In this dissertation, we introduce a notion of twisted intertwining operator, which
generalizes (untwisted) intertwining operators among (untwisted) modules for a ver-
tex operator algebra V' to the setting of twisted modules. This notion of twisted in-
tertwining operator does not require that the associated automorphisms commute or
have finite order. We establish the skew-symmetry and contragredient isomorphisms
between spaces of twisted intertwining operators and also prove several properties of
twisted intertwining operators. Using twisted intertwining operators, we introduce a
notion of P(z)-tensor product Wy Mp(.) W5 of two objects W and W in a category of
g-twisted V-modules for g in a subgroup G of Aut(V). We give a set-theoretic con-
struction of the P(z)-tensor product, where the contragredient module Witip(.yWs of
W1 Wp(.y Wa can be realized as a subspace of (W7 @ W3)*. We find a criterion for
a linear functional A € (W; ® W5)* being contained in Witlp,)W,. Using the set-
theoretic construction and the criterion, we prove that when the category C of twisted
modules satisfies suitable conditions, the associativity for twisted intertwining oper-
ators among objects in C holds. As a result, we construct a family of associativity

isomorphisms for the P(z)-tensor product bifunctors in a suitable sense.
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Preface

Chapters 2-7 of this dissertation have appeared in the published paper [DH|, which
is a joint work with the author’s advisor, Prof. Yi-Zhi Huang. Compare to [DH]|, the

settings and notations in this dissertation are slightly different.
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Chapter 1

Introduction

This dissertation is on the tensor structure of the category of twisted modules for a
vertex operator algebra.

The main results of this dissertation are a construction of P(z)-tensor product
bifunctors, proving the associativity of twisted intertwining operators and a con-

struction of the associativity isomorphisms for the P(z)-tensor product bifunctors.

1.1 The untwisted theory

1.1.1 VOAs and their module categories I: formal calculus

Vertex operator algebras (VOAs) and vertex algebras (VAs) were primarily defined
and studied by Frenkel, Lepowsky, and Meurman and by Borcherds in their studies
of infinite-dimensional Lie algebras and the Monster finite simple group (see [FLM4]
and [B]). (In this dissertation, we would always work with VOAs rather than VAs). In
quantum physics, VOAs arose naturally in the study of 2-dimensional conformal field
theory (CFT) and string theory (see [MS] and [BPZ]). From an algebraic perspective,
the notion of VOA can be viewed as a simultaneous generalization of the notion of

Lie algebra and the notion of commutative associative algebra. The major axiom for



VOA is the Jacobi identity, that is, if (V,Yy,1,w) is a VOA, then for any u,v € V|

L) (.7:1 — 2 ) Yy (u, 1) Yy (v, 29) — 2516 ( xl) Yv (v, 29) Yy (u, 1)
Zo —Xy
:xl_l(S (:CQ;_ xo) YV(YV(U7 QZO)U) :UQ), (11)
1

where g, 71, 2o are formal variables, §(x) = > ., " is a formal series, and Yy (-, z)-
is a linear map V ® V. — V|[[z,z7']], called the vertex operator map, satisfying the
lower truncation property, i.e., Yy (u,x)v € V((z)) for any u,v € V (see the full
definition of a VOA in [LL]). the ‘three-variables’ delta functions in (1.1) should be

understood as the following:

T —x n —
(5( 1 2> ZIO xl—l’g = Z <k><_1)kx0 Ty kx§7

neEZ neZ,keN
5 IQ +l’1 n __ n 1 n—k_.—n_n—k _k
zy " (—xg + 1) = I (=1)" "ag "y,
neL n€Z,keN
To + Ty n kK
o ( ) g x1" (29 4+ o) = E (k) xy"ry .
neZ neZ,keN

One should notice that § (’31 0“) and < xQ:’“) are two different formal series.

As a generalization of both Lie algebras and commutative associative algebras,
VOAs are expected to—and indeed do—admit a rich and deep representation theory.
The major axiom for an ordinary module (W, Yy ) for a VOA V is also the Jacobi

identity for modules, that is, for any u,v € V,

0'0 (P ) Yot ) Yoo, ) = 50 (2 ) Vi)V ()
0 —Z
1 To + Tg
=1 (5( . )YW(YV(u,xO)v,xg), (1.2)
1
where W = [[,cc W) is a C-graded vector space over C, and Yy : V@ W —

W[z, x7!] is a linear map, called the vertex operator map on module, satisfying the



lower truncation property. (See the full definition of a module for a VOA in [LL]).
For any n € C, the weight space W(,) is the eigenspace of the Virasoro operator
L(0) corresponding to the eigenvalue n. The notion of ordinary module was later
generalized to the notion of generalized module, also known as logarithmic module,
by Lepowsky, Huang, and Zhang (see [HLZ1]). For a generalized module W for a
VOA, the Virasoro operator L(0) only need to be locally finite (i.e. the module can
be written as direct sum of generalized eigenspaces of L(0)), instead of semisimple.

There is the gradation W = [[, . W}, where Wy, is the generalized eigenspace of

neC
the Virasoro operator L(0) corresponding to the eigenvalue n. Since in this paper we
would always work with generalized modules, for simplicity, we shall omit the word
‘generalized” and say ‘module’ as short for generalized module.

It turns out that the category of modules for a VOA is extremely interesting.
Roughly, a nice module category for a VOA has a sophisticated tensor category
structure. We will mention some most important results on the category of modules
for a VOA in the next section.

Now, it is time to mention the most crucial concept which gives birth to the giant

theory on the tensor category structure for VOAs, intertwining operators among

three modules. My favorite slogan of intertwining operator is the following one:

Q: How to define W7 X W57

A: Define Homy (W) X Wy, W3) for every W3, before we can define Wy X Ws.

This is such a universal principle in the spirit of Yoneda’s lemma. In fact, for any
category C, we know that C® — Set®, a — Home(a,—) is a fully faithful functor,
where SetC is the category of functors from C to the category of sets. In other words,
knowing a is equivalent to knowing Home(a, —). Here, one might be reminded of the
saying “The human essence is no abstraction inherent in each single individual. In

its reality it is the ensemble of the social relations.”



Indeed, intertwining operators bijectively correspond to elements in Homy (W; X
Wa, W3).

Given three V-modules W;, i = 1,2, 3, an intertwining operator of type (Wvlv‘fh) is
a linear map Y : Wy ® Wy — Wi{z}[logz] satisfying certain axioms, among which

the most important one is again, the Jacobi identity for intertwining operators, that

is, for any v € V', wy € Wh,

w910 (361; 3:2) Yivy (u, 1) Y (wy, x3) — 2516 (mQ _xxl) V(w1 z2)Yw, (u, 1)
0 —X
_ To+
=T, 1(5 ( Qx 0) y(YWl (U, xg)wl, 232). (13)
1

Here, the codomain of ) is

Wi{z}[logz| = {Zank 2" (log x)*

neC k=0

N €N, wyy € Wg}.

Notice that for any VOA V and V-module W, the vertex operators Yy and Yy, are
special intertwining operators of types (VVV) and (VVE/), respectively.
One thing we should mention here is that intertwining operator is weight-compatible

in the following sense: for any intertwining operator ) of type (WJIWWQ), write

V(wy, z)wy =Y Y Vp(wr)(ws)a™" " log(x)F, (1.4)

neC k=0

where Y, r(w1) € Home (W, W3), then

Wt (Vose(wr) (wa)) = wi(wr) + wt(ws) —n — 1,

for any homogeneous w; € Wi, wy € Wa, (1.5)

where wt(w) is the L(0)-eigenvalue (i.e. weight) for an L(0)-generalized eigenvector

w, and ‘homogeneous’ means being an L(0)-generalized eigenvector.



Jacobi identities for VOAs, modules for a VOA, and intertwining operators are
very power tools for VOA theorists effectively developing many important theorems.
The reason why they are so handy to use is the formal calculus theory, which was
initiated by Frenkel, Lepowsky and Meurman in [FLM4] and further developed by
Frenkel, Huang, and Lepowsky in [FHL]. In formal calculus, the properties of delta
function were very well understood which allows people to do complicated calculation
involving delta function conveniently without actually looking into every monomial in
a formal series. Later, to fit in the setting of generalized module, the formal calculus
theory was generalized to the logarithmic formal calculus theory by Huang, Lep-
owsky, and Zhang at the beginning of their series papers (see Chapter 3 in [HLZ2]).

The notion of a tensor product bifunctor X on the module category for a VOA
can be immediately written down once we have a suitable definition of intertwining

operator. Given V-modules W; and W5, consider the following category:

Object: (M,Y), where M is a V-module,

and ) is an intertwining operator of type ;
y g op ypP <W1W2)

Morphism: Hom ((My, V1), (M2, V) ={f € Homy (M, M) | Va(w,z) = f o Vi (w,z)}.

Here, one should naturally extend f : M; — M, to a map f : Mj{z}[logx] —

Ms{zx}[log z]. Then, we can have the following definition:

Definition 1.1.1 (®). The tensor product (W1 XWs, V) of W1 and Wy is the initial

object in the above category.

In other words, every intertwining operator of type (WyWQ) for some module M
factors through the tensor product Wi X W5 in a unique way. This property uniquely
characterizes Wi X W5, up to an isomorphism in the above category. Moreover, it is

easy to check that — X — is a bifunctor.



It looks really nice. Actually, the module W7 X W5 is indeed isomorphic to the
P(z)-tensor product we have constructed in this work.

However, if what we want is a tensor in the monoidal category sense, then not
only the bifunctor itself, but an associativity isomorphism is needed as well. An
associativity isomorphism is a natural isomorphism from the functor — X (— X —) to
the functor (— X —) X — satisfying a certain pentagon aziom. If one tries to construct
an associativity isomorphism for the tensor product X, since the only tool one can
use is the universal property of X, one would realize that the most reasonable idea is

to consider the following diagram:

Wi®
(Wo X W3{xaes }log xa3])

e l
(Wl & Wz{ﬁlz}[log $12]) Wl X’ (W2 & Wg)

— Wi W, @ Wy ——
” {$23, $1,23}[10g Ta3,log $1,23]

(W) K W) )& W,

@Ws3

--%_s the pushout?
{9612, 9012,3}[10g T12,log 112,3]

(1.6)
where 219, 12 3, T23, 1 23 are four formal variables. One could try the following strat-
egy: (1) find the pushout; (2) prove that f and g are isomorphism; (3) use g™ o f to
produce a module map Wy X (Wy X W3) — (W) K W) K W,

The author personally has no idea about how to directly realize the above strategy.
In fact knowing what is actually going on under the complex-analytic viewpoint, one
can see that this strategy is far from feasible. The extremely deep complex geometry
behind - the genus zero part of a CFT (see [H2]) - is perfectly hidden under this

purely formal perspective.



This difficulty is the reason why one cannot go further without the complex-
analytic viewpoint we would introduce in the next section. Without the complex-
analytic approach, one can define the notions of VOAs, modules, intertwining oper-
ators, and therefore the tensor product bifunctors (Definition 1.1.1). One can also
study individual modules, for example theories on construction of VOAs and modules.
However, one cannot study the associativity of the tensor product.

Therefore, one need to step out of the scope of formal calculus, and begin to use
a complex-analytic perspective, starting from replacing the formal variable z in an

intertwining operator )(-, ). by a complex variable z.

1.1.2 VOAs and their module categories II: complex analyt-
icity
Revisiting: the notion of VOAs, modules, and intertwining operators

Continue from the previous subsection, we mentioned that one need to consider
Y(-,2)- where z is a complex variable. Let’s start from the special cases, namely
vertex operators Yy for a VOA V, and Yy for a V-module W. We first introduce

some notations. For a C-graded vector space W = [, . W), define

neC

W= Wu. W' =]TTWu)"

neC neC

We know that W* = W’. If (W, Yy ) is a V-module, for any v € V and w € W, we

write
Y (v, 2)w = (Vi) (0) (w)z ™", (1.7)

where (Y ),(v) € End(W) (this is the logarithm-free version of (1.4)). In particular

this notation works for Yj, for a VOA V.



Let’s go back to the notion of VOAs, modules, and intertwining operators. In fact,
there is an equivalent complex-analytic version of definitions of VOAs, modules, and
intertwining operators. For VOAs, one obtains an equivalent definition by replacing
the Jacobi identity (1.1) by the following axiom: for any vy, ve,v3 € V and v/ € V’,

there exists a rational function

. 9(21, 22)
f(21,22) = (21 — 22kl gt (1.8)

where g(z1, z5) € C|z1, 2], and k, [, m € N, such that the series

(W, Yo (1, 20) Yy (v3, 22)05) = D (0, (Y ) (01) (Y ) (v2)vs) 2™ 2™,

(W, Yo (02, 20) Yo (v1, 21)05) = D (0, (Y ) (02) (Y ) (v1)vg) 252,
(W Yo (Yo (v1, 21 = 22)02, 22)03) = Y (0, (V) (Yo )m(v1)va)vs) (21 = 22) 7" 12"

are absolutely convergent to f(z1,29), on the region given by 0 < |z3| < |z1], the
region given by 0 < |z1| < |22/, the region given by 0 < |z; — 25| < |22/, respectively.
This axiom is called the duality property for VOAs.

For modules for a VOA, one obtains an equivalent definition of modules for a VOA
by replacing the Jacobi identity (1.2) by the following duality property for modules:

for any v1,v9 € V, w € W and w' € W, there exists a rational function

. 9(21, 22)
f(z21,22) = (21 — zo)k 2tz (1.9)

where g(z1, z2) € C|z1, 2], and k, [, m € N, such that the series

(', Yiv (1, 20)Yow (v2, 22)w) = Y {0, (Yo ) (00) (Yiw D (v2)w) 27" H 2y

mneZ



(', Yip (vg, 22) Yo (01, 20)w) = Y (0, (Yo ) (02) (Yo (01)w) 23" 27

mneZ

(W', Yir (Yo (v1, 21 = 22)v3, 20)w) = Y (0, (Yo ) (Yo ) (v1)v2)w) (21 = 25) ™ 12y
m,nEL
are absolutely convergent to f(zi,22), on the region given by 0 < |z5| < |z1|, the
region given by 0 < |z1| < |z2|, the region given by 0 < |z; — 22| < |22/, respectively.
For p € Z, let l,(z) be the single-valued branch of the multivalued logarithm
function Log(z) on z € C* with J(1,(2)) € [2p7, 2(p+ 1)m) for any z € C*. By (1.5),
W3

for any z € C*, p € Z, and intertwining operator ) of type (W1W2), one can view

VP(wy, 2)wy as an element in Ws. Here, YP(wy, 2)w, is defined as the following:

VP (wy, 2)wy = Z e(_”_l)l”(z)lp(z)kymk(wl)wg e Ws. (1.10)
neZ,keN
We denote Y°(w1, z)wy by Y(wi, 2)ws.
For intertwining operators, one obtains an equivalent definition of intertwining
operators by replacing the Jacobi identity (1.3) by the following duality property for

modules: for any v € V, wy € Wy, wy € Wa, wh € Wi, there exists a function

N
f(Zh 22) _ Z@i(zl B ZQ)kiZiiemilo(ZQ)lo(ZQ)pi; (1'11)
=1

where N € Z,, a; € C, k;,l;,€ Z, m; € C, p;, € Nfori =1,..., N, such that the

series

(wh, Yivy (v, 20)V(wi, z2)ws) = > (wh, (Yivy (1) Vo (w1)w2) -

meZ,
neC,keN

z e () (1.12)
(wh, Y(wi, 22) Yy (v, 20)ws) " (wh, Voe(wn) (Yivy ) (0)w2) -

meZ,
neC,keN
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Zl—m—le(—n—l)lo(zz)l0(22)k

Y

(1w, Y (Viry (0,21 — 2)wn, z2)wa) ST Gy (V)i (Vi o (0) 1) -

meZ,
neC,keN

(21 — 22)_m_1€(_n_l)lo(z2)lo(ZQ)k (113)

are absolutely convergent to f(z1,29), on the region given by 0 < |z| < |z1], the
region given by 0 < |z1| < |z2|, the region given by 0 < |z; — 22| < |2a], respectively.
Notice that in the duality properties for VOA, modules, and intertwining algebras,
the correlation function f(z1,22) is unique. Moreover, it depends on the four alge-
bra/module/dual space elements multi-linearly, and depends on the complex variables

21, Z2 holomorphically.

P(z)-tensor products and their associativity isomorphisms

Definition 1.1.2. Let z € C*. We say [ : W, @ Wy, — W3 is a P(z)-intertwining

map of type (W‘iva,z)), if there exists an intertwining operator ) of type (W‘ivafz), such

that I(w; ® wy) = Y(wy, z)wsy (recall (1.10)).

Definition 1.1.3. Suppose Wy, W5 are V-modules for a VOA V, and z € C*. A
P(z)-tensor product of Wi and Wy is a pair (W, Mp(y Wa, Mp(.), where Wy Kp(.) W
is a V-module, and Xp(.y is a P(z)-intertwining map of type (Wl‘%: I(;/)QWQ), such that

for any V-module M and P(z)-intertwining map I of type ( , there uniquely

M
WIWQ)
exists a module map f : W; Mp,) Wo — M, such that 7 o Xp) = I, where T :

Wi Kp) W — W is the map naturally induced by f.

We need to mention that Definition 1.1.3 cannot guarantee the existence of a
P(z)-tensor product for two modules. However, under suitable conditions, we have
a set-theoretic construction where we realize W, Mp(,) W5 as a subquotient space of
(W1 @ Wo)** (see Theorem 6.0.9). Throughout the background section, we assume

that P(z)-tensor product for any two modules always exists.
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For the P(z)-intertwining map Xp(.), we write Mpy(w; ® wy) = wi Mp(.) wo,
called P(z)-tensor product elements, which is contained in W Xp) Wa. It is not

hard to prove that
{mn (w1 Wpy wa)|n € C,wy € Wi, wy € Wa} (1.14)

spans Wi Xp(,) Wa, where m, : W — Wi, is the projection defined for any C-graded

vector space W = [[,.c Win. By the definition of P(z)-intertwining map, there

neC

exists an intertwining operator, denoted by Vg, ., of type (WIE,’: ‘%Wz), such that
Vetp (., (Wi, 2)wz = w1 Wp(,) wy for wi € Wi, wy € Wa.

A P(z)-tensor product is holomorphically dependent on a nonzero complex num-
ber z. One can think that HZG(CX Wi Mpy Wy — C* is an infinite-dimensional
holomorphic vector bundle over C*, whose local trivialization and transition map
are given by the parallel transport isomorphisms, see (6.14). However, for w; € Wi,
wy € W, the map 2 +— w; Mp(.y wy is not a holomorphic section of the bundle, but
can only be viewed as a multivalued analytic section.

Therefore, compare to Definition 1.1.1, only the definitions of P(z)-intertwining
map and P(z)-tensor product allow one to study the theory using a complex-analytic
point of view, which is necessary for constructing the associativity isomorphism.

We can do the similar thinking as diagram (1.6). The first problem is that the
image of a P(z)-intertwining map is contained in the algebraic completion W of a

module W, instead of W itself. Therefore, in the following diagrams, the desired

maps f and g cannot be easily defined.

W1 @ Wa Mp(oy) Wa —— Wi @ (Wo Kp(,,) Ws)

Wy @ Wy ® Wy -1 Wi Rpear) (Wa Rp(ay) W)
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Wi Npeg) Wo @ Wi «—— (W1 Kp(,) Wa) @ Ws

R I (110

W1 @ Wa @ Wy =% (W Bp(oy) Wa) Wp(.,) Ws

In diagram (1.15), if the map ‘?” wants to make the right triangle commutes, we
know that ‘?" has to send w; & 7, (w2 Mp(.,) ws) to wy Mp(.,) 7, (w2 Mp(.,) ws) for any
n € C, which hopefully means that it should send w; ® (w2 p(.,)ws) to Y, - wilp(.))
(7 (w2 Mp(zy) w3)) (unless some pathological is happening here). Therefore, because

the left triangle commutes, we know that

f(w1 X Wy K w3) = Zwl |X’p(zl) (Wn(wg &p(@) w3)) (117)

neC

The above equation is not rigorous, since the right-hand side, as an infinite sum of

elements in Wy Mp(.,) (Ws Xp(.,) Ws), is not well-defined. However, if for any
w' e (W1 NMp(z) (W Mpiay) Ws)),7w1 € Wi, wy € Wo, w3 € W,
the series

<w’, Viapi.,, (Wi, 21)Veap.,, (W2, 22)w3> => <w’, Veap.,, (Wi, 21)Tn (yxp(@ (wa, zz)w3> >

neC

(1.18)

is absolutely convergent, then Vg e (w1, zl)ygp(zz) (ws, z2)ws can be viewed as an el-

ement in ((W1 Mp(z) (Wa Kpzy) Wg))’> = (W1 Bp(sy) (Wa Bp(y) Wa))". Through-
out the background section, we assume that every module W that we consider sat-
isfies that dim W},) < oo. In fact, this assumption occurs in the main results of

this dissertation, for example Theorem 1.3.1. Under this assumption, we identify
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(W1 IEP(ZH (W2 &p(@) Wg))” with W1 &P(zl) (W2 &p(zz) W3) Therefore,

ny(m (wl’ zl)yX]P(ZQ) (w27 Zg)wg = W IXP(Q) (w2 IXP(zQ) w3)

can be viewed as an element in Wy Mp(.,) (Wy Mp(.,) W3), which rigorizes (1.17).
Therefore, if we assume that for any modules M; and W;, i = 1,...,4, that we
consider, and any pair of intertwining operators ), Vs of types ( Wa ) and ( My ),

Wi My WaWs3

the series

(wh, Pr(wr, 20) Vs (wa, 22)ws) = (wh, Yy (wr, 1) (Va(ws, 22)ws)) (1.19)

neC

is absolutely convergent, then we know that the function f in diagram (1.15) can be
rigorously defined by (1.17).

However, it is not suitable to require that (1.19) is absolutely convergent for any
21,22 € C*. By (1.12) in the duality of intertwining operator, we know that in
the special case Wi =V, W, = My, and (V1,)s) = (Ya,)2), (1.19) is absolutely
convergent on and only on the region given by 0 < |z2| < |21|. We say that (Y1, Vs)
satisfies the convergence assumption for products if (1.19) is absolutely convergent on
the region given by 0 < |z5| < |z1].

Similarly, if we assume that for any modules M, and W;, ¢ = 1,...,4, that we
consider, and any pair of intertwining operators Vs, Vs of types ( MVQV;VB) and (Wjﬁfw),

the series

(wh, Vs (Va(wr, z3)ws, za)ws) = (wly, Vs (m (Valwr, 25)ws) , za) wg) ,  (1.20)

neC

is absolutely convergent, then we know that the function ¢ in diagram (1.16) can be
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rigorously defined by
g(w1 X Wy K w3) = (w1 &p(%) ’wg) &P(z4) ws. (121)

Also, by the special case Wy =V, My = W, and (Vs, V) = (Vs, Yi,), (1.20) is
absolutely convergent on and only on the region given by 0 < |z3] < |z4|, because
of (1.13) in the duality property for intertwining operators. We say that (Vs, Vi)
satisfies the convergence assumption for iterates if (1.20) is absolutely convergent on
the region given by 0 < |z3] < |z4].

Throughout the background section, we assume the for any intertwining operators
V1, Vo, Vs, Yy of suitable types among modules that we consider, (Y, )s) satisfies
the convergence assumption for products and ()5, )y) satisfies the convergence as-
sumption for iterates. Under this assumption, f and g are always well-defined.

Once f and ¢ in diagrams (1.15) and (1.16) are rigorously defined, one wants to
find a module map Ap(=)p4 - Wy Rp(.,) (Wa Bp(ey) Ws) — (Wi Bp(s,) Wa) Kp(.,) Wa

such that the following diagram commutes:

f

W1 & W2 & W3 — Wl gP(zl) <W2 gP(zz) WS)
! o
AR G

(W1 Bp(zy) Wa) Kp(y) Ws
By the definitions (1.17) and (1.21) of f and g, we know that

P(z3),P(z
APE;iP&ii (w1 Bp(zy) (wy Rp(ay) w3)) = (w1 Mp(eg) wa) Rp(z,) ws. (1.22)

P(23),P(24

P(zl),P(ZQ; satisfying (1.22), then it

Notice that if there exists a module isomorphism A
is unique and this map could be the associativity isomorphism we want.
Notice that f and g can be characterized by categorical properties. Given modules

Wy, Wy, Wy and 21, 2o € C* with |z| < |21], we define the following category, denoted



15

by CWl’WQ’WB'

prod,z1,z3 °

Object: (M, I), where M is a V-module,
and I : W, ® Wo ® Wy — M, there exists intertwining operators Vi, Vs,
such that I(w; ® wy ® ws) = Y1 (w1, 21) Ve (ws, 20)ws,

Morphism: Hom ((My, Iy), (Ma, I)) = {f € Homy (M, Ms) | I, = fo I1}.

We claim that (W1 NMpe) (Wa Mpayy Ws), f) is an initial object of the category

Er/éévg’zz?’. Similarly, for 23,24 € C* with |23] < |z4], we can define a category
CKZ}EZZZF/‘?’, such that ((W1 NMp(zg) Wa) Mp(zy) W, g) is an initial object of the category
W1, Wa,W:
Citei,zg,za 3‘

It is not very hard to prove that the existence of the isomorphism Aigzi’;llzgg
satisfying (1.22) is equivalent to the fact that the categories Cgrvéﬁf:? and CXZ;ZQZZV?’
are equal. Therefore, we should study the condition

Wi, Wa,Ws __ A Wi, Wa,W:
Cpréd,z?,z;) - Citei,zg?z;; ’ (123)

Explicitly, (1.23) means that for any intertwining operators ), ), of any suitable

types, there exists intertwining operators Y3, ), of suitable types, such that

Vi (wr,21) Vo (wa,22)ws = Vs (Va(wr,23)wse,24)ws.

And vice versa, for any suitable Vs, Vs, there exist )y, Vs, such that the above equality
holds.
In general, for arbitrary z, 2o, 23,24 € C*, (1.23) looks impossible to prove. In-

spiration still comes from the duality for intertwining operators, which says that

Yy (u, 21)V(wr, 22)we = V(Yw, (4, 21 — 22)wi, 22)ws, (1.24)
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for 21,29 € C* with 0 < |21 — 23] < |22| < |21|. In other words, for any intertwining

operators Y of type (WVIVI;,Q), we know that

(W37YW3('7 21)V(, 22) ) = (W37y(YW1('7Z1 — 23)", %2) - )
€ Obj (G ) novj (it ). (1.25)

prod,z1,2z2 iter,z1 —z2,22

Therefore, maybe we should only expect that (1.23) holds if
23 = 21 — Z9, R4 = Z9. (126)

We say that the associativity of intertwining operators holds, if for any modules
Wy, Wy, W3 under consideration, and any z1, zo € C* with 0 < |21 — 23| < |22] < |21,
Wi, Wa,Ws __ AW1,Wa, W,

Cprédzi,zgg - Citei‘,zlz—zg,gzz'

In the series of work [HL2]-[HL4], [H1] by Huang and Lepowsky, they proved
the associativity of intertwining operator for the rational case (i.e. lower-bounded
modules are all completely reducible) under certain assumptions. In the series of
work [HLZ1]-[HLZ8], by Huang, Lepowsky and Zhang, they proved the associativity
of intertwining operator for the general (i.e. non-rational) case under the same type
of assumptions.

The major assumption they made is called the convergence and extension assump-

tion. Roughly, it says that any product

(wh, Vi(wi, 21) Y (wy, 22)ws) (1.27)

among modules under consideration should be absolutely convergent on the region

given by 0 < 23] < |z1|. Moreover, the function (1.27) converges to can be analytically



17

extended to the region given by 0 < |z; — 29| < |22, on which the function can be
written as an absolutely convergent series ‘of the form same as an iterate (of two

intertwining operators), i.e., (1.28)". Similarly, any iterate

(W), V3(Va(wi, 21 — 22)wa, 22)w3) (1.28)

among modules under consideration should be absolutely convergent on the region
given by 0 < |21 — 22| < |22] to a function which can be analytically extended to the
region given by 0 < |23] < |#1|, on which it can be written as an absolutely convergent
series ‘of the form same as a product (of two intertwining operators), i.e., (1.27)". (We
would use product/iterate as short for product/iterate of two intertwining operator)

Here, a punchline could be:

If a product looks like an iterate, then it is equal to an iterate;

conversely, if an iterate looks like a product, then it is equal to a product.

Remark 1.1.4. The convergence and extension assumption was later proved in [H4]
for intertwining operators among C'i-cofinite modules, using regular singular differen-
tial equation theory, which enables Huang-Lepowsky-Zhang’s theory to be applied to
many concrete examples. For example, for Cs-cofinite VOA, every grading-restricted
module is C-cofinite. Also, recently, Huang proved that the P(z)-tensor product of

two C-cofinite modules is still C-cofinite (see [H17]).

1.2 The twisted theory-a parallel generalization

Before we introduce the notion of twisted module, one thing need to be emphasized
is that everything given in the sub-section 1.1.2, has been generalized to the twisted
module case in this dissertation. The generalized notions are more complicated than

their untwisted counterparts, mainly because the correlation functions are much more
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complicated and multivalued. But the philosophy on the construction of the P(z)-
tensor product and of the associativity isomorphism are the same.

The major difference is the following. Despite the involvedness of these complex-
analytic assumptions (including convergence and extension assumptions), Huang-
Lepowsky’s and Huang-Lepowsky-Zhang’s work mainly used the algebraic approach,
i.e., the Jacobi identity and the formal calculus method. This is natural - one should
always use the algebraic approach whenever “one can”, i.e., when there is a Jacobi
identity to use, because although often lengthy and extremely technical, formal delta-
function calculus offers an effective way to do computations and prove theorems, and
therefore has been foundational to the VOA theory.

However, in this dissertation, we have developed and mainly used a systematic
complex-analytic approach. There are many good reasons to develop such an ap-
proach. One simple reason is that we do not know how to write down a Jacobi iden-
tity for the definition of the notion of a twisted intertwining operator for nonabelian
orbifold theory (i.e., the group of automorphisms associated to the orbifold theory is
nonabelian). Especially for the case when the associated group of automorphisms is
both infinite and nonabelian, it seems very difficult to write down a Jacobi-identity
version of definition of the twisted intertwining operator. Even if we have a Jacobi-
identity version of definition, the duality property and therefore the complex-analytic
approach are more natural and closer to the perspective of 2D CFTs in theoretical

and mathematical physics.

1.2.1 Twisted modules for a VOA

The notion of (generalized) twisted modules for a VOA is a generalization of the
notion of modules for a VOA. The theory on twisted modules corresponds to orbifold
CFTs, which are CFTs constructed from known theories and their automorphisms.

Therefore, the theory on twisted modules is also called ‘orbifold theory’. The first ex-
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ample of orbifold theory was the moonshine module VOA V¥ constructed by Frenkel,
Lepowsky and Meurman in mathematics (see [FLM2]-[FLM4]). Their construction of
V% proved the McKay-Thompson conjecture, profoundly relating number theory and
finite group theory. Later, this VOA V% played a major role in Borcherds’ proof of
the rest of Conway—Norton Conjectures. FLM’s construction introduced a new string
theory, which was later interpreted by physicists as an “orbifold theory”. In string
theory, the more general systematic study of orbifold CFTs was started by Dixon,
Harvey, Vafa and Witten [DHVW1] [DHVWZ2]. See [H15] for an exposition of general
results, conjectures and open problems in the construction of orbifold CFTs using the
approach of the representation theory of vertex operator algebras.

Let V be a VOA, and g € Aut(V). A g-twisted V-module is a pair (W, Yy ),

where W = [, .c Wy is a C-graded vector space, and Yy : V@ W — W{z}[log ]

neC
is a linear map, satisfying certain axioms. The most important two axioms are the
duality property and the equivariance property. The duality property for a g-twisted
V-module is the same as the duality property for a (untwisted) V-module, while the

only difference is that the correlation function is no longer a rational function in 21, 2o,

but a function of the form

N

f(Zl,ZQ) = Z aijklZTiZ;j (lOng)k(10g22>l(21 — ZQ)_t (129)
,5,k,1=0

for N € N, my,....,mpy, ni,...,ny € C and t € N. The form (1.29) is already
much more complicated than the form of correlation function (1.11) in the duality of
(untwisted) intertwining operators. It looks wild. Fortunately, we have a control on

its multivaluedness, which is called the equivariance property:

(Y )P (g, ) = (Y )P(v,x), for any p € Z,v € V. (1.30)

(see (1.10) for the definition of (Yyy)P™™)
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It is natural to expect that Huang-Lepowsky-Zhang’s result ([HLZ1]-[HLZ8]) has
generalizations in orbifold theory.

In [K3], Kirillov Jr. stated that the category of g-twisted modules for a vertex
operator algebra V for all g in a finite subgroup G of the automorphism group of V' is
a G-equivariant fusion category (G-crossed braided (tensor) category in the sense of
Turaev [Tu2]). For general V', this is certainly not true. The vertex operator algebra

V' must satisfy certain conditions. Here is a precise conjecture formulated by Huang

in [H10]:
Conjecture 1.2.1. Let V be a vertex operator satisfying the following three conditions

1. Forn < 0, Viny = 0; Vioy = C1; and as a V-module, V is equivalent to its

contragredient V-module V.

2. Every lower-bounded generalized V -module s completely reducible.

3. V' is Cy-cofinite.

Let G be a finite group of automorphisms of V.. Then the category of g-twisted V -

modules for all g € G is a G-crossed braided tensor category.

We also conjecture that the category of g-twisted V-modules for all g € G is a G-
crossed modular tensor category in a suitable sense. Since the definitions of G-crossed
modular tensor category in [K3] and [Tu2| are different, more work needs to be done
to find out which definition is the correct one for the category of twisted modules for
a vertex operator algebra. But we do believe that this stronger G-crossed modular
tensor category conjecture should be true in a suitable sense.

This dissertation has constructed a tensor product bifunctor, and proven the ex-
istence of an associativity isomorphism under certain assumptions, among which the
most crucial one is called the convergence and extension assumption. See section 1.3

for details. These results are all necessary for proving Conjecture 1.2.1.
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In the case that G is trivial, i.e. the untwisted theory, Conjecture 1.2.1 and
even the stronger G-crossed modular tensor category conjecture is true by Huang-
Lepowsky-Zhang [HLZ1]-[HLZS8| and Huang [H4]-[H7]. Thus, the G-crossed modular
tensor category conjecture is a natural generalization of its untwisted version.

In the case that the fixed point subalgebra V¢ of V under G satisfies the conditions
in Conjecture 1.2.1 above, the category of V¢-modules is a modular tensor category.
In this case, Conjecture 1.2.1 can be proved using the modular tensor category struc-
ture on the category of V% modules and the results on tensor categories by Kirillov
Jr. [K1] [K2] [K3] and Miiger [Miil] [Mii2]. In the special case that G is a finite cyclic
group and V satisfies the conditions in Conjecture 1.2.1, Carnahan-Miyamoto [CM]
proved that V¢ also satisfies the conditions in Conjecture 1.2.1. In the case that G
is a finite cyclic group and V is in addition a holomorphic vertex operator algebra
(meaning that the only irreducible V-module is V itself), Conjecture 1.2.1 can be
obtained as a consequence of the results of van Ekeren-Méller-Scheithauer [EMS] and
Méller [M&] on the modular tensor category of V¢-modules. Assuming that G is a fi-
nite group containing the parity involution and that the category of grading-restricted
V% modules has a natural structure of vertex tensor category structure in the sense of
[HL1], McRae [Mc] constructed a nonsemisimple G-crossed braided tensor category
structure on the category of grading-restricted (generalized) g-twisted V-modules.

For a general finite group G, the conjecture that the fixed point subalgebra V¢
of V under G also satisfies the conditions in Conjecture 1.2.1 is still open and seems
to be a difficult problem. On the other hand, using twisted modules and twisted
intertwining operators to construct G-crossed braided tensor categories seems to be
a more conceptual and direct approach. If this approach works, we expect that
the category of V%-modules can also be studied using the G-crossed braided tensor
category structure on the category of twisted V-modules.

In the case that the vertex operator algebra V' does not satisfy the three conditions
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in Conjecture 1.2.1 and/or the group G is not finite, it is not even clear what the

precise conjecture should be. This was proposed as an open problem in [H10].

1.2.2 Twisted intertwining operators

Intertwining operators among twisted modules (what we called twisted intertwining
operators) associated to commuting automorphisms of finite order appeared implicitly
in the work [FFR] of Feingold, Frenkel and Ries and were introduced explicitly by Xu
in [X] in terms of a generalization of the Jacobi identity for twisted modules. Xu’s
Jacobi identity works because in [X], only modules twisted by automorphisms in a
finite abelian group are considered.

In [H9], Huang introduced a definition of twisted intertwining operators among
modules twisted by noncommuting automorphisms. In that definition, the correlation
function in the duality property satisfies a special explicit form. It turns out that
the definition in [H9] is not general enough to study orbifold theory associated to a
nonabelian group of automorphisms, since the explicit form of the correlation function
implicitly indicates the commutativity of the automorphisms involved.

In this dissertation, we have introduced the most general notion of twisted in-
tertwining operator, where no explicit form needs to be satisfied. In this definition,
the correlation functions are multivalued functions whose single-valued branches are
indexed by elements of the fundamental group of some configuration space, and are
determined only by the image of an anti-homomorphism from the fundamental group
to the group of automorphisms (g;, g2) generated by g1, o (if the twisted intertwining
operator is of type (ggllg;)). This definition of twisted intertwining operator is general
enough for studying the orbifold theory associated to a nonabelian group of automor-
phisms. In order to give the correct notion of P(z)-tensor product of twisted modules,
we need to use the most general twisted intertwining operators. If we use only a cer-

tain special set of twisted intertwining operators as in [H9] to define and construct the
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P(z)-tensor product bifunctor, we would obtain a quotient of the correct P(z)-tensor
product structure. The notion of P(z)-tensor product has been foundational for the
theory from the beginning. See the full definition of twisted intertwining operator in
Definition 3.0.23.

Moreover, based on our definition of twisted intertwining operators, we have
proved some properties of twisted intertwining operators that are essential for the
construction of G-braided vertex tensor categories. For example, we have constructed
skew-symmetry isomorphisms {24 and contragredient isomorphisms A, between spaces
of twisted intertwining operators. Although these isomorphisms occurred and played
crucial roles in the untwisted theory, since we have used our most general notion of
intertwining operator, the proof of their existence was new and used the complex-

analytic approach.

1.2.3 Associativity of twisted intertwining operators

The strategy of proving the associativity of twisted intertwining operators is the
same as Huang-Lepowsky’s and Huang-Lepowsky-Zhang’s proof of the associativity
of intertwining operators among untwisted modules (see the subsection 1.1.2.2).
The difference is that in their proof, the most crucial tool developed is a condition
called P(z)-compatibility. Since the untwisted intertwining operator can be defined
using the Jacobi identity, which is algebraic. The P(z)-compatibility condition in
[HLZ4] is a purely algebraic statement, which is invalid under our notion of twisted
intertwining operator and the complex analytic setting. To solve this problem, we
have introduced a new condition, which is a complex-analytic statement although we
also call it the P(z)-compatibility condition. It looks very different from the algebraic
version of P(z)-compatibility condition in [HLZ4]. Whether they are equivalent when
the twisted modules considered are actually untwisted is still unclear, which is an

interesting unsolved problem.
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The complex analytic P(z)-compatibility condition serves the same function as the
algebraic one, in the sense that we still can develop the same useful tool in our complex
analytic setting (See [DH]). Again, since our notions of twisted intertwining operator
and of P(z)-compatibility condition are very different, the method of developing these
tools is new.

Also, the convergence and extension assumptions in the dissertation are stronger
than their untwisted version in [H1] and [HLZ7]. This is because of two reasons. First,
the multivaluedness occurring in twisted modules and twisted intertwining operators
is much more complicated than the untwisted case. Therefore, some result can be
easily proved in the untwisted case is no longer true in the twisted setting. Therefore,
we indeed need stronger assumptions. Second, from the experience of Huang’s work
on proving these assumptions using regular singular differential equation theory (see
[H4]), although stronger, the assumptions we have made are still reasonable and hope-
ful to be proved under certain cofiniteness condition using the twisted generalization

of Huang’s work [H4|, which is another ongoing project (see [Tal] and [Ta2]).

1.2.4 (G-crossed braided tensor category

The notion of G-crossed braided tensor category was firstly introduced by Turaev in
[Tul] and [Tu2], where this notion was designed to study certain TQFTs with an
extra symmetry described by a group G.

Let G be a group.

Definition 1.2.2. A G-equivariant category is a tuple

(C> {¢g}g€Ga {ag,h}g,hGG) )

where
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1. C 1s an abelian category over C with a G-grading, namely, a decomposition

c=e, (1.31)

geG
where each C, is an abelian full subcategory of C, and Home(C,,Cp) = 0 if g # h;

2. {¢g}gec is a family of endofunctors ¢4 : C — C, and {agn}gnec s a family of

natural 1somorphisms g, : g © G, = Ggp,.
Moreover, the following conditions hold:
1. ¢g(W) € Object (Cypg-1), for any g,h € G, and W & Object (Cy);
2. ¢g =idc;
3. the following diagram commutes:

O‘f,g)¢h(—)
E—

650 (B 0 bn) = (650 B5) 0 bn 6100 O

asf((ag,h)f)l lafg,h

(bf © ¢gh Qf gh ” ¢fgh

Definition 1.2.3. A G-crossed braided tensor category is a tuple

(Ca {¢g}g€Ga {ag,h}g,h€G7 ‘/7 _®_7 a.._._, l—a r., {J:q,_}QGC% B—,—)?

where

1. (C, {9g}gecs {agntgnec) is a G-equivariant category;

2. (C,V,-®-,a___,1.,r) is an abelian monoidal category over C, where V is the unit
object, -®- is the tensor product bifunctor, a__ is the associativity isomorphism,
and I, r_ are the left and right unital isomorphisms, respectively. We require

that the bifunctor -®- is C-bilinear;
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3. W1 @ Wy € Object(Cyp), for any Wy € Object(C,) and Wy € Object(Cp);

4. For each g € G, J9 : ¢g0 (-®@ -) = ¢y4(-) @ ¢4(-) is a natural isomorphism.
Moreover, (¢4, J9) forms a tensor functor. Namely, V = ¢,(V) and the follow

diagram commutes:

(¢9(W1) ® ¢9(W2)) ® ¢9(W3) a¢gmws> ¢g(W1) ® (Cbg(W?) ® ¢g(W3))

l‘]gvl,wz ®idg g (ws) idg g (wy) ®J5v2,w3l
Gg(W1 @ Wa) @ ¢g(W3) Gg(W1) @ (g(Wa @ W3))
ngvlchQ,Wg J‘ngaW2®W3l

¢g(aW17W2,W3)

Gg (W1 @ Wa) @ W3) y 9g(W1 @ (Wa @ W3))

5. Bywyw, 1 W1 @ Wa — ¢,(Wa) ® Wy is a natural transformation, where Wy €
Object(C,), Wa € Object(C).

Moreover, the following diagrams commute:

1. For g1, g2 € G, Wy € Object(Cy, ), Wa € Object(Cy,), and W5 € Object(C),

awy, Wy, Wy

(W1 @ Wa) @ Ws y Wi @ (W @ Ws)

BW1,W2 ®idw3l BW1,W2®W3

~

(69, (Wa) © W) © Wy b0 (Wr @ Wy) @ W1

a¢g1(W2),W1,W3l (J@&Q’Wg)fl@idwl

~

gbgl (WQ) ® (Wl ® W3) (¢91(W2) ® ¢g1 (W3)) ® Wy

. a¢gl (WQ)vd’gl <W3)7W1
1d¢g1 (WQ)W v

b0 (W) ® (6, (W) @ W)
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and
(awy Wy, w3) !
Wi @ (Wa ® Ws) —222 s (W1 @ Wa) @ W
idvv1 ®BW2,W3\L BW1®W2’W3

Wy ® (Cng(WS) X WQ) ¢g1gz (W3) ® (Wl ® WQ)
(aW17¢92(W3),W2)71l (a6, g5 (W), Ww1.wp) ™!

(W1 ® ¢y, (W3)) @ Wy (Dg19:(W3) @ W1) @ Wy
—1 . .

By, 1bgo (VM) v((agl 2 )W3 S i,

(¢91 (¢92(W3)) ® Wl) ®@ Wa

2. For g,h € G, and Wy, Wy € Object(C),

09(0n(W1)) ® dg(dn(W2)) (T s Dan(W1) ® dgn (W2)

l‘]imwl),qsh(vvz)
¢g(¢h(W1) ® ¢h(W2)) J“%’LI#WQ
l%uevl,%)
Gg(Pn (W1 @ Wa))

(ag,n) Wy @Wy

> ¢gh(Wl (024 W2>

3. For g,q1 € G, Wy € Object(Cy, ), and Wy € Object(C),

0,(W1) @ 0y(Wa) ——"2 s 6,(W, @ W)
B¢g<wl>,¢g<w2>l labg(Bwl,%)
Dggrg—1 (Bg(W2)) ® ¢g(Wh) Dg(Pg (W) @ W)

(agglg—l,g)%@idq)g(m)l l(Jigl(WQL"Vl)_l

¢gg1 (W2) ® ¢9(W1) ¢g(¢g1(W2)) ® ¢9(W1)

(og,91 );[/12 ®idgg (wy)

1.3 Main results

Let (V,Y,w,1) be a vertex operator algebra. Let C be a category of twisted V-

modules, namely, a full subcategory of the category of all g-twisted V-modules, where
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g € Aut(V). We say that the category C satisfies the associativity of twisted

intertwining operators, if the following two properties are satisfied.

1. Let Wy, Wy, W3, My, Wy be any g1-, g2-, g3-, §293-, g19293-twisted V-modules in

Wy )’

C, respectively. For any twisted intertwining operators Y;, Vs of types (W1 My

(w3

W Ws)’ respectively, there exists a g1 go-twisted V-module M, in C, and twisted

AN

intertwining operators )3, ) of type (W1 wo)s (g s

), respectively, such that
for any w; € W;, i = 1,2,3, and w) € W, the equation (1.33) holds on the

region given by

0< |Zl — 22| < |Z2| < |Zl|7

m m
larg(z1 — 22) — arg(z1)| < BL larg(z1) — arg(z1)| < 3 (1.32)

. Let Wy, Wy, W3, My, Wy be any gi1-, go-, 93-, g192-, 919293-twisted V-modules in

Mo )’

C, respectively. For any twisted intertwining operators Y3, V, of types (W1 Wa
( MZV%/Vg)’ respectively, there exists a gog3-twisted V-module M; in C, and twisted

-

intertwining operators ), )s of type (W1 ) sy s

), respectively, such that
for any w; € Wy, i = 1,2,3, and w), € W}, the equation (1.33) holds on the

region given by (1.32).

<w£py1(wla Zl)yZ(w2722)w3> = <wfpy3(y4(w1,21 - 22)?1)2, z2)w3> . (1-33)

We have the following theorem.

Theorem 1.3.1. Suppose C satisfies assumptions 6.0.7, 8.0.1, and 8.0.5. In other

words,

1. For any twisted module W in C, the nilpotent part Ly (0)y of Lw (0) is nilpotent

on W.
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. For any twisted module W in C, Ly (1) is locally nilpotent.
. For any z € C*, and twisted modules W1 and Wy in C, W1Sp,) Wy s also in C

. The contragredient of an object in C is also in C. The direct sum of two objects

i C is also in C.

. For any twisted module W in C and n € C, dim(W,)) < oo. Equivalently,
W =2 W" for any twisted module W in C.

. Let Wi, Wa, W5, My, My, Wy be any g1+, g2-, g3, 9293~ 9192-, g1929gs-twisted
V-modules in C, respectively. Let Vi, Vo, V3, Vi be any twisted intertwining

operators of types (WI/V‘]‘%), (Wiw%/VB)’ (Wf\%,?), (MZV‘I*/VS), respectively.

(a) (V1,Ys) satisfies the reqular singular point property and the convergence

and extension property for products.

(b) (Vs,Vs) satisfies the regqular singular point property and the convergence

and extension property for iterates.

7. C is closed under taking image in the sense of Definition 7.0.22.

Furthermore, we assume

8. Let Wy, Wy, W3, My, Y1, Vs be as in 6. For any ws € W3, wy € W}, 21,29 € C

satisfying (1.32), and n € C, the functional X$L2)(w3,wfl;zl,z2) e (W @ Wy)*
defined in (9.4) is P(z1 — 2z3)-C-embeddable.

Then, the associativity of twisted intertwining operators for C holds.

The C-embeddability mentioned in condition 8. in Theorem 1.3.1 can be easily proved

under some conditions. Therefore, we have the following two Corollaries.
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Corollary 1.3.2. Suppose C satisfies Condition 1-7 in Theorem 1.3.1. Furthermore,
we assume that for any g € {h € Aut(V)| Obj(Cp) # @}, any g-twisted module gener-
ated by one element is an object of C. Then, the associativity of twisted intertwining

operators for C holds.

Corollary 1.3.3. Suppose C satisfies Condition 1-7 in Theorem 1.3.1. Furthermore,

we assume

1. For any g € {h € Aut(V)|Obj(C,) # @}, any grading-restricted g-twisted

module generated by one element is an object of C.

2. Let Wy, Wy, W3, My, Vi, Vs be as in condition 7. in Theorem 1.3.1. There
exists Ny, y, € N such that PV, (ws, wh; 21, 22) = 0, for any n € C with R(n) <

— Ny, 3,, wy € W5, w) € Wy, and (21, 22) satisfying (11.1).

(See (9.4) for the definition of Xﬁf).)
Then, the associativity of twisted intertwining operators for C holds.

Suppose that G is a subgroup of Aut(V'). We denote by GM,,(G) the category of
all grading-restricted g-twisted generalized V-modules for all ¢ € G. As a corollary

of 1.3.1, we have

Corollary 1.3.4. Let G be a subgroup of Aut(V'). Assume that the following condi-

tions are satisfied:

1. For g € G, there are only finitely many irreducible grading-restricted g-twisted

V-modules.
2. For g € G, every grading-restricted g-twisted V-module is completely reducible.

3. For g1,92 € G, and grading-restricted g,-, ga-, g1g2-twisted V-modules Wy, W,

and W3, the fusion rule ]\7‘,‘/[,[/131/‘/2 = dim VV%% s finite.
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4. Forany g € G, and irreducible grading-restricted g-twisted V -module W, Ly (0) 5

18 nilpotent.

5. Let Wy, Wy, W3, My, My, Wy be any g1-, ga-, g3-, 9293-, 9192-, 919293-twisted

V-modules in C, respectively. Let Vi, Vo, V3, Vi be any twisted intertwining
operators of types (va%l), (W;W;VS), (MZVAIL/VP,)’ (wai%), respectively.

(a) (V1,)s) satisfies the convergence and extension property for products.

(b) (Y5, V) satisfies the convergence and extension property for iterates.

(c) There exists N € N such that Xﬁf)(wg,wg;gl,@) =0, for any n € C with
%(n) < =N, w3 € Wg, wﬁl S Wi, and (Cl,CQ) € FQ(CX)

(See (9.4) for the definition of X%z).)
Then, the associativity of twisted intertwining operators for GM . (G) holds.

The associativity of twisted intertwining operators is equivalent to the existence of
a canonical associativity isomorphism for the P(z)-tensor product of twisted modules.

To be specific, a lemma is the following:

Lemma 1.3.5. Suppose C is a category of twisted V-modules such that for any z €
C*, and any Wy and W5 in C, the P(z)-tensor product Wi Mpy Wy of Wi and Wy

in C exists. The followings are equivalent:

1. The category C satisfies the associativity of twisted intertwining operators.

2. For any 21, z3 € C satisfying (1.32), there exists a unique natural isomorphism

P(z1—22),P(22) .
APE;%PQ()Z?.)( 2 - &P(n) (_ @P(zz) _) = (_ IEP(ZI*Z2) _) &P(@) o

such that for any twisted modules Wy, Wy, and W5 in C, the map

W gP(zl) (Wz @P(ZQ) W3)

P(z1—22),P(22)
(APQ),PQ(zz) )

>W1,W27W3
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— (W1 Mp(zy—zp) Wa) RMp(y) Wi

satisfies that

P(z1—22),P(z2)
<AP 1—22 2

(21),P(22) >W1,W2,W3 (wl &P(Zl) (w2 gP(Z2) w3)) =

(w1 Mp(zy 2y w2) Wp(oyy w3, for any w; € Wii=1,2,3. (1.34)

As results of Lemma 1.3.5, Theorem 1.3.1, and Corollary 1.3.4, we have the fol-

lowing corollaries:

Corollary 1.3.6. Assume C is a category of twisted modules satisfying all the condi-
tions in Theorem 1.3.1, or 1.3.2, or 1.3.3. View —Mp(.,)(—Mp(z,)—) and (—Xp(z, .,
—) Mpzy) — as two functors from C x C x C to C. Then, for any 21,z € C satisfying

(1.32), there ezists a unique natural isomorphism

P(z1—22),P(z
Ape ) = Rpy) (= By =) = (= Bpg, 2 =) Bpy) —

satisfying (1.34).

Corollary 1.3.7. Let G be a subgroup of Aut(V'). Assume all conditions in Corollary
1.3.4 are satisfied. View — Mpr.,y (— Mp(y) —) and (— Wpz,—zy) —) Mpey) — as two
functors from GM . (G) x GM . (G) X GM 4, (G) to GM . (G). Then, for any 21,z €

C satisfying (1.32), there exists a unique natural isomorphism

P(z1—22),P(z X
APEZ1)7P2()22)( 2) : _ &P(ZI) (— ®P(22) —) = (_ gp(zl—zg) _) P(ZQ) _

satisfying (1.34).



33

Chapter 2

Twisted Modules

We recall in this section the notions of (generalized) twisted module for a vertex
operator algebra.

Let (V,Y,w, 1) be a vertex operator algebra. Let g be an automorphism of V. We
first recall the definition of generalized g-twisted V-module first introduced in [H8].
In particular, in this paper, the vertex operator map for a g-twisted V-module in
general contain the logarithm of the variable and the operator L(0) in general does

not have to act semisimply.

Definition 2.0.1. A g-twisted generalized V-module (without a g-action) is a C-

graded vector space W = [[, . Wy, (graded by weights) equipped with a linear map

neC

i :VeWw — W{z}logz],

vRw — Y (v,r)w= Z(Y‘f{,)n’k(v)(w)x_”_l(log z)"

satisfying the following conditions:

1. The equivariance property. Yorp e Z, z € C*, v eV and w € W,

(Vi) (gv, 2)w = (V)" (v, 2)w,
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where for p € Z, (Y{{))*(v, 2) is the p-th analytic branch of Y{j (v, z).
2. The identity property: For w € W, Y, (1, z)w = w.
3. The duality property: For any u,v € V, w € W and w' € W’, there exists a
multivalued analytic function of the form
N

f(z1,22) = Z a2y 2y’ (logzy ) (logze) (21 — )~ (2.1)

i,4,k,1=0
for N e N, mq,...,mn, n1,...,ny € C and ¢t € N, such that the series

(W', (V)P (u,20) (Vi )P (0, z2)w) = (', (V)P (u, 20) 1 (Vi P (v, 22)w),

neC

(', (V)P (v, 22) (Vi PP (u, 20 )w) = (', (Vi )P (0, 22)ma (Vi P (u, 20 )w),

neC

(W', (V)P (Yv(u, 21 — 22)v, 22)w) = Z(w', (Y3 )P (m Yy (u, 21 — 22)v, 22)w)

neC
are absolutely convergent in the regions |z;| > |z2| > 0, |2z2| > |z1] > 0, |22| >

|21 — 22| > 0, respectively, and their sums are equal to the branch
FPP (21, 20) Z el G (VR () (21 — 2)
of f(#1,22) in the region |z;| > |z2| > 0, the region |23 > |21 > 0, the region

given by |z > |21 — 22| > 0 and |arg 2; — arg 2| < 7, respectively.

4. The L(0)-grading condition: Let L}, (0) = (Y{{)10(w). Then for n € C, w €
Wi, there exists K € Zy such that (L{},(0) — n)®w = 0.

5. The L(—1)-derivative property: For v € V,

d
%ngv(v, z) =Y (Ly(—1)v,x).
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Definition 2.0.2. A g-twisted generalized V-module with a g-action is a C x
C/Z-graded vector space W = [],.ccnecsz W[[] (graded by weights and g-weights)

equipped with a linear map

Yi :VeW — W{z}logzl,

K
vew — Y (v,r)w :ZZ (Y] ke ( " (log x)",

neC k=0

and a (g)-module structure (where (g) denote the cyclic group generated by g), sat-

isfying the following conditions:

1. Write Wi = [,z W[E%}. Then, W = [1,cc Win equipped with Y}, is a

neC

g-twisted generalized V-module without a g-action.

2. The g-grading condition: Write Wl = ] e [[n]] For o € C/Z, w € W,

there exists A € N, such that (g — e2™)Aw = 0.

3. The g-compatibility condition: For uw € V, gV} (u,x) = Y{j (gu,x)g. In other

words, the action of g on W is a module automorphism.

A generalized twisted module is said to be ordinary if Lj,(0) is diagonalizable.
Since modules that are considered are all generalized, we will omit the word ‘gener-
alized’ throughout this work.

A lower-bounded g-twisted V-module (with or without a g-action) is a g-twisted
V-module W (with or without a g-action) such that for each n € C, W,y = 0
for sufficiently negative real number [. A g-twisted V-module W (with or without a
g-action) is said to be grading-restricted if it is lower bounded and for each n € C,
dim W, < oo.

For a subgroup G' < Aut(V), let GM,,.(G) be the category of grading-restricted

g-twisted V-modules for g € G. Let GM,, be the category GM,, (Aut(V)).
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For simplicity, we shall sometimes omit the subscript W and the superscript g.
For example, we denote the twisted vertex operator map Y, by Y9, Y} or even Y,
the Virasoro action Lj,(n) by L(n) for n € Z.

Throughout this work, the phrase ‘without a g-action’ can be omitted. In other
words, a g-twisted V-module refers to a g-twisted V-module without a g-action. When
we refer to a g-twisted V-module with a g-action, the phrase ‘with a g-action’” will be
stated explicitly.

Without otherwise specified, W, Wy, Wy, W3 are g-, g1-, go-, g3-twisted V-modules

(i.e., twisted V-modules without group actions).

Remark 2.0.3. The following fact looks obvious but actually need a proof. Let x1, x5
be formal variables. Then,
N
t

(W', Vi (u, 21) Yy (v, 22)w) = Z aijksziij(IOg xl)k(logxz)l : (b12($1 - Iz)_l) )
0,5,k =0

(2.2)

where tio(z1 — 12) 7 =3, g2y F T 2k, Without loss of generality, we can assume u €

VIetZl oy € VIHZ g b € C*. Then we know that Yi{,(u, v1) € z7* End(W)[[x1, z7 ]][log 21],
and Y (v, 15) € 23 End(W)[[x2, 25 |][log zs]. Then, (2.2) relies on not only the du-

ality but also the fact that

(ma+2Z)UUY, (m; +2)) x {0,...,N'},

(=b+Z)UUX, (n;+2Z) x{0,...,N'}
are unique expansion sets, where N’ is N plus the largest possible power of logx in
Y (u,z) and Yy (v, x) (See [HLZ5] for the definition of unique expansion set).

From the duality, Remark 2.0.3, and the fact that Y (w,x) € End(W)[[z, z71]],

using Cauchy formula (see Proposition 7.0.10 and Corollary 7.0.12), we can prove the
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commutator formula and therefore the Virasoro-bracket relation,

[L(m), Y (v, x)] = Z (m;— 1) g™ YIS (L(k — 1)v,x), for any m € Z, v € V.

keN

(2.3)

In particular, letting m = 0, the L(0)-bracket formula holds. Therefore, Proposition
3.20 in [HLZ2] for Y = Y{} still holds here, which means the L(0)-grading is compati-
ble with the action of components of Yj{,, i.e. for any n € C, k € N, and homogeneous

veVweW,
wt (Y )nk(v)(w)) = wto + wtw —n — 1. (2.4)

Remark 2.0.4. In Definition 2.0.1, we do not require a usually necessary axiom,
which is the lower truncation property. A g-twisted V-module (W,Y3) is said to be

lower truncated if

foranyveViweWneCandk € N,

(Y ) ntik(v)(w) =0, for sufficiently large | € N. (2.5)

For those versions of definition of module using Jacobi identity, lower truncation
property is needed to make sure that the Jacobi identity is well-defined. However, if
one uses duality to define module, the lower truncation property does not have to be
in the definition any longer.

Lower truncation property is a weaker condition than lower-bounded. By (2.4),
any lower-bounded twisted module is automatically lower truncated. Moreover, by

(2.4), a lower-bounded twisted module is actually fully truncated. (See Assumption

4.0.1)

Remark 2.0.5. By letting v = w in (2.3), we know that any twisted V-module W
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1s a module for Virasoro algebra L. Since L, — L_, is an anti-automorphism of

Virasoro algebra, W' has a natural L-module structure given by

(L(n)yw' ,w) = (W', L(—n)ww), n€ZweWw eW.

Let (W,Y) be a g-twisted V-module. Let h be an automorphism of V" and let

on(Yiy) : VoW — W{rilogz]

vRw = ¢p(Y9)(v,x)w

be the linear map defined by

on(Yid) (v, 7)w = Y (b~ v, 2)w.

Then we have:

Proposition 2.0.6. The pair (W, ¢, (YS)) is an hgh™-twisted V-module. Moreover,
when W is a module with g-action, for any n € Z, the map w — g~ "w s an isomor-

phism between (W,Y},) and (W, ¢ (Yy,)) (as g-twisted V-modules with g-action).

We shall denote the hgh™!-twisted V-module in the proposition above by ¢y, (W).
Note that when h = g, we obtain a g-twisted module ¢4(W) for which the twisted

vertex operator is given by

6g(Y) (v, 2)w = Vi, (g v, z)w.

But this g-twisted V-module is equivalent to the original g-twisted module W if W

has a g-action. The equivalence is given by ¢g=! : W — W since we have

g Y (v,2)g =Y (g v, ) = ¢ (Vi) (v, 2)
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for v € V. By the equivariance property, we have (Y{%)P(g v, z) = (V%)™ (v, x)

and, if
Y (v, 2)w = Z Z(Yg/),n,m(v)x"(log x)"

k=0 neC

forv e V and w € W, we have
K
Vil (g7 v, m)w = Z (V) _n1k(v)e?™ 2™ (log x + 2mi)*.

We also need contragredient twisted V-modules. Let (W,Y}],) be a g-twisted V-

module. Let W’ be the graded dual of W. Define a linear map

(Y4): VoW - Wic}logal,

vew — (Vi) (v,x)w

(V) (v, 2)w,w) = (w', Vi (e*FD (=272 EOy 27 1w)
forveV,weW and w' € W'

Proposition 2.0.7. Let L{,(0)y be the nilpotent part of L}, (0). Suppose L{,(0)y is
nilpotent on W (not just locally nilpotent). Then, the pair (W', (Y{)') is a g~ ' -twisted
V -module.

The proof of this result is a special case of the proof of Theorem 5.0.1 in Section
4 with Wy =V, g1 =1y, go =g, Wo = W35 =W, and Y = Yy. Since the proof of
Theorem 5.0.1 uses only the definition of (Y{j)’, quoting the proof of Theorem 5.0.1
to give a proof of Proposition 2.0.7 does not constitute circular reasoning.

The g~ '-twisted V-module (W', (Y{%)) is called the contragredient module of

(W, Yi7).
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Chapter 3

Twisted Intertwining Operators

In this chapter, we introduce a notion of twisted intertwining operators which is
more general than the one in [H9]. We also give the basic results on such twisted

intertwining operators.

3.0.1 Multivalued functions on configuration spaces

For any set X and n € Z,, define Fy(X) = X, and F,(X) = {(21,...,2,) €X"| z; #
z; for any i # j} for n > 1. It’s easy to see that F,, can be an endofunctor on some
categories, for example, the category of sets, topological spaces, smooth manifolds,
complex manifolds and so on. Let Fﬂ 1(C*) be the topological space given by cutting

F5(C*) along the positive real lines in the a;-, as- and a; — as-planes, that is, the sets

{(al,ag) € FZ(CX) ‘ a € R+},
{(&1,&2) € F2<(C><) ‘ ay € R+},

{(&1,@2) € F2<(C><) ‘ a; — ag € R+},

with these sets attached to the upper half a;-, as- and a; — as-planes. More explicitly,

FP,(C*) is the topological space which set-theoretically is equal to Fy(C*). The
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collection of open sets of F{;(C*) is the minimal collection which satisfies the open

sets axioms and contains
e open sets of F5(C*) in the standard metric space topology,
e the set {(ay,az) € F5(C*)| R(ay) >0, S(ay) > 0},
e the set {(ay,as) € F5(C*)| R(az) > 0, S(az) > 0},
e the set {(a1,as) € F5(C*)| R(a; — az) >0, (a3 —az) > 0}.

Clearly, Fﬁ 1(C*) has a unique structure of complex manifold with boundary such that
the set-theoretically identity map FT,(C*) — F5(C*) is holomorphic.

For any (z1,22) € FY,(C*), choose a continuous path v in F7;(C*) from (21, z,)
to (—3, —2). Such a path exists and is unique up to boundary-fixing homotopy due to
the fact that F7,(C*) is path-connected and simply connected. The path v induces
an isomorphism 7 (F5(C*), (21, 22)) — m(F2(C*),(—3,—-2)), which is independent
on the choice of v. Using this isomorphism, we can identify elements in m; (F5(C*), z)
for different x € F5(C*). Therefore, in the following, we would define by3, b13 and
bas as three elements in 1 (F3(C*), (=3, —2)). But bys, by, bas also can be viewed as
elements in 7 (F»(C*), z) for arbitrary x € F5(C*).

Let by2 be the element in 7 (F»(C*), (=3, —2)) represented by the loop
[0,1] 3t (=2 + *™H7, -2).

Let by3 be the element in 7 (F»(C*), (—3,—2)) represented by the loop

.

(14277 —2),  0<t<1

[0,3] 28— < (emilt=1) _9), 1<t<2

(=24 ™2 9) 2<t<3.

\
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Let bys be the element in 71 (F»(C*), (—3,—2)) represented by the loop

[0,1] >+ (—3,2e*™HT),

It can be check that

bleIQbQS = 612b23613 = 623b13612~ (31)

Note that F5(C*) is homotopically equivalent to the configuration space F3(C). So,
the fundamental group of F5(C*) is in fact the pure braid group PBs = m(F5(C)).
We know that F»(C*) is isomorphic to the group defined using the generators by, b13, ba3

and the relations (3.1).

Definition 3.0.1. Let M be a complex manifold (with or without boundary). A
multivalued analytic function on M is a collection (A, ).enr, where A, is a subset of

the stalk of the holomorphic function sheaf on M at x. such that

e For any continuous path ~ : [0,1] = M, and ¢ € A, (), the analytic continuation
of ¢ along 7 exists. Moreover, the germ at (1) represented by this analytic

continuation is contained in A, ).

e For any z,y € M, and ¢, € A,, ¢, € A, there exists a continuous path vy such

that v, can be obtained by doing the analytic continuation of v, along .

Equivalently, a multivalued analytic function on M is a path-connected component

of the étalé space of the holomorphic function sheaf on M.

Definition 3.0.2. A maximally extended single-valued branch of a multivalued an-
alytic function (A;)zemcx) on F5(C*), is a (single-valued) analytic function ¢ on
F?,(C*), such that for any € F5(C*), the germ at x represented by ¢ is contained
in A,.
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Let f(z1,22) be a multivalued function on F5(C*), and let f(z1, 22) be a maxi-
mally extended single-valued branch of f(z1,29). For any loop ~ : [0,1] — F»(C*),
we can do the analytic continuation of f¢(z1, 25) along v and obtain another maxi-
mally extended single-valued branch of f(z1, 25). Since we know that the maximally
extended single-valued branch we obtain only depends on the homotopy class of ~,

we denote this maximally extended single-valued branch by

f[ﬂ(zh 22)7

where [7] is the element in 71 (F5(C*)). In this way, we get a right action of the group
m(F2(C*)) on the set of maximally extended single-valued branches of f(z1,22),

defined by

g-(f(21,22)) = f9(21,22), g € m(F(CY)). (3.2)

It is not hard to check that this is a transitive right action, i.e.,

e Any maximally extended single-valued branches of f(z1, 2) is equal to f9(z1, 22)

for some g € m (F2(C*)).

o c.(f9(z1,22)) = f9(z1,22), for any g € m (F2(C*)), where e is the identity

element in the group m (F»(C*)).

* (9192). (f9(21,22)) = 9992 (21, 22) = Ga- (91.f%(21, 22)), for any g, g1, 92 €
7T1(F2((CX)).

Remark 3.0.3. The above definitions and the group action can be generalized to gen-
eral complex manifolds, especially some more complicated configuration spaces. For
any complex manifold, one can do cuttings along some (real) codimension 1 subman-
ifolds with boundaries such that the original manifold remains connected and becomes

simply connected. Once fizing such a cutting, one can define the notion of mazimally
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extended single-valued branch, and obtain the right action of the fundamental group

on the set of maximally extended single-valued branches of a multivalued function.

Definition 3.0.4. For any complex manifold M where we have defined the notion
of maximally extended single-valued branch of a multivalued function on M (see
Remark 3.0.3), a multivalued function with a preferred (mazimally extended single-
valued) branch is a pair (f, f¢) where f is a multivalued function on M, and f€ is a

maximally extended single-valued branch of f.

Remark 3.0.5. For ezample, we can define the notion of a multivalued function with
a preferred branch on Fy; (see Condition 3.0.13), since the space F}}; has been defined

(see the two paragraphs following Condition 3.0.13).

Remark 3.0.6. We cannot add two multivalued function together (we can do scalar
multiplication tho). However, the space of multivalued functions with a preferred
branch form a commutative associative algebra over C, because we can do linear com-

bination of the preferred mazximally extended single-valued branches.

Definition 3.0.7. Let § = (1,...,9,), where ¢; € {0,00}, i = 1,...,n. Suppose
f(z1,...,2,) is a multi-valued analytic function defined on an open region 2 of C".
We say (z1,...,2,) = 0 is a component-isolated singularity of f(z1,...,z,) if there
exists 7 € RY} such that A7 () C Q, where Af s(r) is defined in Appendix A,
(A.1). Let A € GL(n,C) and 8 € C" (written as a row vector). Then (..., (, given
by

(CreeeyCn) = (2150, 20)A = B

are also independent variables. Define

g(<17'-'a§n) :f<(Cla~--7gn)A_1+/BA_l) . (33)

For § € (CU {o0})", we say that ((1,...,(,) = d is a component-isolated singularity
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of f(z1,...,2,) if ((1,...,(,) = 0 is a component-isolated singularity of g((1, ..., ().

Remark 3.0.8. Notice that (¢1,...,()(= (21,...,2,)A— ) = I being a component-
isolated singularity of a function is not equivalent to (z1,...,2,) = dA™t + BA~!

being a component-isolated singularity of the same function. This is because we have

1
z1—22"

different sets of independent variables. For example, consider f(z1,22) = Since
(¢1,¢2) = (0,0) is a component-isolated singularity of the function ¢((, () = 1/,
we also say that (27 — 22, 22) = (0,0) is a component-isolated singularity of f(z1, 22).
In this case, z; — 23 and z; are independent variables. However, (z1,25) = (0,0) is
clearly not a component-isolated singularity of f(z1, z2). In this case, the independent
variables are z; and z,.

We say that two component-isolated singularities (z1,...,2,)A — f = 0 and
(21,...,20)A" — B = & are equivalent if there exists a matrix U in the subgroup

of GL,(C) generated by all permutation matrices and invertible diagonal matrices

such that A’ = AU, ' = U and &' = 6U.

Example 3.0.9. Let S C C be a non-empty finite set. Let A € GL,(C), B € C", § =
(61,...,6,) € {0,00}". Let Ig = {il6; = 0o}, (B1,...,B) = BA™Y, and A~ = (by)).
o Let f(z1,...,2,) be a multi-valued analytic function on F,(C—S) C C". Then the

component-isolated singularities of f(z1,...,2,) are the followings.

- Io=@. Bi,...,[B, are all distinct. For any j with Bj € S, the j-th column of
A~Y has only one nonzero entries. Then, (21,...,2,)A— B =0 is a component-

1solated singularity.

- I ={io}. Let Joo = {jlbiy; # 0}, Jo ={1,...,n} —Js. Then b ; are all equal
for g € Jy. Forj € Jy, Bj are all distinct. For j € Jo, BNJ- are all distinct. For
any j € Joy, and Bj € S, the j-th column of A=' has only one nonzero entry.

Then, (z1,...,2,)A — =10 is a component-isolated singularity.
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o Let f(z1,...,2,) be a multi-valued analytic function on (C — S)" C C". Then
(21, ..., 20)A — B =10 is a component-isolated singularity if and only if the followings
are satisfied. For any j, #1oN{i|b;; # 0} < 1. For those j with #I..N{i|b;; # 0} =0

and Bj € S, the j-th column of A~' has only one nonzero entry.

Definition 3.0.10. Let f(z1,...,2,) be a multi-valued analytic function defined on
an open region of C". Let 6 = (d1,...,0,) € {0,00}". Suppose (z1,...,2,) = d is
a component-isolated singularity of f(z1,...,2,). Let {f°(z1,...,2,) }sen be the set
of all single valued branches of f(z1,...,z,) near § with cuts at z; € R,. Then for
each b € B, there exists 7, € R such that f°(z1,...,2,) is analytic on A} (7).
We say that (z1,...,2,) = d is a regular singularity of f(z1,...,z2,) if there exists
K eN, D; = U;y:’ilrj(»i) + N (or D; = U;y:ilr](-i) — N) where rii), . ,rj(\i,z € Cforé; =0

(or ¢; = 00), and al .. € C, such that on the region A} ; (1), the right-hand

a1,J15---3Gn,J

side of the following equation is absolutely convergent, and

n K
Pz, 2) = Z Z Z ag?j%.;amjnz‘fl (log z1)7* - -+ 2% (log z,,)’".  (3.4)

=1 a;€D; j1,-.-,jn=0

Let A € GL(n,C) and 8 € C" be the same as above. We say that ((i,...,(,) =6
is a reqular singularity of f(z1,...,2,) if ((1,...,(,) = d is a regular singularity of

9(C1y- .., Cn), where g(C, ..., ¢p) is give by (3.3).

Remark 3.0.11. We generalize the notion of component-isolated singularity and
regularity singularity in the following sense. Let § € {0,00}™. Let Q be an open
region in C". Let f be a multi-valued analytic function defined on €. Let ¢ be a
injective holomorphic map from U to C", where U is an open subset of ). We say
¥(z1,...,2,) = 6 is a component-isolated singularity, or regular singularity of f if
(21,...,2,) = 0 is a component-isolated singularity, or regular singularity of f o™,
respectively. If ¢(z1,...,2,) = (21, ..., 2,)A— B, then it is consistent with Definitions

3.0.7 and 3.0.10.
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Remark 3.0.12. Let I C {1,...,n}. Without Loss of Generality, assume [ =
{1,...,m}. Let Q be open regions in C" and let f be a multi-valued analytic function
defined on € of C". Let § € {0,00}" ™. Let X be a subset of C™. Let ¢ =

(1, ..., ¥n_m) be a holomorphic map from an open subset U of 2 to C"~™ satisfying:

1. The matrix ( O is nondegenerate everywhere.

9zm+; ) 1<i,j<n—m
2. For any (Z1,...,%,) € X the set {(z1,...,2,) € Ulz; = Z;,i = 1,...,m} is

nonempty.

By 1., we know that 1) restricted on the set in 2. is injective. Denote the inverse of this
restriction of ¥ by w(; ) We say that ¥(zq,...,2,) = § is a component-isolated

singularity, or reqular singularity of f for (z1,...,2m) € X, if (Gna1,-.-,¢) =disa

component-isolated singularity, or regular singularity of

f(’gb R gm» d}(_gi,_,’gm)(gm-i—la ) Cn))7

respectively, for all (Z,...,2,) € X. Let Y be the image of {2 under the projection

(z1,--+,2n) ¥ (21,...,2m). Then, we say that ¥ (zp41,...,2,) = i a component-
isolated singularity, or reqular singularity of f if ¥(zmi1,...,2,) = d is a component-
isolated singularity, or regular singularity of f for (z1,...,2,) € Y.

Suppose that we have a multivalued function f, injective holomorphic map ¢ =
(Ym+1,---,%n), and open region X C C" such that ¥(z1,...,2,) = J is a regular
singularity of f for (z1,...,2,) € X. Then, on the region given by (z1,...,2,) €
Domain(f), (z1,...,2m) € X, (Zmi1,---,2n) € 2/1(27.“’%)(ijnfmvw('r’)) for some r €

R, any single-valued branch of f can be written as an absolute convergent series:

n
Z Z by Jer b o (215 - - -5 Zm) U1 (Zmas - - - 2Pt

j=m+1b;eC,kjeN

log(Vma1(Zmats - -, zn))k””rl U (Zmay - ,zn)b" log(t¥n(zmt1s - - - zn))k" (3.5)
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As a generalization of the power series case, we can show that those coefficients
by kb Jem (215 - - - Zm) are holomorphic function on the region (zy,...,2,) € X,

which are possible to be single-valued branches of multivalued functions.

Let S C C be a finite set containing 0. Let k,l € Nwith k+1 > 0. Let n =k + 1.
Let Gy be the subgroup of GL,(C) generated by the permutation matrices
(0i0@i)) for o € Sym(n) with o({1,...,k}) = {1,...,k}. We know that G;;; =
Sym(k) x Sym(l). Let Gay; be the subgroup of GL,(C) generated by the matri-
ces U; uniquely determined by (x1,...,2,)U; = (21 — 4, ..., %j_1 — Tj, —Tj, Tj11 —
xj,...,xn—x;) for j = k+1,...,n. Here, the x; are formal variables. More explicitly,

we have

j-th column

1 —1

—1 1

For 0 = (m'm) € Sym(n), with m,m’ = k+1,...,n, m # m/, we know that U2, = 1,
and that U;}UmUm/ is a permutation matrix (0;(;)). Therefore, Gy = Sym(l + 1)
by U; — (1,7 — k+ 1). Let Gi; be the subgroup of GL,(C) generated by G
and Gy . We know that Gy < Gi, (and therefore Gy = Gy 41Gak,), and Gy, =
Sym(k) x Sym(l + 1). Also, we know that the collection G x;\Gx,; of right cosets is

equal to {G1 k1, G1,61Uk+15 -, G1eaUksi }
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Now we define the following biholomorphic maps from F,(C*) to F,,(C*):

Yy Fo(C) = Fo (C*) , (21,...,20) = (21,...,2,)U, for any U € Gy ;

O : Fo(CX) = Fo(C*) (21, z0) = (2020 h); (3.7)

rn

Let Sj; be the group generated by 654, and ¢y for all U € Gi;. The group Sy,
is infinite as long as [ # 0. For any k,l € N with k£ 4+ [ # 0, we have the natural

embedding

Ski = Skt1y (3.8)
Okt — Okt
Yy,,, where U, € Gopy — Yy, where Uy, € Gopi1,
V5, 4()» Where o € Sym(k) s, ), where o' € Sym(k + 1) defined by

d(1l)=1,0'(a)=0c(la—1)+1,a=2,...,k+1.

The (d;,(j)) means the permutation matrix induced by a permutation o.
Now we define a condition for a multivalued analytic function f(z1, ..., z,) defined
on F,(C—S5). Wesay that f(z1, ..., z,) satisfies condition 3.0.13 for the triple (k, [, 5)

if the followings are satisfied:

Condition 3.0.13. (a) For a sufficiently large positive integer M, the function

H (zi — 2™ flz1ye o0y 20)

1<i<j<k

can be analytically extended to a multivalued analytic function g(zi,...,z,) on the

region Fy (C — S) defined by

Fe,(C—=9)={(z1,...,20)e(C=95)" |
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2 #zj foranyi=k+1,...,n,j=1,...,n, andi#j}. (3.9)

(If k=0 or 1, f and g are the same multivalued analytic function.)

(b) The following component-isolated singularities of g(z1,. .., z,) are reqular:

L (217"'7zk+l> _ﬁ = 67 fOTB = (ﬁla"'?ﬁk+l) S Sk_H; 0 = (517"'75k+l) €
{0, 00} such that (1) B; = 0 if §; = oo (2) B; # B, for any distinct i,j =
1,...,k+lwithj >k and 6; = 0; (3) 6; = 0 if i > k. (This is empty if #S < 1.)

o (21,...,2k01) — B =06, for B = (B1,...,Bk1) € S 6 = (61,...,0641) €
{0, 00 }* . such that (1) there uniquely exists i = 1,. .., k+1 such that &;, = .
Moreover, ig > k and B, = 0; (2) B; # B; for any distinct i,5 = 1,... k +1
with j >k, i # 1o, and j # io. (This is empty if either #S <1 or 1 =0.)

(21— Ziyo oy Zic1 — Ziy Zis Zity -, 2k) = (0,...,0,00,0...,0) for any 1 <1 <k,

ifkeZ., 1=0,#S=1.

® (21 = Zht1y- -5 2 = Zht1s Zigls - oo 21) = (0,...,0,00) for any 0 < i < k, if

keZ, ,l=1,#S=1.
o (21, s 2k Zkt1 — Zkt2, 2ka2) = (0,...,0,00), if k €N, [ =2, #S5 = 1.
o (21— Zkaoy oy 2k — Zka2s Zka1s 2ka2) = (0,...,0,00), if k EN, [ =2, #5 = 1.
® (21 — 2y ooy 2k-1— 2k, 2k) = (0,...,0,00), if k € Zsq, L =0, #5 =2.
® (21 — Zky1y- -y 2k — Zkt1, 2kt1) = (0,...,0,00), if k€ Zy, 1 =1, #5 =2.
o (21 —29,29,23) = (0,00,0), if k=0, 1 =3, #5S = 1.

o (21 —29,29) = (0,00), if k=0, =#S = 2.

(21, .., zk) U1 A — B =0, for any singularities (z1,...,2k)A — B = 0 of g

listed in the above bullet points, and Uy € Gy .
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(c) If #S > 1, for any m € {0,... . k+1—1}, integers 1 < iy < -+ < iy, < k+1,
and (Ziy, ..., 2;,,) € Fn(C—=S), consider the multivalued analytic function with n—m

variables

H (zi = 25) - f(215- ooy 20)|aiy=5, -

1<i<j<k 7j=1,....m

This function satisfies the part (b) for the triple (K',1',5"), where k' = k—#{j|i; < k},
U=1—#{jli; >k}, and ' = SU{Z,,.... % }.

(d) For the case #S =1, for any m € {0,... k+1— 1}, integers 1 <iy < --- <
im < k41,0 € Sk, and (2, ..., %,,) € F,(C—S), consider the multivalued analytic

function with n — m variables

H (Zi_zj) 'f(qu)(zlv"wzn)) 2i;=Zi; - (310)

1<i<j<k 7j=1,....m

This function satisfies the part (b) for the triple (K',l', S"), where k' = k—#{j|i; < k},
U'=1—#{jli; >k}, and "= SU{Z,,...,%,.}

(e) This is a condition for the case #S = 1, 1 > 1, which is defined in the following
inductive way:

We first define it for (k,1,{0}), k € N. We know, by (d), that z; = 0, z; = oo, and
zi—z; =0 fori,j=1,...,k+1 withi # j are regular singularities of (3.10) withm =
0 and ¢ € Sk, (See Remark 3.0.12). The coefficients of the expansions corresponding
to the reqular singularities listed above, as functions in z1, ..., 21, Zit1,- - -, Zn, Satisfy
part (d) for either (k,0,{0}) ifi =1, or (k—1,0,{0}) if i # L.

Let | € Z~1. Suppose that this condition is defined for (k,l',{0}) for any k € N
and I" < I. Now we define it for (k,[,{0}). For any i = k+1,....,k + 1 and
Jg=1,...,k+1 with i # j, we know, by (d), that z; =0, z; = 00, and z; — z; = 0
are reqular singularities of (3.10) with m = 0 and ¢ € Sy, (See Remark 3.0.12).

The coefficients of the expansions at the singularities listed above, as functions in
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21y ey Ziody Zidls - - -y Zkats Satisfy parts (d), and (e) for (k,1—1,{0}).

Remark 3.0.14. For any triple (k,[,.S), Condition 3.0.13 for (k,[,.S) requires that
some component-isolated singularities of the function g (part (b)), all its suitable ways
of substitution and composition (part (c)) (3.10), and coefficients of the expansion at

some regular singularities as a function in fewer variables (part (e)) are regular.

Remark 3.0.15. The part (b) of Condition 3.0.13 is an empty condition if #S <1

and | > 3.

Remark 3.0.16. In this work, we only interested in Condition 3.0.13 for (k,1,{0}),
(k,0,{0,2}), and (k,2,{0}), where k € N, and z € C*. These three cases occur in
the notion of twisted intertwining operator, the notion of P(z)-compatibility, and the

convergence and extension assumption, respectively.

Remark 3.0.17. This remark is so far not rigorous. Non-rigorously, one can un-
derstand multivalued functions satisfying Condition 3.0.13 for (k,,S) as functions
satisfying properties that should be satisfied by the correlation function obtained from

the series

[T Gi=z2)™- @Y (ur,2) Y (g, 2) Vi (wr, 20) - Vi, 214)

1<i<j<k

yl+1(wl+la 31) e 'yz+#571(wz+#sfl, S#Sfl)w#s% (3-11)

where S ={0,sy,...,5x5_1}. Here, one should regard

Vivr (Wi, 81) - Vivgps—1(Wipps 1, Sp5-1)Wys

as a single fixed element in W for some twisted module .

Define F, ,Svl(C — S) to be the topological space which set-theoretically is equal to

F,(C—S), but the topology is given by cutting F},(C—.S) along the lines z; —s € R,
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with ¢ = 1,...,n, s € S, the lines z; —z; € Ry, with 1 <7 < j <nand j > k.
These lines are attached to the upper half (z; — s)-, and (z; — 2;)-planes. Equip
F,(C — S) with the unique structure of complex manifold with boundary such that
the set-theoretically identity map Fy,(C — S) — F,(C — S) is holomorphic.

Define F, Q’I(C — S) to be the topological space which set-theoretically is equal to
Fi.,(C—25), but the topology is given by cutting F,(C—.S) along the lines z; —s € R,
with i = 1,...,n, s € S, the lines z; —2; € Ry, with 1 < i < j <nandj > k.
These lines are attached to the upper half (z; — s)-, and (z; — z;)-planes. Equip
Fp,(C = S) with the unique structure of complex manifold with boundary such that

the set-theoretically identity map £} ,(C — S) — Fj;(C — S) is holomorphic.

Remark 3.0.18. For any multi-valued analytic function f(z1,...,2,) on F,(C —S)
satisfying Condition 3.0.13 for (k,l,S), we know that any single valued branch of
f(z1,...,2n) defined on a connected open subset of F,?vl((C — 8) can be mazimally
extended to single valued analytic function on Fy,(C — S). Since [, ;1(2i —
20 f(21,...,2n) can be analytically extended to F.,(C — S), we also know that any
single valued branch of [1y<; ;<1 (zi — 2)™ f(21,.. ., 2n) defined on a connected open
subset of F,CIJ(C — S) can be mazimally extended to single valued analytic function on
F,(C=5).

Remark 3.0.19. Recall Definition 3.0.4, Remarks 3.0.5 and 3.0.6. We can see that
the space of multi-valued analytic functions on F,(C —S) satisfying Condition 3.0.13
for (k,1,S) with a preferred branch forms a commutative associative algebra over

C. Some elements in this algebra are

((zi = 5)*, e 579), (log(z; — 5), Ly (2 — 5)),
((z = 2%, e E520) (log(z; — 25), by (2 — 29)),
forpeZ,seS,aecC, andi,j=1,...,k+1, withi < j;

Single-valued holomorphic functions on F,(C — S). (3.12)
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Proposition 3.0.20. Let k,l € N with k+1 > 0. Let S be a finite subset of C

containing 0.

1. If f(z1, ..., zk1) satisfies Condition 3.0.13 for (k,1,S), then for any Uy € Gy 4,
m e {0,....k+1—1}, integers 1 < iy < -+ <y, < k+1, and (%,,...,%,) €

F,.(C=S), the function f((z1, ..., zk)U1)

2i, =50, =1 also satisfies Condition
3.0.13 for (K',l',S"), where k' = k — #{jli; < k}, ! =1 — #{jli; > k}, and
S'=8SU{zZ,,. .., %, }

2. If f(z1,..., zk41) satisfies Condition 3.0.183 for (k,1,{0}), then for any ¢ € Sy,
m € {0,....k+1—1}, integers 1 < iy < -+ < iy <k+1, and (%,,...,%,,) €
F,.(C=185), the function f(¢(z1,...,2k1))
3.0.13 for (K',I',S"), where k' = k — #{jli; < k}, ! =1 —#{jli; > k}, and

5.=% j=1,..m also satisfies Condition
J J

S'=8SU{z,,...,%,} In particular,

(a) f(z1— 2iy. oy Zic1 — Ziy —Ziy Zig1 — Ziy -y 2kt — 2i) fori=k+1,... k+1

satisfies Condition 3.0.13 for (k,1,{0}) when [ # 0;

(b) f(z', ..., 214,) satisfies Condition 3.0.13 for (k,1,{0}).
Proof. This is straightforward from Condition 3.0.13. O

Proposition 3.0.21. Let f(z1,...,2x) be a multivalued function satisfies parts (a)
and (b) of Condition 3.0.13 for (k,0,{0,z}), where k € Z;, z € C*. Then, the

function

satisfies parts (a) and (b) of Condition 3.0.13 for (k,1,{0}).

Proof. Notice that

M (z=-2)" ()" T eeam

1<i<j<k 1<i<j<k
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It can be checked directly that part (a) holds for f ( e M) Now we prove

21z
Zk+1 2kt
part (b).
1. (Z17...7zk-+1) = (0,,0,00),
The regularity of this singularity follows from the regularity of (zq,...,2x) =
(0,..,0) of [Tycicjcn(zi = 2)M (21, s 21).
2. (21, 2k41) = (00,...,00,0);

The regularity of this singularity follows from the regularity of (zq,...,2x) =

(00,...,00) of [Tycjejcp(zi = 2)M fl21, .- 2).
3. (21— Zrsty -+ oy i — Zhi1, Zigdy - -+ 2k41) = (0,...,0,00) for any 0 < i < k;
Z1z ZiZ Zit1Z 2L 2 _ .
It follows from (2;+1 — R T Zk+1> = (0,...,0) being a regu-
. . M . L.
lar singularity of H1§i<j§k: (zi —2)" f (Z%fl, cee Zz:fl >, as f satisfies Condition

3.0.13 for (k,0,{0, z}).
4. singularities obtained from those listed above by applying the permutation z; —
Zo(;) for any o € Sym(k + 1) with o(k +1) = k + 1.

If a singularity is obtained by applying ¢ to another singularity listed above,
then use the same o to modify the proof given above for the original singularity

before applying o.

]

Remark 3.0.22. Since Condition 3.0.13 for (k,1,{0}) is a very strong condition, and

Condition 3.0.13 for (k,1, S) with #S > 1 is a much weaker condition, in general one

cannot prove f ( 2z, k2 ) satisfies the whole Condition 3.0.13 for (k,1,{0}) for

Zk+1 ? Zk41

any function f satisfying Condition 3.0.13 for (k,0,{0,z}).
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3.0.2 Twisted intertwining operators

Now, we are ready to introduce the notion of twisted intertwining operator. Suppose

Wy, Wy, Ws5 are three vector spaces, and

Y WieW, — Wg{x}[logx]

w @wy = Y(wi, Zzynk wi)wyr™ " (log )"

k=0 neC

is a linear map. For p € Z, we define and denote the p-th branch of ) as the following;:

P(wy, x Z Z Ve (w1 )woe™ VP =1 (log 20+ 2prri )
k=0 neC
K K k
— Z (Z (l) (2pm’)k162’”("1)pyn,k(w1)w2> minil(log x)l c W3{l‘}[10g x]’
=0 neC k=l

for wp € Wl, Wy € WQ.

Definition 3.0.23. Let W; be a g;-twisted V -module, 1 = 1,2,3. A twisted intertwin-

ing operator of type (WZV‘;/Q) is a linear map

YV W @W, — Wsi{z}logz]

wy @we = Y(wy, Zzynk wy)wexr " 1(10g9€)k

k=0 neC

satisfying the following conditions:

1. The duality property: For v € V, wy € Wy, wy € Wy and wj € Wi, there exists
a multivalued analytic function fy (21, 22; u, wy, wo, wh) on Fo(C — {0}) with
a preferred maximally extended single-valued branch f5, (21, 205 u, wi, wa, wy)

in the region given by cutting lines 2; € Ry, 20 € Ry and 2; — 20 € Ry in
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F5(C — {0}), such that the series

(wh, (Vi) (u, 21)Y° (wy, 22)ws) :Z<wé7 (Yif2)2 (u, 20)m, V0 (w1, z0)ws), (3.13)

neC

(wh, YO (wr, 20) (Vi) (u, 21)wa) =D (wh, VO (wr, 20)m, (Vi) (u, 21)wp), (3.14)

neC
(wh, V(Y1) (u, 21 — 20)wr, 20)wo)

= > (wh, VO(ma (V)0 (u, 21 — z2)wn, 2)ws)  (3.15)

neC

are absolutely convergent in the regions |z;| > |z2| > 0, |2z2| > |z1] > 0, |22| >
|21—22| > 0, respectively. Moreover, their sums are equal to f3, ,(21, 22; u, wy, wy,
w}) in the region given by [z1| > [z > 0 and |arg(z; — 22) — arg 21| < 7, the

region given by |zo| > 2| > 0 and —2F < arg(z; — 2) —arg zp < —Z, the region

given by |z| > |21 — 23| > 0 and |arg z; — arg 2| < 7, respectively.
. The convergence for products of more than two operators: Forn € Zy, uy, ..., u,_1

eV, w € Wy, wy € Wy and wj € Wi, the series

(ws, Vit (u1, 21) - - - Vi (Un—1, 2n—1)V (w1, 2)w32)

= Z <wéy YV!{Z (ula zl)ﬂ-ml U 7TTan,2YVV!{/?;3 (un—la zn—l)ﬂ-mn,ly(wh Zn)w2>

mi,...,Mp—1€C

is absolutely convergent on the region |z;| > -+ > |z,| > 0 and can be maxi-

mally extended to a multivalued analytic function

fy,n(Zb ey Rps Uy 7un—17w17w27wg)

on the region F,,(C — {0}) satistying the Condition 3.0.13 for (n — 1,1, {0}).
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3. The L(—1)-derivative property: for any w; € Wy,

d
%)}(wl, x) = Y(L(—Dwy, x).

In the rest of this paper, we assume that ) is a twisted intertwining operator of

type (i)

Remark 3.0.24. Just like the preferred branch fy,,, now we define the preferred

branch [y, of the multi-valued function fy, forn € Z,. Let

e . /
fym(zl) ey Rps ULy .. ,Un_l,wl,U)g,UJ3)

be a single valued analytic function on F)_ (C —{0}) such that

e . Iy —
Syn(21, o 2n e, o U, W1, W, W) =

<wé7 YVI/!I}?3 (ub Zl) Tt YV?% (unfh anl)y(wla Zn)w2>

on the region given by |z1| > --- > |z,] > 0, and |arg(z; — z,) —argz| < §, i =
1,...,n—1.

Definition 3.0.25. For a linear map

V:Wi@W, — Wsi{x}logz]

wy ®@wy = Y(wy, r)we = Z Z)ﬂmk(wl)ng_"_l log z*, (3.16)

neC keN

we say ) satisfies the full lower truncation property or is fully lower truncated, if

For any n € C,k € N, and wy € Wy, wy € Wh, wy € Wi,

Votr(wr)(w2) =0, (wh, YVooyr(wr) - ) =0, (wh, Vo1 x(-)w2) =0,

for sufficiently large [ € N. (3.17)
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If only the condition that Y, x(w1)(ws) = 0 for sufficiently large [ € N is satisfied, we
say ) satisfies the lower truncation property or is lower truncated. We say a module
(W, Yw) is fully lower truncated (or lower truncated) if Yy is fully truncated (or lower

truncated).

Remark 3.0.26. Similar as Lemma 2.0.4, we do not require lower truncation prop-
erty in Definition 3.0.23. Howewver, it automatically holds when modules are lower-
bounded.

Suppose Y is a twisted intertwining operator of type (WVIVV“VQ) If W3 s lower-
bounded, then the first condition in the full truncation property, i.e. for any fized
n, k, w1, we, Vo k(wi)(ws) = 0 for sufficiently large | € N, automatically holds.
If Wy or Wy is lower-bounded, the second or third condition in the full truncation
property automatically holds, respectively. Therefore, twisted intertwining operator
among three lower-bounded twisted modules is automatically fully truncated.

On the other hand, without lower-boundedness or other properties, truncation

property cannot be derived only from the definition of twisted module.

We can generalize the lemma 7.7 and proposition 7.9 in [HLZ5] to the following

two lemmas respectively.

Lemma 3.0.27. Let by,by € R, by < by, p € Z, and D is a subset of {z € C|by <
Sz < by}. Suppose a series Y., .p, aa€™"? (a, € C) is absolutely convergent on an

open subset Q0 of C*. Then the series

Z g e )

is absolutely and uniformly convergent near any z € Q0. In particular, Y ., aqer?)

18 holomorphic on §2.

Proof. Let B = max{|b|,|bo|}, M = e*™B0HPD For any z € C*,a € D, since
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—2mpSSa

ozlp(z)| _ |Z|8‘Ea€7%a argz

e , we have

M—1|Z|§Ra < |€alp(z)| <M|Z|%a,

or equivalently, M ~1e®®)| < |2|R* < M|,

We know that » n.-q aae®®® and Y p o aqe®®) are all absolutely convergent
in Q. For any a € D, we have by < Sa < by. Thus, |a] < |Ra| + B. Fix z, € Q,

there exists 21,29 € Q, 71,79 > 0, such that |z1] <1 < |z0] < re < |22]. Since

ol < WRa+B =1 (when Ra — +00),

|z1]7 T2

r1 < |z| < re, and Ra > L, we have */|a| < mln{ |22 |} < mln{l—“ ||—2} So,

there exists L > 0 such that */|a| < min {T—l, @} when Ra > L. When z € Q,

for z € Q, r < |z| < re, we have

Z |aqae® @) < M Z |ago|| 2]

aceD a€D
Ra>L Ra>L
<M Y ool (/Mallzl) " <MY o (1)
acD aeD
Ra>L Ra>L
<M D o] Jz™ < MY aae )| < oo,
aeD acD
Ra>L Ra>L
Similarly,

> Jaaae®™ P < M Y Jagal[1/z[ 7

aeD aeD

Ra<—L Ra<—L
—Ra
<M 7 ol (Wal/l) <MY Jaal 1]
aeD aeD
Ra<—L Ra<—L
< M? Z |aqe? )| < 0.
aeD

Ra<—L
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Also,

Z |aaa€alp(z)| < Z (|§ROZ| + B)|aa6alp(z)| < (L+B) Z |aaeoclp(z)|

aceD aceD aceD
0<Ra<L 0<Ra<L 0<Ra<L

— (L + B) Z |aa||z|§Rae—Saargze—2wp%a
Oga%ea’éL
< (L + B)€27rB Z |aa||22|%a6—27rp%a
acD
0<Ra<L
< (L + B)e47rB Z |aa||22|§)?ae—%oc arg z2€—27rp$a

aeD
0<Ra<L

= (L + B)e'™ Z |aqe? )| < oo.

aeD
0<Ra<L

Similarly,

Z |aqae®| < (L + B)e'™P Z |aqe® )| < oo,

aceD aED
—L<Ra<0 —L<Ra<0

Therefore, > .p agoe®(?) is absolutely and uniformly convergent near z. Here,
uniformly convergence near z means that there exists an open neighborhood of z

such that the series is uniformly convergent on this open neighborhood. O

Lemma 3.0.28. Let by, by € R, by < by, N be a nonnegative integer, €2 be a nonempty
open subset of C*, and D be a subset of {z € Clby < Sz < by}. Let anp € C for

a€eD,=0,...,N. Then the series

Z Ao 52" (2% means e*0®)) (3.18)

aeD
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for B=0,...,N are all absolutely convergent on ) if and only if the series

§;<£Dk<<§;%wk%@W>%ﬁ (3.19)

for k € N are all absolutely convergent on ).

Proof. Let B = 2max{|by|, |b2|}, and M = e*B. For any a € D, 2 € C*, we have
M71|Z|ﬂ?a < ‘Za| — ‘Z|%a€7%a-argz < M‘ZP‘EQ{
For any z,2' € C*, a € D, with |z| < |2/[, and R > 0, we have

|Za| _ |Z|9‘%a€—i‘ra~argz < <‘Z/|§Ra€—%a~argz/> e—%a-(argz—argz/) < M2|Z/a|

Therefore, the proof of the proposition 7.9 in [HLZ5] still works if we change -,

t0 D nep. pa>o> and put an extra M 2 suitably on the larger side of each inequality. [

Therefore, we have the following result, which corresponds to Proposition 7.14 in

[HLZ5).

Lemma 3.0.29. The multiple series

> i <wé’ (Vi) () Vs (wl)w2>-

m,neC 1,j=0
6(7m71)l0(zl)l(] (21)je(*"*l)lo(”)lo(zg)i, (320)
K
> 30 (b s (w) (%), (w)uz)-
m,neC 1,7=0

(3.21)

Y

e(=m=Dlo(=1)] (Zl)je(*nfl)lo(zz)lo(zg)i

Z i <wg,yn,i ((YV‘({}I)mJ (u)wl) w2> :

m,neC1,j=0

e(—m—l)lo(Z1—22)lo (Zl _ Z2)j€(_n_1)l0(22)l0(2;2)i (322)
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are absolutely convergent to their corresponding iterate sum (3.13), (3.14), (3.15),

respectively, wherever (3.13), (3.14), (3.15) are absolutely convergent, respectively.

Lemma 3.0.30. For any pi1,pe2,p12 € Z, the series

<wg’)7 (Yvﬁ)pl (’LL, Zl)ym (wla 22)w2> = Z(wg’n (YI/?/?;, )pl (uv Zl)ﬂ-nym (wh 22)w2>7

neC

(3.23)

(wh, VP2 (wy, 20) (Vi )P (u, 21 )wa) = D (wh, VP (wy, 20)mn (V2 )P (u, 21)w2),

neC

(3.24)

(wy, Y72 (Vi )72 (u, 21 — 22)wy, 2p)wg) = Z<w§7 VP2 (1 (Vi P12 (u, 21 — 20)wy, 22)ws)

neC

(3.25)

are absolutely convergent in the regions |z1| > |z| > 0, |z2| > |z1] > 0, |23 >

|21 — 22| > 0, respectively. Moreover, their sums are equal to the branches

(b13b12)P1b52 . /

fy72 (ZlaZQauawwaaw?,)a
(bl_glblgbm)pl (b23b12)P2 ) '

fy72 Z17227u7w17w2aw3)7
(bagbi3)P2bl1? . /

fy72 (217Z2auaw17w2aw3)7

of fya(z1,22;u, wy, wq, wh), respectively, in the region given by |z1| > |z| > 0 and
|arg(z1 — 20) — arg z1| < %, the region given by |z| > |z1| > 0 and =% < arg(z —
2) —arg z < —%, the region given by |z| > |21 — 22| > 0 and |arg z; — arg z;| < 7,
respectively.

Moreover, the multiple series

Z i <w§, (Ylg%)m,j () Vi (wn) w2> :

m,neC4,j=0

e U GO ()il Dina )] (7)) (3.26)
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) i <w§7 Vi (w1) (V) (u)w2> .

m,neC 4,j=0
e(fmfl)lm (Zl)lpl (Zl>je(*”*1)lpz(z2)lp2 (ZQ)i, (327)
K
Z Z <wé7 Vi <(Yg}1)m,j (u)w1> w2> .
m,neC 4,j=0

6(—m—1)lp12(2‘1—22)lp12(zl _ 22)j6(_n_1)lp2(z2)lp2 (2;2)1 (328)

are absolutely convergent to their corresponding iterate sum (3.23), (3.24), (3.25),

respectively, wherever (3.23), (3.24), (3.25) are absolutely convergent, respectively.

Proof. Without loss of generality, we can assume that u, wy, ws, w4 are all homoge-

neous elements. Let A = —wtw} + wt u + wtw; + wt we, and
M = max {|%n| ’ neC, (wh, Y% (u,z)Vp(wi)ws) # 0 for some k =0,..., K}.

Notice that M is well-defined, since the set to which we take maximum is finite. First,
we need to prove that (3.26) is absolutely convergent when |z;]| > |23] > 0. Notice
that if the multiple sum (3.26) is absolutely convergent, then the corresponding iterate
sum (3.23) is automatically absolutely convergent on the same region, and they are
equal. To prove the absolute convergence of (3.26), we only need to show that for
eachi,j =0,..., K, the right-hand side of the following inequality is convergent when

|Zl‘ > |2’2’ > 0.

m,neC
5 ) 0 ]
neC

e2mil(=A+n+1)p1+(—n—1)ps]

I IR
_ E 627rpl \SABQTF(pQ P1)Sn

neC
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‘<w§, (Y‘g%)A—n—Q,j () Vs (w1) w2> o(—A+n+1)lo(21) o (—n—Dlo(22)

§€27Tplc\\SA+27r|p27p1‘M .

Z ‘<w§, (YV’%)A%JJ () Vi (wr) w2> o(~A+n+1D)lo(21) ,(—n—1)lo(22)

neC

:627rp1%A+27r|p27p1\M . Z ‘<wé, (Yg%)mj (u) yn’i (wl) w2> e(fmfl)lo(m)e(fnfl)lo(zz)

m,neC

(3.29)

By lemma 3.0.29, the right-hand side of (3.29) is absolutely convergent on the region
|z1] > |2z2| > 0. So, the left-hand side of (3.29) is also absolutely convergent on the
same region. The absolute convergence of (3.27) and (3.28) are similar.

Since (21,22) = (00,0) is a regular singularity of fy o(21, 22; u, wy, we, w}), and
Vi (u,z) € 2~ End(Ws) [z, z71]][log(x)] for any a € C*, u € VI*™ we know that
there exists a finite set A C C/Z, and R, € pu for p € A, such that for any z, 2, € C

with |21]| > |22] > 0, the series (3.20), therefore (3.13), is equal to

Z Z XK: <wé7 (Ymg/?;)A_RMH_QJ (u) VR, -1, (wl)w2>-

nEAlEZ>0 1,5=0

6(_A+Rﬂ_l+1)l0(zl)lo(Zl)je(_R“H_l)lO(m)lo(Zg)i

K
=) D el ARG ()] (2)'
REA i,j=0
% -1
Z <wé’ (YV!{%)A_R#J,_I_QJ (U) yRH—l,i (wl) w2> (Z_l)
1€Z~0
= (=A+R)lo(21) ,—Rulo(22) ] i z2
=2 D ¢ e g (1) o (22)" + fusig | — ) 5 (3.30)
uEAi,j=0 21

where fu;(2) = ) <w§’ (Yi¥) Ay y10; (W) Ve (w1) w2> A7

l€Z>0

By the duality of V and Lemma 3.0.29, we know that for each y € A, and

t,7 = 0,..., K, the radius of convergence of the power series f,;; is larger that
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or equal to 1. Since f,,;; is single valued, from (3.30) we can see that applying

(b13b12)P b3 to the right-hand side of (3.30), one gets

(=A+Ry)lo(21) o~ Rulo(22) i ir [*
((b13b12 ) [Z Z e 0 0(z2 l (21)310<Z2> f,u;z,j (21)]

neAi,7=0
K z
_Z Z ( bi3b12)" bp2> [ —AtEu)l(21) _R“lo(m)lo(m)]lo(@)z] fusig (—2)
neA,j=0 “1
K
=D > e o ()l (22)' (_>
= 21
neA,j=0

K

=2 2. <wév (¥ a_ry 10y (W) Ve (wl)w2>'

LEA I€Z >0 1,j=0

o(—A+RuHA )y, (zl)lp1 (% )je(*Ruflfl)lpz (Zz)lp2 <22)i

= the multiple series (3.26). (3.31)

On the other hand, by the duality of ), in the region given by |z;| > |z2] > 0
and |arg(z; — 2z2) — arg 21| < %, applying (bi3b12)P bh3 to the left-hand side of (3.30)
(which is just (3.13)), one gets

(b13b12)P1b72
f 13b12)"1 5 (21, 295 U, W1, Wa, WY). (3.32)

Thus, (3.26), and therefore (3.23), is absolutely convergent to (3.32) in the region
given by |z1| > |2 > 0 and |arg(z; — 22) —arg 21| < 5.

For the other two series, the proofs are similar. O]

We define the following group elements, for py, ps, p12 € Z,

B —_ P1 1.p2
aP P = (bizbia)™" 053,

bp1,P2 — (b;zlb13612)p1 (b23b12)p27

PPz — (b23b13>p26117§2.
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Corollary 3.0.31. For any twisted intertwining operator Y of type (WZV;/Q) and in-

teger q € Z, the q-th branch Y? of Y s a twisted intertwining operator of type

( ¢gq(Ws)

). Therefore, when W, i =1,2,3 are g;-twisted modules with g;-action
¢ga(W1) 59(W2)

respectively, by proposition 2.0.6, the map wi @ wy — g3 "V (g; ‘w1, x) gy ‘ws is a

i)

twisted intertwining operator of type (W1W2 .

Remark 3.0.32. We also denote Y(u,x) by Y(u,e*™zx), and denote

Y(w, y)|y"=e2mqnxn, nec by Y(w, y)‘y=62’”qz'

Proof. Notice that

(w0 (83 (V)" (s 20) () (w20 )z

= (uh, (¥i%)" (95" 20w, z2)uwn)

= (wl, (V)" (. 20) V" (wy, z)w2)
(ut, V1) (11, 22) (63 (Vif2))° (1, 22)u0 )

= (b wn, 2) (Vi) (93" 20w

= (wy, V(wr, 2) (Vi) (w, 21)ws)
(e O (07 (¥i))" 20 = ), 22) )

= u ¥ (V)" (97 "2 = zm)un, ) )

— <wg, Ve ((Y‘f{’}l)q (u, 21 — z9)wy, 22) w2> )

Notice that (blgblg)qbg3 = (b;21b13b12)q(b23612)q = (b23b13)qb({2 = (b13b12623)q- BY
lemma (3.0.30), we know that the above three series are absolutely convergent on

the region given by |z1| > |22 > 0 and |arg(z; — 22) — arg 21| < 7, the region given

by |z| > [z1] > 0 and —2F < arg(z — 2) — argz, < —Z%, the region given by

|z2| > |21 — 22| > 0 and |arg z; — arg z3| < 7, respectively, to the function

(bigbi2b
f Lsb12b2s) (Z17Z2;u7w1aw2awé)v



which means that the duality for )7 has been proven.

For L(—1)-derivative property, we have

VUL(—1)w,z) = Y(L(—1)w, ™) =
d

The last step is because for any m € C, we have

(@)

— 27rz
B dxy( @)

y:eQﬂ"qu

- ((m o 1)ym71) |y:eQ7”‘1:r -

y:eQﬂ’qu

d
-1 2m(m—1)q,,m—1 _ 2mmgq m
(m—1)e x e "
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(3.33)

The part 1 and 3 in the definition of twisted intertwining operator are straight-

forward.
Lemma 3.0.33. For any py, p2, p12 € Z,

e (a) The series (3.23) is absolutely convergent to
2
f(blgb12 e 612(21, 22} U, W1, Wa, W),

(b13b12)P1 b23b1_2 . /
f (Z17227u7w1aw27w3)

in the region given by |z1| > |2o] > 0 and —2m < arg(z; — 22) — argz; <

]

3T
-5

and the region given by |z1| > |29] > 0 and 2F < arg(z; — 2) — argz; < 2m,

respectively.

o (b) The series (3.24) is absolutely convergent to

bigbizbiz )"t (basbi2)P2bT,
f3<; 3 ) " (21722;%101,102,105)

in the region given by |zs| > |z1| > 0 and I < arg(z; — 25) — arg 2o < 2.
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o (c) The series (3.25) is absolutely convergent to

fb23b13)p2bp12b 15131712(2 293U, WY, Wa, W)
1, ~2, 4, W1, W2, Ws/,

(bazbi3)P2b7 1267, /
f (21722;%101,102,103)

in the region given by |z > |21 — 22| > 0 and —27 < argz; — arg z; < ——,
and the region given by |z| > |21 — 23| > 0 and 3 < argz — argz, < 2,

respectively.

Proof. We only prove the first part of (a), since the second part of (a), (b), and (c)
are similar.

Fix ay,ay € C such that |a1| > |az| > 0 and —27 < arg(a; — az) — arga; < —37“.
We know that (ap),S(az) < 0. Let ¢ = a3 — i]as| and 71 be the path given
by 1(t) = (1 — t)ey + tar,az), t € [0,1]. By lemma 3.0.30, the series (3.23) is

(b13b12)P1 b

convergent to fy, 3 (21, 295 u, wy, wy, wy) near (c1,as), because |¢1| > |az| > 0

and |arg(c; — az) — arge;| < . Since the image of 7, is contained in the re-

gion {(z1,22)| |z1] > |22| > 0, 21,22 ¢ R} where the series (2.1) is holomor-

(b13b12)P1 b§§ (

phic, and also (2.1) is convergent to f 21, Z9; U, W1, Wo, wh) near y;(0) =

b13b12)”1 bvh3 (

(c1,az), doing analytic continuation of f),, 21, Z2; U, W1, We, wh) along ~y;, one

gets (wy, (Vi )Pt (u, a1) VP2 (wy, ag)ws). Let ¢y = ¢ — 3lag|, c3 = co + ilag|, and v, be
the path given by 72(t) = ((1 — 3t)c; + 3tee, aq),if t € [0,1/3], ((2 — 3t)co + (3t —
1)es, a0),if t € [1/3,2/3], ((3—3t)cs+ (3t —2)ay, az),if t € [2/3,1]. Since the image of

P
72 is contained in {(21, 22)| 21, 22, 21 — 22 & R} where f(b13b12 PLbes (21, 295 U, Wy, Wo, WY)

(b13b12)P1bh2 (

is holomorphic, doing analytic continuation of fy,; 21, Z9; U, W1, Wo, W) along

f(b13b12 P1 b23 (

. /
V2, one gets ay, Gg; U, Wi, Wy, Wh).

(b13b12)P1b53 . /
(21, 295 u, wy, wo, wy) along

Therefore, doing analytic continuation of fy,,
Y5 11, one gets (wh, (YV?}Z)ID1 (u, a1)YP? (w1, az)wy). The path v, 'y, means letting 2, go

around zo counterclockwise, which corresponds to the element b, € PBs. Therefore,
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fblz(b13b12)plbg§ (
y72

near (ap,asy), the series (3.23) is convergent to 21, 223 U, W1, Wa, Wh).

1
! 0 e
C3 N ° ay
7 ;
L e ™o
o & o
o @I
: < C1

]

Lemma 3.0.34. For any a € m(F5(C*)), u € V, wy € Wy, wy € Wa, wi € Wi, we

have

f3.2(21, 225w, wr, wa, wh) (3.34)
= [Y3% (21, 225 g1, Wy, W, W) (3.35)
= gl)gbwbua(zlazz;gz’d,wuwz,wé) (3.36)
— ;7213612@(21,Zz;ggu,wl,UJQ,wé) (3.37)

Proof. We only prove that (3.34) is equal to (3.35), since the others are similar.

We only need to prove the case when a = e, because if fjb,%(zl, 295 g1, W, W, W) =
[ 2(21, 22; u, wi, wy, wy), doing analytic continuation on the both side along the path
corresponding to a € BPj, one gets that (3.34) is equal to (3.35). The following steps

are similar to the proof of lemma 4.6 in [H9]. On the region given by |2z3| > |21 — 25| >

0, and |arg z; — arg 23| < 7, by the duality of ), the series

<w§,,y0 ((Ymg/ll)l(%% 21— 22)w1; 22) w2>,

(wi, VO (V)" (u, 21 — z2)wy, 22) wa) (3.38)

are absolutely convergent to fﬁ’}%(zl,z%glu,wl,wg,wg) and f55(21, 22; u, w1, wa, w})
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respectively. By the equivariance property of Y , we know the above two series are
equal. Therefore, we know that f;’};(zl, Zo; 1, Wy, W, W3) = [f35(21, 225 U, W1, Wa, Wy).

[]

Let F(x1,xs,23) be the free group with generators xi,xs,z3. Define the group
homomorphism ¢ : F(z1, 2, 23) — m1(F2(C*)) by @(21) = bia, @(22) = biybisbia,
©(x3) = bigbia. Define the group homomorphism v : F{(xy, z2,x3) — (g1, 92, 93) by
U(x;) = g, i = 1,2,3. Then, by lemma 3.0.34,we have

Corollary 3.0.35. For any a € m(F»(C*)) and x € F(xy,x9,x3), we have
z)"la
ff;g(zl,22;¢($)U,w1,w2,wé) = f_';)o,(Z) (Zl,ZQ;U,wl,U)Q,@Ug) (339)

Theorem 3.0.36. Let W; be g;-twisted modules for i =1,2,3. Assume that any one

of the following conditions holds:

e (a) The map u — Yi> (u,x) is injective. There exists a twisted intertwining
operator Y of type (WVIV‘;‘VQ) such that the coefficients of the series Y(wy, x)ws

span W3, as wy, wy range through Wi, Ws, respectively.

e (b) The map u — Y (u,x) is injective. There exists a twisted intertwining

operator Y of type (WVIV;,Q) such that the map wy — Y(wy,x) is injective.

e (c) The map u +— Y (u,x) is injective. There exists a twisted intertwining

operator Y of type (W%‘VQ) such that the map wy — Y( -, x)wy is injective.

Then, we have g3 = g19s.
Let (a’) be the conditions obtained from the condition (a) by dropping the require-
ment that u — Y (u,x) is injective. Then, if the condition (a’) holds, W3 is a

g192-twisted module.
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Proof. We first prove (a). By lemma 2.7, we know that

bisb
fyljoz’ 2 (21, 223 g3u, W1, W, wy)
:ffig(zla 22; U, W1, W2, wé)

. bis bisbia . /
—JY2 (Zl,ZQ,QQU,UJl,UJQ,'UJ?))

b12~(b1_21 b13b12)

:fy,Q (21, Z2; 0192U, W1, W2, wé)

:ff;l,%bm (21, 22; 91921, w1, Wy, W) (3.40)

When |21 > |z| > 0 and |arg(z; — z2) — arg z1| < 7§, the left-hand side and the

right-hand side of (3.40) are absolutely convergent to (wj, (Y72 )! (gsu, 21)V° (w1, z2)ws)

and (wj, (Yi$ ) (91921, 21) Y° (w1, z2)ws), respectively.
<wé, (ngfgg,)l(glgw — g3u, Zl)yo(wla Zo)wa) = 0,

for any wy € Wi, wy € Wy, wy € W3, Therefore, condition (a’) implies that Y7? (g1gou—
gsu,x) = 0 for any u € V. Since Wj is gs-twisted, we know that it is also gy go-twisted.
If we further know that Yji? (-, ) is injective, then, gigo = gs. For (b) and (c), notice

that we can obtain the followings similarly on some other regions.

(wy, VP2 (Vi) P2 (grg2u — gau, 21 — z2)wy, zo)ws) = 0,

(wy, VP2 (w1, 22) (V72 )P (91920 — g3u, z1)wa) = 0.

]

Lemma 3.0.37. Forn € Z,, uy,...,up—1 € V, wy € Wi, we € Wy and wi € Wi,

the series

<wé7 Y(ws, zn)YVsz (u1,21) - 'ng[]/?;(unflu Zn—1)W2)
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is absolutely convergent on the region |z,| > |z1] > -+ > |z,—1| > 0. It is equal
to [, (21, 2a) on the region given by |z,| > |z1] > -+ > [z,1] > 0, = <
arg(z — zn) —argz, < —5,1=1,...,n— L.

Proof. We use induction on n. For n < 2 the statement holds due to the duality
of Y. Now we shall prove for n > 2 case. Write P = [[,o;;,(2 — zZ)M, Q =
[locicjcn(zi —2)™, and R =[], (21 — 2))", where M € Z, is sufficiently large.

We know that on the region given by |21| > ... > |z,| > 0, |arg(z; — 2,,) —arg z;| < 7,

e . /
P fym,(zla sy Zny ULy - 7un717w17w27w3)

:P ’ <wé, YI/%]/:Z (ula Zl) e YV{]J/:; (unfla anl)y(wb Zn)w2>

:P.Z Z <(YV!TJ/33)im1_1,kl (Ul)wé, YVE[]/?;, (U27 22) ce

mi1€D kl eN

YV%; (Un—1, 2n—1)Y (w1, zn)w2>z{"1 10g(zl)k1

:PZ Zf;,n—1<227 ey 2y U2y ey Up—1, W, Wa, (Ylg%)imlfl,kl(ul)wé>zinl log(zl)kl

m1€Dk1€N
=R- Z Z (Q- [yt (22, ZnyUn, - Uny, W1, W2,
mi1€D k1€N
(Yvﬁ)jml—l,m(ul)wg ) 2" log(z; )™ (3.41)

is absolutely convergent, where D C C is a finite union of sets of the form a — N,

a € C. We know that

P fyﬂ’b(zl? sy Rny ULy . ,Un_hwl,wg,wé), (342)

. 93\ © /
Q- fy,n—1<22, ceey Rny U2 e Un—1, Wi, Wa, (YW3)—m1—1,k1(u1)w3>

can be analytic extended to

{(z1,...,2n) € (C—={0})" |znF# 2, i=1,...,n—1},
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{(z9,...,20) €(C—{ON)" Yz # 25, i =2,...,n— 1}, (3.43)

respectively. For any (2a,...,2,) € (3.43), by part (¢) in Condition 3.0.13, we know
that z; = oo is a regular singularity of P - fy (21,22, ..., Zn; U1, . . ., Up—1, W1, Wa, Wh).
Therefore, We know that on the region given by |z1| > |z,|, and (22, ..., z,) € (3.43),
the right-hand side of (3.41) is well-defined and absolutely convergent to (3.42). More-
over, the right-hand side is equal to the left-hand side of (3.41) on the region given
by |z1] > |zn], (22,...,2n) € (3.43), and |arg(z; — z,) —arg z1| < 5.

Therefore, on the region |z1| > |z,| > || > 0, =% < arg(z; — z,) — arg z, < —%,
1 = 2...,n — 1, using the induction hypothesis, we know that the right-hand side,

and therefore the left-hand side, of (3.41) is equal to

RZ ZQ <(YV£{/33)07m1717k1 (Ul)Wé,y(wl, Zn)YVSIJ/?;’(UQ, Zg) st

mi1E€Dk1EN

Y{g/z (unfla anl)w2>21nl 10g<21>k1

=P. <w§, Vit (ug, 1)V (w1, 2,)Yif: (ug, 22) - - - Vi (un—1, zn,l)w2> (3.44)

r1=21

Since for any 7, € C — {0}, (21,...,2,-1) = (00,0,...,0) is a regular singularity of

the function obtained from (3.42) by substituting z, = 7,, we know that

P (wh, Vi3 (ug, 20) Y (w1, 20) Vi (U2, z2) - - Vi (U1, 2n—1)w2) (3.45)
is absolutely convergent to P - fy ,(21,...,2p;U1, ..., Uy, Wy, w2, ws) on the region

|z1] > |zn| > |2:| > 0. Moreover, on the region given by |z1| > |z,| > |z > 0,

|arg(z) — 2,) —arg 21| < 7, —37” <arg(z —2p) —argz, < —5,1=2...,n—1

P - (wj, Vit (u1, 20) Y (wi, 20) Yipr, (U2, 22) - - - Vi (Un -1, Zno1)W2)

— € . /
=P [y (21,0, 20 Un, - U1, W1, Wa, W)
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Similar as above, on the region given by |z1| > |z,| > |2;| > 0, | arg(z1 —z,) —arg z1| <

NI

,1=2...,n—1, we have

P (ws, Y (u1, 21) Y (w1, 20) Vi3, (U2, 22) - - - Vi (Un -1, Zno1)W2)

—r. ¥ Z (uh, Vi (wr, 20D w1, 20) (Vi) )

m2,...,Mp_1€C ka,....kn_1EN

(Y‘g%)fmnf:lfl,knq(un_l)w2> ZgLQ log(ZQ)kQU Zn 1 IOg(Zn 1)k”71

—r. ¥ S e (zl,zn;ul,wl, (Vi) oy ) -

mo,..., Mp—1€C ka,...,kn—1EN

kg' kn 1

(YV?%) 7mn—1*1,kn—1 (un—1>w27 wg) Zgnz log(Z2) N Zn 1 ]'Og(zn 1)

(3.46)

Since for any (71, 7,) € F»(C — {0}), (22,...,20-1) = (0,...,0) is a regular singu-
larity of the function obtained from (3.42) by substituting z; = Z; and z, = Z,,
the right-hand side of (3.46) is well-defined and absolutely convergent to (3.42)
on the region given by (z1,z,) € Fo(C —0), |z,] > |z| > 0, ¢ = 2,...,n — L

_sm

Moreover, on the region given by (z1,2,) € F2(C = 0), |z,| > |z| > 0, =5

arg(z — 2,) —argz, < —%, @ = 2...,n — 1, the right-hand side of (3.46) is equal

to P f5, (21,5 Zns Ut - Uno1, Wi, wo, w3).  Therefore, on the region given by
|zn| > |z > 0,4 =1,....,n—1, —37” < arg(z; — zn) —argz, < —%, we know

that the right-hand side of (3.46) is equal to

P- Z Z <wg, V(wy, 20) Vi (w1, 21) (ngv‘l)7”12717]g2 (ug) - - -

mi,...,mn_2€Ck1,... .kn_2€N

(R2) s, ()00 ) 25 Tog () -0 oz 1)t (347
Since (21,...,2,) = (0,...,0,00) is a regular singularity of (3.42), we know that

P - (wy, Y(wr, 2,) Vi (ur, 21) - Vi (Un-1, 2n1)w2)
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is absolutely convergent to (3.42) on the region given by |z,,| > |z;| > 0i=1,...,n—1.
Moreover, on the region given by |z,| > |z > 0, =38 < arg(z; — 2,) — argz, < —2%,

i=1,...,n—1, by (3.46) and (3.47), we have

P <w§,7 y(wla Zn)ng{/i,(ub zl) T YVI/S]]/J3 (Un—la Zn—l)w2>

=Py S (wh Yl 2V (wn2) () ()

M yeeeyMp—2€C k1,....kp_2EN

(Y‘g%>—mn—1—1,kn—1 (unfl)w2> Z;’m log(ZZ)kQ' o 221—”171 log(zn*ﬁkn_l'

=P. Z Z ff}g (zl, Zn; U1, W1, (YV?%)—W—MQ(“?) .

M yeeeyMp—2€C k1,....kp_2EN

]{:2_ k?n—l

(YVSIJ%)—mn71—1,kn71(un71)w2’ wé) Z;nz log(ZQ) . Z;nj{l lOg(anl)

=P f5 (21,0, Zpi Uy o U1, W1, Wo, W) (3.48)
Multiplying

H (¢ij(z — 2;) "1™, where 1;;(= Zz—k 1 k7

1<i<j<n keN

which is absolutely convergent on the region given by |z;| > ... > |z,_1| > 0, on the

both sides of (3.48), we know that

(wy, Y(wi, 2)Yif, (ur, 21) -+ V2 (Un -1, 2p-1)W2)

is absolutely convergent on the region given by |z,| > |z1] > ... > |z,-1] > 0.

Moreover, it is equal to to f§ . (21,..., Zn; U1, . .., Un_1, W1, W2, wy) o0 the region given
3

by |zn| > |21] > ... > 21| > 0, = < arg(z — 2z,) —argz, < =5, i =1,. -

1. O]

Remark 3.0.38. Similar as Remark 2.0.3, the following result relies on the fact that
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any set of the form
(UX,(ri+Z)) x {0,...,N'},

where N € Z,, r; € C,i=1,...,N, and N’ € N, is a unique expansion set.
On the region |z > |z,| > 0, |arg(z; — 2,) —argz| < 5,1 =1,...,n—1, for

sufficient large M € 7., we have an expansion

H (zi = 2)M 521,y 2, o U1, W, Wo, W)
1<i<j<n

- Z Z Uy s o 21 108 (20) "1 - 21 Jog (2) .

mi,....mp€C k1,....kn €N

Therefore, by Remark 3.0.24, we know that

H (931 - ﬂ?j)M<w§, Yvﬁ(ul, iEl) T YV‘({% (un—la fﬂn—l)y(wl, $n)w2>

1<i<j<n

= > Y ke log(a) - log ),

mi,....mp€C k1,....kn, EN

where x1,...,x, are formal variables.

Remark 3.0.39. Using duality and Cauchy formula, we can prove that for any v €
V499298 p € Wy, wy € W, ws € Wi, the following Jacobi identity holds (see

Proposition 7.0.10).

T510 <a:1 _ x2) <wé, Yvﬁ(v,xl)y(wl,xg)w2>

Zo

— xalé (xQ — x1> <w§,, y(wh%)yv%(% Il)w2>

- + / L
T <x2x a:o) (wh, V(Y (v, z0)wy, 2)ws) (3.49)
1

In the sense that the coefficients of each formal monomial in both sides of (3.49) is
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absolutely convergent. Taking Res,,, we get the commutator formula,

(wh, Vi (v, 21)Y(wr, z2)ws) — (wh, Y(wy,x2)YifE (v, 21)ws) =

To + X
T

Res,, 7710 < ) (wh, VY (v, z0)wr, z2)ws) . (3.50)

Let v in (3.50) be w € VARY) C V919295 Then, we have the Virasoro-bracket

relation,

(W, Ly (m)Y (wr, 2)ws) — (Wi, Y(wy, ) L, (m)ws)

1
:Z (m/j )xm_kH (wg, Y(Lw, (k — Dwy, x)ws) , for any m € Z, wy; € Wh.

keN

(3.51)

Using L(0)-commutator formula (the m = 0 piece in (3.51), where we can drop the

pairing (w}, - we) since there are finitely many terms on the right-hand side),
LWS(O)y(wla x) - y(wb :C)LWQ (O) = xy(LVVl(_l)wlv x) + y(LWI (O)wla I‘),

the L(0)-grading structure on Wy, i = 1,2,3, and the L(—1)-derivative formula of Y,
we can prove the compatibility between the L(0)-grading and component of Y, i.e. for

anyn € C, k € N, and homogeneous w; € Wy, wy € W,
wt ((y)n,k(wl)(w2)> =wtw; + wtwy —n — 1. (3.52)

(See Proposition 3.20 in [HLZ2]). Also, as a result of (3.51), the L(0)-grading struc-

ture on Wy, i = 1,2,3, and the L(—1)-derivative formula of Y, we can prove that

DY, 2)e M = Py, 1) = Va7 + ),

y OV (wi, )y MO = Yy Owy, 2y),
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(s, O (awr, 2)e P D) = (wh, YOO — yr) MOy, 21— y) )

(See Proposition 3.36 in [HLZ2]) Notice that the third identity holds only in the sense
that the coefficient of each formal monomial on both sides are absolutely convergent.
This is because L(1) is not necessarily locally nilpotent. (We would require this from

the next section.)
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Chapter 4

Skew-symmetry Isomorphisms ()t

To make the skew-symmetry isomorphism 24 and the contragredient isomorphism

A4 well-defined, we make the following assumption.

Assumption 4.0.1. Throughout the remainder of this work, for any twisted module

(W, Yw) that is considered, we assume that the following conditions hold:

1. Let L, (0)y = L(0)n be the nilpotent part of LY, (0). Then, there exists Ky €
N, such that L(0)" = 0. In other words, the locally nilpotent operator L(0)y

s actually nilpotent on W.

2. L(1)w and L(1)w are locally nilpotent. (See Remark 2.0.5)

Remark 4.0.2. Part 2. of Assumption 4.0.1 looks technical. This is because we want
to put the theory in a setting as general as possible. Note that if all the modules that
we consider are lower-bounded, then part 2 in Assumption 4.0.1 trivially holds.

Remark 4.0.3. By part 1. of Assumption 4.0.1, and the L(0)-conjugation formula,

W3

W1W2), we know that

for any twisted intertwining operator ) of type (
max{k € N|), , # 0 for some n € C} < Ky, + Ky, + Kw, < 00,

which is needed to make Ay well-defined (See section 4).
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Let g1, g2 be automorphisms of V', Wy, Wy and W3 ¢1-, go- and ¢, go-twisted V-

modules and ) a twisted intertwining operator of type ( Ws ) We define linear

W1 W
maps
QL)) We@W, — Wi{x}[logz]
wy @wy; = Qe(Y)(we, x)w (4.1)
by
zL(1)

(1, Qe (V) (wz, wywn) = (S, Y, yyws ) (42)

yn=ednmign ncC, logy=log z+m

for wy € Wy and wy € Wy, Notice that (4.2) is well-defined because by part 2 in

(1)

Assumption 4.0.1, "My w4 is a polynomial for any wj.

We have the component form, for any n € C, k € N,

Qe () e(wa)wy = Z Z % (‘;) eFUn DT (L) R L (1) Y (w))ws. (4.3)

leEN j>k

The powers of log(z) in Q4())(ws, z)w; have an upper bound, because of the
definition (4.2) and the fact that this holds for Y(wy, z)ws,.

From the definition (4.2), for p € Z, w; € Wy, wy € W5 and z € C*,

QL (V)P (we, 2)w; = Qu(Y)(we, x)w;

zn=e"p(*)  log z=I,(z)

= (exL(l)y(wb Y)Wy

yr=eEnmign logy=log :cim) zn=e™r () log z=lp(z)

= €ZL(71)y(w17 Y)Wy

yn=e"Up(ET) ogy—[,(z)+m

When argz < 7 and argz > 7, arg(—z) = argz + 7 and arg(—z) = argz — m,
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respectively. Hence

zL(—-1
=e€ ( )yp(wl, z)w2
yn=e"lp ()47 og y=1,(2)4-m

GZL(_I)y(wh Y)ws

when arg z < 7 and

L(—1
= 2L EVYP (g, —2)w,
y":e"“P(z)*T”)7 log y=lp(z)—m2

GZL(_l)y(wla y)w2

when arg z > m. In particular, for w; € Wy, ws € W5 and z € C* satisfying argz < 7w

and arg z > 7, we have
Qp (V)P (wy, 2)wy = e DYP(wy, —2)w, (4.4)

and

Q_(V)P (wa, 2)wy = e VYP(wy, —2)ws, (4.5)
respectively.

Theorem 4.0.4. The linear maps Q4 (V) and Q_()) are twisted intertwining oper-

ators of types ( Ws ) and ( respectively. If Y is fully lower truncated

W3 )
W2¢g2—1(W1) bgy (Wa)W1/7

(or lower truncated), then Q4 () also fully lower truncated (or lower truncated).

Proof. The second sentence in this theorem is clear by the definition of 2,()). Now
we prove the first sentence.
We shall start with the duality property.

Let u € V, wy € Wy, wy € Wa, wy € Wi. We consider

(ws, (V)" (u, 20)24 (V)° (wa, z2)w1)

=(w, i (u, 2) Q24 (V) (w2, y)wr) ‘J»’":e"lo(zl)v log(w)=lo(21)
y"=e™0(22)  log(y)=lo(22)
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= <<wg, Yi# (u, 2)e?" VY (wy, §)ws)

gr=enlo(z1), log(x)=lo(z1)
y"=emlo(z2) log(y)=lo(22)

17”=e””y",log(z})=10g(y)+m)

— (o VI3 —jL(-1) i

—<U}3, YW3 (U, $)6 y(w17 y>w2> z=e™0(21) | log(x)=lo(21)
jr=enmiento(22), log(§)=lo(22)+me

__[,%2L(1), 1 193 7 7

=(e wg, Vi (U, + §)V (Wi, §)W2) | n—ento) | tog(a)=o (1) . (4.6)

gr=enmento(=2), log(§)=lo(z2)+m

Let g1 = q1(21,20) = —1,0, 1 if arg(z; —z9) —arg z; € (37“, 2m), (=5, %), (—2m, —37”),

respectively. Let qo = qa2(22) = 0,1 if arg zo < 7, or arg zo > , respectively. Notice

that for any s € C, on the region |z;| > |23 > 0, we have

6Slq1 (2’1—22) — Z (Z) (_1)k€(8—k)lo(z1)zé: ,

k>0

—1
lq1 (Zl — ZQ) = lo(Zl) -+ Z TZl_ng s

k>0

elaa(=72) — gsmgslo(z2) lg, (—22) = lo(22) + . (4.7)
We know that the series (in variables z; — 2o and z5)
(e*2L Wy, (Y32 )™ (u, 21 — 22) V% (w1, —22)ws) (4.8)

is absolutely convergent to

ZQL(l)

al1:92 b5 ) ,
[y (21 — 29, —29; U, W1, Wa, € wy),

if |21 — 29| > |20] > 0, 37/2 < arg(z; — 22) —argz; < 27

f;?;m (Zl — 22, —2’2;U7w17w27622L(1)wg)a (4 9)

if |21 — 29| > |22] > 0, |arg(z; — 20) —arg 2| < 7/2

@d1-92 ble

fy,g (21 — 22, =205 U, Wy, Wo, et

wy),

if |21 — 29| > |22 > 0, =27 < arg(z; — 29) — argz; < —37/2.
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Let hy(z1, z9; u, w1, wq, wh) be the multivalued holomorphic function on Fy(C*)
with a preferred single-valued branch A<, such that h% (21, 295 u, wr, wo, wh) is equal to
(4.8) on the region given by |z1| > |z2] > 0, |21 — 22| > |22], and | arg(z; —29) —arg z1| <

2. By (4.9), we know that

[\

he (21, 225 u, Wy, wo, wh) = f,g’% (21 — 29, —Z9} U, W1, W, ezQL(l)wé) (4.10)
when |21] > |22 > 0, |21 — 22| > [22] > 0, and | arg(z; — 22) — arg 21| < .

By appendix A, we know that the right-hand side of (4.6) is absolutely convergent
to (4.8) on the region given by |21]/2 > |22| > 0. However, the only singularities of
(4.9) are z1, 29,21 — 22 = 0, which means that (4.8) is a multi-valued holomorphic
function in the region given by |z1| > |22| > 0. So, (4.6) can be analytically extended
from the region given by |z1|/2 > |z3] > 0 to the region given by |z1]| > |2z2| > 0. Also,
in the region given by |z1|/2 > |23 > 0, (4.6) has the form of (3.30). The fact that
(4.6) can be analytically extended to the region given by |z1| > |25| > 0 implies that
those power series f,; ; in (3.30) have the radius of convergence not less that 1. So, the
left-hand side of (4.6) is absolutely convergent in the region given by |z;]| > |z| > 0.
By the definition of hy, (4.6) is absolutely convergent to hS (z1, 22, u, w1, w2, w3) on
the region given by |z1| > |23 > 0 and |arg(z; — 22) —argz1| < 5.

Next, we consider

(wy, Q4 (V) (w2, 22) 0,1 (Vi) (u, 21)wn)
=(ws, Qy (V) (wa, 22) (V) (920, 21)wn)

:<6Z2L(1)w2/37 y(YIg/ll (g2u7 x)wh y)'UJ2> z"=e™0(*1) | log(z)=lo(21)

yn=enmen0(=2), log(y)=lo(22)+m

_/, z2L(1), 1 g1
_<6 W3, y(YWI (gQu’ x)wl’ y)w2> ‘x":e”lO(zl), log(x)=lo(z1)
yr=e™a2(7%2) log(y)=lg, (—z2)

=(e W, Y& ((ViH)*(g2u, 210 )wr, —z2)ws), (4.11)
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where ¢o € Z is defined in (4.7). From the form of the right-hand side of (4.11) and
the duality of ), we know that the right-hand side, therefore the left-hand side, of
(4.11) is absolutely convergent on the region given by | — 25| > |21] > 0 (equivalently,

|22] > |z1| > 0), to a holomorphic function hy(z1, z2; u, wy, we, wj) defined by

fff"; U5 (21 — 29, — 295 gatl, Wy, wa, XM,
if |za] > |21| > 0, 37/2 < arg(z; — 22) — arg(—22) < 2w
ff}qéo(zl — 22, —22; §oU, W1, W2, 622L(1)w§)7
(4.12)
if 29| > |21] > 0, |arg(z; — 22) — arg(—22)| < 7/2
fcq2 iz biabiz (Zl — %2, —Z2; §2U, Wy, W2, €z2L(1)wé>,
\ if |z > |z1] > 0, =27 < arg(z; — 22) — arg(—22) < —37/2.
We need to prove that hl(zl,ZQ;u,wl,wg,wg) = hi(zl,ZQ;u,wl,wg,wg) on the
region given by |z3| > |21 > 0, —2F < arg(z; — 22) —arg z2 < —%. Since this region is

connected, and both h; and k¢ are holomorphic on this region, we only need to prove
that they are equal in some open subset of this region. So, we consider the nonempty

sub-region given by:

3
|zo] > |21] >0, |20 — ™6 < 1/10, —27 < arg(z; — ) — arg(—2) < —77.

Notice that this is indeed a sub-region, because under the condition |zo — ®™/6| <

1/10, the condition —2m < arg(z; — 2) — arg(—z) < —2F implies —2F < arg(z; —

7) — arg zp < —75. In this sub-region, we have ¢ = 0. So,

c0,0p—

1b13b
h1(Z1,22;u,w1,w2,w:’3) fy2 12 013 12(

. zoL(1 /
21 — &2, —X2; §olU, W, Wa, € ( )wg)

( Lp blg)b bi3bi2
12 Y13 12 . zoL(1),,/
=Jy2 (21 — 22, —22; U, w1, Wa, € ( )wg)

=y (21 — 22, —22; U, w1, W2, eZQL(l)wé). (4.13)
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In the region given by

|21 — 2], | 21| > |22 >0, |20 — €™/ < 1/10, |arg(z — 22) — arg z| < g, (4.14)
by (4.10) and the fact that ¢; = g = 0, we have
hS (21, 22; w, wi, wo, wy) = f35(21 — 29, —22; U, W, W, e2 Wyl (4.15)

Since h% (21, 22; U, w1, wa, ws) is holomorphic on the region given by (21, 22) € F5(C —
{0}), 21, 22,21 — 22 ¢ Ry, and f55(21 — 22, —22; u, w1, wa, e®2LMyt) is holomorphic on
the region given by (21 — 22, —22) € F2(C—{0}), 21 — 22, =22, (21 — 22) — (—22) ¢ Ry,

we know that they are both holomorphic on the connected open set given by
|20 — €™/%] < 1/10, 21, 21 — 20 ¢ Ry, (4.16)

which contains the region (4.14) where (4.15) holds. Therefore, we know that (4.15)

hold on the region (4.16). Comparing (4.15) and (4.13), we know that
h1(2172’2;uy whwz,wé) = hj_('zl,ZQ;uuwthuwé)

on the region given by |z| > |z1] > 0, =% < arg(z — 22) — arg 2z < —3.

Next, we consider

(W, Qe (V) ()" (u, 21 — 22)wa, z0)wi)

=(wg, 0 (V) (Vi (u, 2)wa, y)w:) ‘xn:enlo@rzz), log(w)=lo (s1—2)
y"=e™0(22)  log(y)=lo(22)

_/,zL1),, 1 g2

_<€ w3, y(w17 y)YW2 (U/7 ZL’)IU2> ‘:En:enlo(zl—zg)7 log(m):lo(zl—zg)
y":e’””e"l()(ZZ), log(y):lo(zg)-l—m

22 L(1)

:<€ U)é, y(w17 y)YI/L(I]/Qg (’LL, .Z')U)2> ’x":e"ZO(ZI*@), log(z)=lo(21—22)

y"=e"12(72) log(y)=lg, (—22)
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—(p=2L1), 1 a2 — ) (Y920 — 4.17
<6 Ws, Yy (wh 22)( W2) (uv 21 22)w2>’ ( : )

where ¢ € Z is defined in (4.7). From the form of the right-hand side of (4.17) and the
duality of ), we know that the right-hand side, therefore the left-hand side, of (4.17)
is absolutely convergent on the region given by | — z3| > |27 — 25| > 0 (equivalently,

|z2] > |21 — 22| > 0), to a holomorphic function hg(z1, 22; u, wy, wa, w}) defined by

( p0-92

. zoL(1),,/
V,2 (Zl — 22, —X2;U, Wy, W, € 2L )w3)7

if |22] > |21 — 22| > 0, —37/2 < arg z; — arg(—z2q) < —7/2
(4.18)

b2y 2 L(1), 1
fy,z (21 — 22, =205 U, Wi, W, € ( )w3)7

if |22] > |21 — 22| > 0, /2 < argz; — arg(—z2) < 37/2.

We need to prove that ho(21, 22; u, w1, we, wy) and kS (21, 225 u, Wy, wo, wh) are equal in
the connected region given by |z3| > |21 — 22| > 0, | arg z; — arg 25| < m/2. Similar to
before, we only need to prove this is any open subset of this region. So, we can assume
|z — €>™/6| < 1/10. In this sub-region, ¢ = 0, and arg(—z;) = arg 2, + m. Therefore,
the condition —37/2 < arg z; — arg(—z22) < —m/2 is equivalent to |argz; — arg 2| <

7/2. So, in this sub-region,
L1
ho(21, 203w, wy, wa, wy) = f35(21 — 22, — 225 U, Wy, Wa, €7 ( )wg). (4.19)

Since this region is a subset of (4.16), we know that (4.15) holds in this region. Thus,
on the sub-region, and therefore on the larger region given by |za| > |21 — 22| > 0,

|arg 21 — arg 23| < 7/2, we have
h2(2’1, ZQ;anlaw%wé) = hi(zl,ZQ;u,wl,wg,wg),

which means the duality of 2, ()) has been proven.
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The L(—1)-derivative property for Q4 ()) comes from (3.51) and the L(—1)-
derivative property for ).

Now we prove the part 3 in the definition of twisted intertwining operator.

(wy, Yif (ur, 21) - - - Vi (g1, 26-1)Q () (w2, 2x)wr)
:(eZk:L(l)wé’ YV‘?/:; (u:b xl + y) e YV‘([]/Sg (uk_il’ :Uk’f]_ _|_ y)

y<w17 y)w2> xf:e"logzi,logxizlogzi, i=1,....,k—1," (420)

2
y" —enmienlp(

k) Jog y=lo(zx)+me

Let py, ..., pr be integers uniquely determined by 1, (z; — z) = lo(2:) — > 1o0 1 1ozt
i=1,...,k—1,and l,, (—zx) = lo(zr) +me. Then, by Appendix A, (4.20) is absolutely

convergent on the region given by 0 < 2|zx| < |zx—1] < ... < |z1], and is equal to

<€ZkL(1)w§, (Yvﬁ)pl (Uh Z21 = Zk) T (Yv%z)pk_l (Uk;—la Zk—1 — Z}c)ypk<wl7 —Zk)w2> .

(4.21)

On the region 0 < |zi| < |zp—1 — 2x| < ... < |21 — 2/, (4.21) is equal to a branch
of the multi-valued function fy (21 — 2k,...,2k—1 — 2k, —2k), which is defined and
analytic on the region 0 < |zx| < |zx—1] < ... < |#1|. Therefore, we know that the
region of absolutely convergence of the right-hand side, and therefore the left-hand
side, of (4.20) can be enlarged to the region given by 0 < |zx| < |zk—1] < ... < |z1].
Let fo, k(2155 26) = fye(21 — 2k, ..., 2k—1 — 21, —2x). By Proposition 3.0.20, we

know that for any k € Z,, fo, () satisfies Condition 3.0.13 for (k —1,1,{0}) . O
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Chapter 5

Contragredient Isomorphisms A

Let g1, g2 be automorphisms of V', and let Wy, W5 and W3 be ¢1-, go-, and g1 go-twisted
V-modules. For any linear map (-, z)- : Wy @ Wy — Wi3{x}[log z], we define Y*° by

VWL W, — Wiz} logx]

wy @wy > YE(wy, z)wy = Y(eFWeELO) (= LON2y 1wy, (5.1)

We know that Y*° is well-defined because L(1)y, is locally nilpotent by Assumption
4.0.1. We write

YV (wy,x) = > (VE)s(w)e " (logx)*, (V*)nn(wr) € Home(Ws, W).

neC keN

For the component form, for any n € C, k € N, and homogeneous w; € Wy, we have

(yio)n k(wl) =
T wtw :I:TI'Z Z+] . ‘
(_) + t 12 Z 21 |l| <k_ >yn +2wtwy— 27,([/(1)[[/(0)?\[11)1)7
g,

(5.2)
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which is actually a finite summation.
The powers of log(x) in Y*°(wy, z)w, have an upper bound, because of the defi-
nition (5.1) and the fact that this holds for V.

We define linear maps

AL(Y) Wi W, — Wi{z}logx]

w; @wy = AL(Y)(wr, z)ws

(A (V) (wr, 2)ws, wa) = (wy, Y= (wy, 2)ws) (5.3)

for wy € Wy and wy € Wy and wh € Wi.

The powers of log(z) in A4 (Y)(wy,x)ws have an upper bound, because of the
definition (5.3), (5.1), Assumption 4.0.1, and Remark 4.0.3.

Let (W.Y{}) be a g-twisted V-module. When W) = V, Wy = W3 = W and
Y =Y, by definition, A, (Y{{) = A_(Y}) = (V}],)' (see Section 3).

Let Ly, (0)s be the semisimple part of Ly, (0). From the definition (5.3), for

pE L, wy € Wy, wy € Wy, wy € Wi and z € C*, we have

(AP (wy, 2)ws, wy)

= (A (V)P (wn, T)wg, wy)

ar=e"(?) | log x=l,(2)

_ <U}é, y(emel (l)e:I:mLW1 (0) (JZ_Lwl (0))211]1, x_l)w2>

azn=e"r(?)  log x=l,(2)

— <w:/3’ y(ewLwl (1)ei7r7,LW1 (0) (fowl (0)5)2'

. (e—(LW1 (0)=Lw, (0)s) 1ng)2’w1, x—l)w2>

an=e™p(?) | log x=1,(2)

_ <U}é, y(eszl (l)ezl:mLW1 (0) (e—lp(z)Lwl (0)3)2.
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(e W O=Lwy O ()20, )2

yr=e~"p(2) log y=—lp(z)

— <wé’ y(eszl (1)ei7rzLW1 (0)€*2lp(Z)LW1 (O)wb y>w2> (54)

yr=e"p(), log y=—I,(2)

When argz = 0, argz™! = argz = 0 and —[,(z) = [_,(z7'). When argz # 0,
argz~! = —argz + 27 and —[,(z) = l_,_1(27"). Hence when argz = 0, the right-

hand side of (5.4) is equal to

<wga y(€ZLW1 (1)ei7mLW1 ©) €2lip(z71)LW1 (O)UJl, y)w2>

yn:enl,p(z_l)7 logy:lfp(zfl)

= (wh, Y P (e*lm D eEmelw (0) 2l-p ("D Iwy 0)y 2= 1)y, (5.5)
and when arg z # 0, it is equal to

<wé7 y(GZLW1 (1)ei7mLW1 0) 62l7p71(271)LW1 (O)w17 y)w2>

-1
yn:e"lfpfl(z )7 logy:lfp—l(zil)

_ (wg, y—p—l(eszl (1) gEmLw, (0)621_,,_1(z*1)LW1 (O)wl, 2—1)w2>. (5.6)
From (5.4)—(5.6), for w; € Wy, wy € Wa, wy € Wi and z € C*, we have
(AL (V)P (wy, 2)wh, we) = (wh, Y P(e*lwr(DFmbwy 002l Dlwy 00 =10} (5.7)
when arg z = 0 and

(AL (V)P (wr, 2)wh, we) = (wh, Y P (e*lw D edmlw; (0)2Lp1(7HLwy 0)y o= T)gy,))
(5.8)

when arg z # 0.

Theorem 5.0.1. The linear maps A (Y) and A_(Y) are twisted intertwining oper-

ators of types (¢§[}1(;/V§)) and (W1 ¢W_/f (Wé))’ respectively. If Y is fully lower truncated,
91

then AL(Y) is also fully lower truncated.
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Proof. The second sentence in this theorem is clear by the definition of AL()). Now
we prove the first sentence.

We shall start with the duality. Let uw € V, w; € Wy, wy € Wy, wy € Wj. For
i = 1,2, define p; = p;i(z;) = —1 if argz; # 0, and 0 if argz; = 0. We know that

L, (27 ") = —lo(2;). First, we consider

(bg, (ViF5))° (u, 21) A () (w1, 22)w), w2)
= (V) (91 "u, 20) A (V) (w1, 22)ws, wa)

. (Y%)pl <€z1LV(1) (_zl—Q)Lv(O) gl_luvzl_1> w2> (5.9)
Since e2Lwi (D (m+2ls (22) Ly 4w, and ezlLV(l)(—zfQ)LV(O)gflu are Laurent poly-
nomials in zy and z; respectively, the right-hand side of (5.9) is a finite sum of series
of form (3.23). Because of the duality of )} and the form of the right-hand side of
(5.9), the series (5.9) is absolutely convergent, in the region given by |z, | > |2, > 0

(or equivalently, |z1| > |22| > 0), to the function

4
bPrp2 o 1 _—1, _z1Ly(1 —N\Lv(0) 1 L. (1) (m42lp, (251)) Ly, (0) /
Vo (21 7,25 ;€ ()(—zl ) g u,e 1D r2(52)) Ly wy, Wa, W)

Y

. 3 s
if |25 > |27 >0, -5 < arg(2; ' — 2y !) —arg 2yt < —3
R —1 L —1 ’
f;p; P2b7, (Zl—l’ 22—1; ez1LV(1)<_Zl—2) \/(o)gl_1u7 GZQLW1(1)e(m+2zp2(z2 ))Lw, (O)wl,wg, wg),

(5.10)
which is holomorphic on the region given by |z | > |27 > 0, and 27, 2;' ¢ R,
(or equivalently, |z1| > |2o| > 0, and 21,20 ¢ R, ). Also, because of the duality of )
and the form of the right-hand side of (5.9), the holomorphic function (5.10) can be
analytically extended to a multivalued holomorphic function from the region given

by |z1| > |22] > 0 to the region given by z; %, 25 %, 271 — 2z, ' # 0, which is equivalent
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to 21,29,21 — 20 # 0. Let hy(z1, 20;u, w1, we, wy) be the multivalued holomorphic
function on F5(C — {0}) with a preferred single-valued branch on the region given
by cutting lines z; € Ry, 2o € Ry and 23 — 20 € Ry in F5(C — {0}), such that
R (21, 22; u, wy, wo, wh) is equal to (5.10) when |z1] > |25| > 0, and |arg(z1 — 22) —
arg z1| < 3.

Then, we need to consider

(AL ()% (wr, 22) (Vi) (u, 20) s, w2)
_ <wg’ (Y‘gg)pl <ezlLV(1) (_Zl_Q)LV(O) u, 21—1> .

P2 (e lwn (D (me 2y (221)) Ly (00 251)w2>- (5.11)

Because of the form of the right-hand side of (5.11), the duality of ), and lemma
3.0.33, we know that (5.11) is absolutely convergent, in the region given by |2;!| >

|25 1| > 0 (or equivalently, |z| > |21| > 0), to a holomorphic function hy (21, 2o; u, w1, wa, w})

defined by

fap1 (et 2y e v (— 21_2)LV(0)u, 72 bwy (D) (o420 (2 1)) Lwy 00 g0 wy),
i 2] > |5 > 0, Jarg(s! - 257) —ang 2| < 5
faP1 P2b12( 22 7€z1LV(1)(_Zl—2)LV(0)u’ eZQLV[/l(1)€(F1+2lp2(251))LW1 (O)wla wo, wé),
e -1 -1 -1 -1 37
if |27 > |25 >0, =27 <arg(z;! — 2, ') —argz; ! < —
f;p; S (2 2 et v (= ZfQ)LV(O)u,eZQLwl(1)6(“”2%(zfz_l))LWl(O)wl,wz,wé),
3T
if |27 > |2t >0, 7<arg( o) —argzy ! < 2n
\
(5.12)

We need to prove that hq(z1, 25 u, wi, wa, wh) = hS (21, 22; u, Wi, we, ws) in the region

given by |z| > [z1] > 0, =3 < arg(z — 22) — argz; < —3. Since this region is

connected, and both h; and hS are holomorphic on this region, we only need to prove
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that they are equal in any open subset. Let U = {z||z — (0.6 +0.8¢)] <1/10}. We

consider the following open subset

Rl = {(21,22) € M2

3
2 €U, |22| > |2a] > 0,—; <arg(z; — 29) —argzp < _g}

Notice that if 2o € U, |22| > |21| > 0, then

arg (27" — 23 ') —argz; ' = (arg(z1 — 22) — arg 2o) + 7. (5.13)

Therefore, we know that

T
Ry C {(zl,za) €M | |z| > || > 0, |arg(s ' —27) —argz | < 5 }

If (21, 22) € R1, we have py(21) = pa(22) = —1. By (5.12), for any (21, 22) € Rq, we

have

. 1\ p(bisbi) et (-1 1.
h1<217227u7w17w27w3)_f( tb12) # <’Zl » 22 s

6z1LV(1)(_21—2)LV(0)u’ eZQLV[/'l(1)6(7”“!‘2171(22_1))LW1(O)wl,w2’wg>' (5.14)
On the other hand, notice that

RQ = {(21,22) S M2

3
29 € U, |z1] > |22] > 0, g <arg(z;! — 2 ) —argz, ' < ;}

C {(21,22) € M? ‘ |21] > |22] > 0, |arg(z1 — 22) —arg z1| < g } (5.15)

We know that h is equal to (5.10) when |z;| > [2] > 0, | arg(z; —22) —arg 21| < 7,

which is the right-hand side of (5.15). Also, if (21, 22) € Ra, then pi(z1) = pa(22) =
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—1. Therefore, for any (21, 22) € R2, we know that

e . /
h+(Z17 22; U, W1, Wa, U}3)

1
_ b_1b13l212 basbio —1pt -1 —1. =1Ly (1 -2 LV(O) -1
= f( 12 ) ( ) 12 Zl ’22 ,6 1 V( )(_Zl ) 91 u’

—1
e?2lw (1)6(””2[—1’2—1('22 ))Lw, (O)wh Wa, wé)
—1
_ rbio b71b13b12 baszbia —1p}t —1 —1. ~z1Ly(1 —2 Ly (0)
= phra(bibrabra)  (baabra) "o (o1 e v (o) Oy
2A_po_1(z5H)L
2 lwy (D g(m+2l—p—1( 1)) Wl(o)whwz,wé)

ez2bws (D g (M 2lpy (27 Lowy Owy, w,, wé) (5.16)
Notice that Ry U R, is contained in the simply-connected region €2 defined by

{(21722) € M2|21722; (21— 2), (7' =2 1) ¢ RZO}

— {(21,22) € M?

3
|z1] > |22| > 0, g <arg(z; — z) —argz < 27r}

3
20| > |z1| > 0, =27 < arg(z; ' — 25') — arg 2, <——7T .
1 2 1

_{(21722)€M2 2

Since both of the left-hand side and the right-hand side of (5.16) are holomorphic
in €2, and they are equal in R, we know that they are equal in €. In particular, they
are equal in Ry. In other words, (5.16) holds for (z1, z3) € Ry. Therefore, comparing
with (5.16) and (5.14), we know that on the region R, and therefore on the larger

region given by |zo| > |21 > 0, =& < arg(z — 20) — argzo < —1Z,

. / _ e . !/
hl(zla 22; U, Wy, Wz, w3) - h’+(217 Z9; U, W1, W2, w3)'

Next, we consider

(AL D) (V)" (u, 21 — 22)wn, 22)ws, wo)
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:<Aj:(y) (Yv?/ll (u, Ji)wh y) wé, w2>‘mn:enlo<21—22), log(z)=lo(21—22)
y"=e™0(22)  log(y)=lo(22)

=(wy, Y ("M Oy HOR2YE (u, 2)w, ") wa) | n_gntoc1-22) 1og(a) =t (21— 22)
y=em0(z2) | log(y)=lo(22)

(5.17)
Same as the formula (6.30) in [H9], we have
6yL(l)G:I:mL(O) (y—L(O))ZY}/g‘]}1 (u’ ZL‘)
+m
_yo (oo (g4 g2y @, ) oLy (1) L, 0) (L, (0))2
d e Gy )
Therefore, the right-hand side of (5.17) is equal to
oy (v (oo (L) O, ) oLy (1)
(o> (v ( C+a) e
_ 2 _
eiTl‘ZLWl (0) (y LWl(O)) w17y 1) w2> xnzenl0(21722)7 log(x):lo(zleQ) (518)

y"=e0(z2) | log(y)=lo(22)
Fr=eEnT log(F)=4m

We consider

(1, V7 (G (e EO (=2 H0u, 27t = 237

ez2Lw, (1) o (FEmi+2lp, (22 " DLw, (O)wl, Zgl) w2>7 (5.19)
where Ni = Ni(z1, 2z2) is the unique integer such that for any o € C,

an=em0(217%2) log(z)=lo(21—22) ’
ym=erto(=2), Jog(y)=lo(z2)
Fr=eT™ log(i)=+m

(5.20)

zr=e0(21-22)  log(z)=lg(z1—22)"
ym=ero(=2), Jog(y)=lo(z2)
Fr=eT™ log(@)==%m
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Actually, (5.20) is equivalent to

Iny (27t — 25 1) = m 4+ lo(21 — 22) — 2lo(20) + Z

k>0

Similar to the argument for proving (wj, (Yi$)°(u, 21)Q4 ()% (w2, 22)w;) is abso-
lutely convergent on the region given by |2z1]/2 > |z3] > 0, we can show that the
left-hand side of (5.17) is absolutely convergent to (5.19) on the region given by
|22]/2 > |21 — 22| > 0. By the duality of ), we know that (5.19) is absolutely

convergent, on the region given by |z;'| > |27 — 2, ! > 0, to

.
fcp%N:t( —1 Z_1_€ZILV(1)(_Z_2)Lv(0) eszwl(1)6(:|:7rz+21p2(z2_1))LW1(0)

/
21y R2 1 U, wy, wa, W),

o B B 3 3 T
if |25 > |27t — 251 >0, |arg(z; ') — arg(25 )] <

2
fch’Nibl_zlbl?’b12 (21_17 22_1§ ezlLV(l)(_Zl_2)LV(0)u, e?2Lw (1)e(im+2l1’2 (Zgl))LVVl (0)w1, Wo, wé),
3
if |25 > |27t — 2t >0, =27 < arg(z;!) —arg(z, ') < —g

P2, Npp=1 — _o\ Ly (0 9 -1,
fe bz (21t 237 ezlLV(l)(_Z1 2) v )U, 622LW1(1)€(im+ tna (2 ) vy (O)U)Ia wa, W),

3
if |z§1| > |,zf1 — 251] > 0, g < arg(zfl) — arg(z;l) < 27
(5.21)

By the duality of Y, (5.19), therefore (5.17) can be analytically extended to a
multi-valued holomorphic function whose singularities are only z; ', 2,1, 27 ' — 2,1 = 0,
or equivalently 21, 22,21 — 25 # 0. So, the left-hand side of (5.17) can be analytically
extended from |23|/2 > |z1—22] > 0 to |29 > |21 —22| > 0. The left-hand side of (5.17)

is a finite sum of multi-valued function of the form e®o(z1=22)eBlo(z2)] (2 — 2,)lo(25)7

(o, 8 € C, 1,5 € N) multiplying power series on 2%, The fact that (5.17) can be
analytically extended from |23|/2 > |21 — 23] > 0 to |za] > |21 — 22| > 0 implies the
radius of convergence of each power series is not less that 1. Thus, as a series, (5.17)
is absolutely convergent to (5.21) on the region given by |zo| > |21 — 25| > 0.

Let ha(21, 22; u, wy, we, wy) be the holomorphic function on the region given by
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(21,22) € M?, 21, 29,21 — 29 & R, such that hy(21, 22; u, wy, we, w}) is equal to (5.17)
on the region given by |z| > 21 — 22| > 0, and |arg z; — arg z| < 7.

When |z, —e | < 1/10, and |2| > |21 — 22| > 0, we have arg 21, arg 2, # 0, which

implies arg(z; ') = 27 — arg z;. So, we know that in the region given by

|2y — 57| < 1/10, |2] > |71 — 20| > 0, |25 > |27" — 2371,
3
|arg z; — arg zo| < E, ——7Targ(2'1_1 — 2 Y —arg(z 1) —Z,
2 2 2
argzy # 0, argzo # 0 (5.22)

ha(z1, 225w, wy, wa, wy), and therefore (5.17), is equal to
P, 2y e (= o 2) Y Oy emaln (0 (52 (3 ) s Oy, ). (5.23)

Notice that actually the first line of (A.27) implies the second and third lines of (5.22).
Also, in the region (A.27), we know N, = 0, and py = —1.

On the other hand, in the same region, hS (21, 22; u, wy, we, wy) is equal to

fb*l’*l(z—l ~1, zlLV(l)(_Z—2)LV(0) 1—1u7 eszwl(l)e(erZlm(z;l))LWl (o)w17 Wy, wg)
—1,— _ _ _ L —1
:fb12b 1 1(2 1 1. zlLv(l)(_Zl 2) V(O)u7eszW1(1)€(7m+2lp2(z2 ))LWl(O)wth’wé)

(5.24)

Since b1ob™ 7! = ¢719 we know that on the region (5.22), and therefore on the

larger region given by |z| > |21 — 2] > 0, |argz; — arg z»| < 7,

. '\ _ e . /
h2(217 Z?vuawlaw27w3) - h+(2’1,2’2,u,w1,w2,w3).

Using the same argument for proving the L(—1)-derivative property for Q. (),

we can show that the L(—1)-derivative property holds for A, (}).
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Now we prove the part 3 in the definition of twisted intertwining operator. By

the definition of A, we have

(D, (Vi) ) (ur, 21) -+ B, (Vi73)) (k1 26-1) Ay () (w1, 2 ), w)

:<wé7 Pk (eszwl(l)emel (0) p—2log(zx) Ly (O)w17 21;1),

. (Y%)Pk71 (62k71Lv(1)(_Zk—_21)Lv(O)gl—1uk_17 Zk;__ll)

- <YVgV22)p1 (621LV(1)(_ZI_Q)LV(O)gl_lul, zl_l)w2>, (525)
where p; € Z is uniquely determined by [, (z; ") = —ly(z;). By Lemma 3.0.37, we

know that on the region given by 0 < |27 < - -+ < |z;!|, or equivalently, |z, > -+ >

|zi| > 0, (5.25) is absolutely convergent to

Fra(Fitis oot e O (a2 B Oy et O a2y B Og Ty,
ek Lwy (1) gmiLiw, (0) ,—2log(zx) Ly (0)w1, wo, wé) (5.26)
Let fa, k(21 zki U, ..., Up—1, w1, w5, wa) be equal to (5.26). By Proposition

3.0.20, we know that for any k € Z, the function f4_ (y) s satisfies Condition 3.0.13
for (k —1,1,{0}). O
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Chapter 6

Tensor Product Bifunctors

In this section we introduce the notion of twisted P(z)-intertwining map and give
a definition of tensor product of two twisted modules. The material in this section
is essentially the same as the corresponding material in [HL2] and [HLZ3] except
that V-modules and intertwining maps are replaced by twisted modules and twisted
intertwining maps.

Let G be a group of automorphisms of V' and C a category of g-twisted V-modules
for g € G. Let C, be the full subcategory of C whose objects are the g-twisted
objected in C. The category C can be the category GM,,.(G) (the category of grading
restricted generalized g-twisted V-modules for g € G) or M, (G) (the category of
grading restricted ordinary g-twisted V-modules for ¢ € G). But since many of
the constructions in the present paper works for any category satisfying suitable

conditions, we shall work with a general category C.

Definition 6.0.1. Let g; and g» be automorphisms of V', and let Wy, W5, W3 be ¢;-,

g2-, g1g2-twisted V-modules, respectively, and let z € C*. A twisted P(z)-intertwining

map of type (Wlf/‘j”‘,?) is a linear map I : W1 ® Wy, — W3 given by I(w; ® wy) =

V(wy, 2)wy for wy € Wy and wy € Wo, where ) is a twisted intertwining operator of

type (i)
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Using Definition 3.0.23 and the L(0)-conjugation formula we can prove the fol-

lowing proposition.

Proposition 6.0.2. Let I be a linear map from Wy @ Wy to W, and z € C*. Then,

I is a P(z)-intertwining map of type (W%’w) if and only if

Vi(wy, z)wy = a2~ LO (x’L(O)zL(O)wl ® 2~ MO0 0y,) € Wy{x}[log(z)] (6.1)

W3

1s a twisted intertwining operator of type (W1W2

) , where

2O = HoLO0)s 3 (ol 1 ()
keN

Using the notion of twisted P(z)-intertwining map, we can define the notion of

tensor product of two twisted modules in C.

Definition 6.0.3. Let W and W5 be g;- and go-twisted V-modules, respectively. A
P(z)-product of Wy and Wy is a pair (W3, I) consisting of a g;go-twisted V-module
W3 and a twisted P(z)-intertwining map I of type (Wvlv‘;”%) If W7 and W5 are objects
in C, a P(z)-tensor product of Wy and W5 #n C is a P(z)-product (W, Xpr.) W, Mp(.))

satisfying the following universal property:
1. The module W; Mp(.) W is an object in C.

2. For any P(z)-product (W3, I) of Wy and Wy with W3 € obC, there exists a
unique module map f : Wi Mp(,) Wy — W3 such that we have the commutative

diagram

W1®W2;>W3

Rp(. -
P( )l /

W1 Wp(z) W

where f is the natural extension of f to W Mp(,) Ws.



102

We now give a construction of the P(z)-tensor product (W; Mp(.y Wy, Mp(.)) of
Wy and Wy in C under a suitable assumption using the same method as in [HL2] and
[HLZ3].

Given a P(z)-product (W3, I) of Wy and Wy, for wi € Wi, we have an element

A ws € (W1 ® Wa)* defined by
)\va:li (w1 & U)Q) = <'U}/3, [(w1 X U)2)>

for wy € Wy and w, € Ws. Let Witp(.)Wa be the subspace of (W, ® W,)* spanned by
A1y for all P(z)-products (W3, I) and wy € W3, with W3 being a g1 go-twisted object
in C. It is important to keep in mind that the space Witp.yIW> depends on C. We

define a vertex operator map

Vi)V @ (WisipyWa) — (Watps W) {2} loga]

(g9192)7" _
Y, 12 (0, 2) A1, = A

Willp () Wa (62)

—1
I,Yé§§92) (v,z)w}

for v € V and )\I,wé € W:[NP(Z)WQ.

Y(9192)71

Willp )W2(-, x)- is a well-defined linear map.

Proposition 6.0.4.

Proof. Suppose .J is a finite index set, and A = 3, ; Ar, uy ,, Where wi; € Wy,
Wi is a g1 go-twisted module in C, and I;(-®-) = V;(+, 2)- is a twisted intertwining map

of type (V‘;ﬁ%), fori € J. We need to prove that if A = 0, then YV(V“"IIEQ?(:WQ(U, z)(A\) =0,

or equivalently, (Yvi,gllélli):%)o(v, z)(A) =0, for any v € V.

Now assume A = 0. For any wy; € Wy, wy € Wy, we know that

0= /\(w1 X 'U)Q) == Z )\[hwé’i(’wl X U}Q) = Z <wé7i,yl-(w1, Z)'U)2> .

ieJ iceJ
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Therefore, for any v € V., wy; € Wy, wy € Wi,

Z <w§,ia yz‘(Yvﬁly/ll(% T)wi, z)w2> =0.
icJ
By the duality of ), i € J, on the nonempty open region given by 0 < |z; — z| < |z],

|arg z; — arg 2| < 7, we know that

Y [halznzvwnwe ) = Y (wh, Vi(Vilh (v, 20)wn, 2)ws) =0, (6.3)
i€l el
which implies as a function on 21, Y 7, f5, o(21, 2; v, w1, wa, wy ;) is the identically zero
function. On the nonempty open region given by |z1| > |2, |arg(z —2) —arg 21| < 7,

we have

Z <w§,pyﬂg (v, 21) Vi (wr, z)w2> = Zf;ig(zlu 2}, W, Wa, wéz) =0, (6.4)

ieJ ieJ

which implies 0 = >, (wh;, i (v, 2)Vi(wy, 2)ws) = (Y&lggi)(;%) (v, 2)(A\) (w1 ®

w2)- |

Remark 6.0.5. Suppose that the direct sum of two objects in C is also in C. For any

. . . n . . . / ’
linear combination ), ALy > where Wy is a giga-twisted module in C, ws,; € Wy,

W35

W1W2)7 Z = 17,77/7 we knO’w th,at

and I; is a twisted intertwining map of type (

n _ _ n ! / / /
Yo ALy, = ALy, where Wi = @] W3, € obCyyg,, wy = wyy + -+ +wy, € Wy,

W3 )

and I = (I,...,1,) is a P(2)-twisted intertwining map of type (W1W2

In other words, for any A € WiEp,)Wa, we can write X = )‘I,wg for some W3 €

obC, wh € W3, and twisted intertwining map I of type (W1W2

Proposition 6.0.6. The pair (Witp(,) W, Yvi,gllmgi)(:%) is a (g1g2) "L -twisted V -module.

Proof.  For fixed Wy and I, the space spanned by all A; ,;, for wy € W3 is the image

of Wy under the linear map from W;3 to Witlp(.)Ws given by ws = Ar . This linear
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map preserves the gradings, commutes with twisted vertex operators. So the space
spanned by all A7, for wy € Wy is a generalized (g g2) " *-twisted V-module. Thus,
Witlp(:) W, as a sum of generalized (g, go)-twisted V-modules, is also a generalized

(9192)_1—twisted V-module. 5

Assumption 6.0.7. Throughout the remainder of this work, we assume that the

following conditions for C hold:
1. Any object in C satisfies Assumption 4.0.1
2. For objects Wy and Wy in C, Witp\Ws is also in C.

3. The contragredient of an object in C is also in C. The direct sum of two objects

i C is also in C.

4. the double contragredient of an object in C is equivalent to the object. In other

words, dim W, < oo for any n € C and object W in C.

From the Conditions 1 and 2 in Assumption 6.0.7, we see that (W;tip,)Ws)" is in
C. We take Wy Mp(.y W to be (Witlp,)Wa)'. We still need to give a twisted P(z)-

Wl&P(Z)WQ

Wit ) or equivalently, an intertwining operator

intertwining map Xp() of type (
of the same type.

Let W be a (g192) *-twisted V-module in C and f : W — Witp,)Wa a V-module
map. Since the double contragredient of an object in C is equivalent to the object

itself by Condition 3 in Assumption 6.0.7, every element of (W’')" can be viewed as

an element of W. For w, € Wi, wy € W5 and w € W, we define

(w, Yy (wr, 2)ws) = (f(w)) (w1 © wy). (6.5)



105

Then we define

yf (wl’ ZL‘)’UJQ _ xLW/(O)e—(log z) L, (O)yf( —Lw, (0) (log z) L, (0)w Z)J}_LWQ (O)e(log z) L, (O)w

(6.6)

for w; € Wy, we € Wy, We now have a linear map
Vi Wy @ Wy — W{z}[logz].

Proposition 6.0.8. The linear map Yy : W1 @ Wy — W{x}[log x] given by (6.5) and

In particular, in

(6.6) above is a g1go-twisted intertwining operator of type (Wvlvv;/z)

the case that W = Witp Wy and f = 1W1NP(Z)W2 : W — Wibp) Wy is the identity

W1|ZIP(Z)W2

map, we obtain a gigo-twisted intertwining operator ylwlmm s of type ( W )

Proof. We first verify the L(—1)-derivative property.

d
%yf(wla )W

_ i 2Lw (0 e—(logz)LW/(O)yf(x_LW{(0) (log z) Ly, (O)w1 2 ~Lw, (0) ,(log 2)Lw, (0)

dx

— w1020 L O) [ ()Y (= (0) 108 Ew Oy )7L 0) 108 2) L,y (0),

2

2

— Lw(0) p=(log 2) Ly (0 yf(Lwl( Yo Ewi =1 glog ) Lwy (00, )= Lws (0) 108 2) Ly (0)y,
— Lw(0) o —(log z)wa(O)yf(gl;Lw1 O glog2)Lwy (00, 2) Ly, (0)z~Ewa 071 log2) Ly (00,
— xLW’(O)e*(IOg z) Ly (0)
) (LW,( Vy(z —Lw, (0) (logz)Lwl(O)wl’Z) — Vi(Lw, (O)x*LWI(O)e“"gz)LWl(O)wl,z)

— Vi(z —Lw, (0) (logz)LWI(O)whZ)LWz(O))'

g~ Lw> (0) o108 2) Ly (0, (6.7)

Since f is a V-module map, f(W) is a submodule of Witlp(.)Ws. By the definition

of Witlp(,)Wa, it is spanned by elements of the form A7, for a g1gs-twisted V-module
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W3, a P(z)-intertwining map I of type (WZVSVZ) and wh € Wi, In particular, forw € W,

n
= E /\Ii w!
[}

=3

where for ¢ = 3,...,n, w, is an element of the contragredient module W/ of a g;gs-
twisted object W; in C, and I* a P(z)-intertwining map of type (W%@)

Let V' be the intertwining operator of type (W W ) such that I* = Y(-, 2)-. Then

we have

(w, Yy (w1, 2)ws) = (f(w))(w; @ ws)

= Z At (W1 @ wy)
- Z(w;,ﬂ(wl ® ws))
— Z(wg,yi(whz)wﬂ)

for wy € W1 and Wy € WQ. AlSO,

(e 00w 1) = (Lay s O ) 0
- Z<LW1EP(2)W2( )‘IZ )(w1 ® wg)
= ZReSx (Y(glgz l(w L)t ) (w1 ® wy)
— ; Resxm()\ﬂ,y‘g{lgw71(w,x)w; (w1 ® ws)

= Z ALi Ly (0yw! (W1 ® w2).
i=3
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for w; € Wi and we € Wy, So we have

f(Lw(0)w) = Z AL Ly (O
i—3

Thus for wy; € Wy, wy € Wa,

(w, (Lw (0) YV (w1, 2) = Yy(Lw, (0)w1, 2) — Ve(wi, 2) L, (0)) wa)
=(Lw (0)w, V¢(w1, 2)wz) — (w, Yy (Lw, (0)wy, 2)wa) — (w, Vs(w1, 2) L, (0)wa)

=(f(Lw (0)w)) (w1 @ wg) = (f (w))(Lw, (0)wr © wa) — (f (w)) (w1 @ L, (0)ws)

= Ary@uw (W @ w2) = Y Arwr (L, (0)wy @ wa) = > Mg (w1 @ Ly, (0)ws)
i=3 ' i=3 i=3

= (L (0w}, V' (wr, 2)wa) — > (w], V'(Lw, (0)wy, 2)w)

i=3 =3

- Z<w;’ yi(wlv Z)LW2 (0)w2>

1=3

= (W, (Lw, (0)Y' (w1, 2) = Y'(Lw, (0)wr, 2) — V' (w1, 2) L, (0) )w2)

where we have used the L(0)-commutator formula for the twisted intertwining oper-

ators V°. Since w € W and w, € W, are arbitrary, we obtain

Ly (0) Vs (w1, 2) — Vi (Lwy (0)wr, 2) — Vy(w1, 2) L, (0) = 25 (Lw, (—1)wy, 2)  (6.8)

for w; € Wi.
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Using (6.8), we see that the right-hand side of (6.7) is equal to

2 LpLw(0) ,—(log Z)LW(O)ny(Lwl (_1)m_LW1 (0) o (log 2) Ly (())w17 Z):E—LW2 (0) ,(log 2) L, (0)w2

_ ILW(0)6_(10gz)LW(0)yf(l»_LW1 (0) o (log ) Ly (O)LW1(_1)wla Z)I—LW2 (0)6(10gz)LW2(0)w2

= Vi(Lw, (—1)wy, z)ws,,

proving the L(—1)-derivative property.

For v € V., w; € Wi and wy € Wy, we have

(PO (w0 2yw)) wr @ s) = (85 Ly, (0,2) f () (g 2 o)

—1
(Ve (0,2) At ) (101 © )

M-

=3

3 |l

A
3

. — w wsy ).
[v.yyv(‘g.lgz) 1(v7x)w{< 1® 2)

7

7

Then we obtain

n

-1
FORES (0, 2)w) = Y DAL i

=3

For a g;go-twisted V-module W3 in C, a P(z)-intertwining map I of type (WVIVSVQ),

ueV,w €Wy, wy € Wy and wh € Wi, we have

(w, Yip™ (u, 21) Yy (wy, 22)we)
— <U}, YV!IJ/IIQQ (u’ Zl>e(log z2) Ly (0)67(10g 2)Lyy1(0)
. yf(e*(log 22)Lw, (0)€(log 2)Lw, (O)wl ’ Z>€f(10g 22) Ly, (O)e(log z) L, (0)w2>
= <e(10g z2)Lw (0)67(10g z)Lw (O)YV([‘/QIQQ)_l (ezlLV(l) (—2;2)LV(0)U, Z;1>w’
yf(e_(log 22) L, (0)6(10g z)Lw, (())U}1 : Z>€—(10g 22) Ly, (O)e(log )L, (0)w2>

_ (f(e(log zg)LW(0)6—(logz)LW(0)YV(Vg1g2)*1 (ezlLV(l)(—Z;2)LV(O)U, Zl_l)IU))

(e—(log z2) L (0) ,(log 2) Ly, (0)w1 ® e~ (10g22) L, (0) ;(log 2) L, (0)w2)
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= Zg)\ ) (logzz)LW/(O) —(logz)LW/(O) (qlqz) ( zlLV(l)(_21—2)Lv(o)u’21—1)w2
(e~ 0052w, (0) 108 )Ly (0) ) =08 22) Lawy (0) 08 2) Lawy (0 )
_ <e(10g22)LWZ((0)6—(103Z)ng(o)yl/gg/lgz)_l(ezlLv(l)(_Zl—2)Lv(0)u 2 l)w“
1=3
yi(ef(logzg)Lwl(O) (logz)LWI(O)w Z) 7(10g22)LW2(O)e(IOgZ)LWQ(O)w2>

_ <w{7 Y9192 (u, Zl)e(log #2) Lw; (0) , —(log 2) Ly, (0),

1=3
_yi(ef(logzz)Lwl(O) (logz)LWI(O)w Z) 7(log22)LW2(O)e(logz)LWQ(O)w2>
= > (W}, Y% (u, 20) V' (wy, 29)ws). (6.9)
=3

Similarly, we have
(o, Vi, )V s o) = S s Vi, o) Vi () (6.10)
=3
and
(w, V(i (u, 21 — 22)w1, 22)wz) = zn:<w§,yi(yv%ﬂ(u, 21— Z)wi, 22)ws).  (6.11)

=3

Since )* for i = 1,...,n are twisted intertwining operators, the duality property for
Yy follows from (6.9), (6.10), (6.11) and the duality properties for V"

The convergence for products of more than two operators follows from the formula

(w, Vi (uy, z1) - - Y2 (uge—1, 2i—1) Ve (wr, 25,)w2) (6.12)

= Z wh, Vi (ug, 21) -+ - Vi (w1, ze—1) V' (wr, 21 ws),

whose proof is the same as that of (6.9). Since )" are twisted intertwining operators,

the fact that fyi, satisfies Condition 3.0.13 for (k — 1,1,{0}) implies the fact that
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the function that (6.12) converges to satisfies Condition 3.0.13 for (k — 1,1, {0}).

]
Let Rp.) = ylwlgp(z)% -, %)-. Then Mp(,y is a P(2)-intertwining map of type
WK p () W,
( 1W’1°I(/I)2 2). Let

wy Mpy we = Mpey(w @ wy) = (w1, z)wy € Wy Wp(,y Wa

1
Wll_\lP(Z)WQ

for wy; € Wy and wy, € Wa. We call wy Xp(,) wo the P(z)-tensor product of w; and w,.
By (6.5), we have
)\(wl X ’wg) = <>\, w1 &p(z) ’w2> (613)

for A € WlEP(Z)WQ, wy, € Wy and wy € Wi,

Theorem 6.0.9. The pair (W, Mp(.) Wa,Mp(,)) is a P(z)-tensor product of Wy and
W2 mnC.

Proof. First, by Assumption 6.0.7, we know that W, Xp(,) W, is indeed an object
in C.

Let (W3, 1) be a P(z)-product of Wi and Wy with W3 € obC. Then we have a
module map g : Wy — Witlp,)Wa given by g(w3) = Az, for wy € W3, By definition,
we have (g(w3))(w1 ® wa) = Apuy (w1 ® wy) = (wy, [(wy ® wy)) for wy € Wy and
wy € Wy. The adjoint of this module map is a module map f : W) Mp,) Wy — Wi,
By definitions and (6.13),

(W, (f o Mpy) (w1 @ wa)) = (ws, f(wi Kp() wa))
= (g(wy), w1 Bp(z) wy)
= (g(wy)) (w1 ® wy)

= (wg, I (w1 ® wy)).
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So we obtain f o Xpi) = 1. [ |

We have assigned each object (Wy, W) in the category C xC an object W1 Xp.y W,
in C. To obtain a functor from C x C to C, we still need to assign a morphism (f1, fo)
in C x C a morphism f; Xp(;) fo in C.

Let W7, Wl be g;-twisted V-modules in C and W5, Wg g1-twisted V-modules in C.
Let fi : W, — Wl and fo : Wy — Wg be module maps. Let JNJ be the intertwining

W1®p<Z)W2 -~

operator of type ( i ) such that @, Mp(,) Wy = Y(w1, 2)W,. Since f; and fo
1vv2

W1®p<Z)W2) )

are module maps, ) = Yo (f1 ® fo) is an intertwining operator of type ( Wity

Then I = Y(-, 2)- is a P(z)-intertwining operator of the same type. Hence, we have a
P(z)-product (Wl NMp(2) Wg, I) of Wy and W,. By the universal property of the tensor
product (Wi Mp(,) W, Xp()), there exist a unique module map f : Wi Mp,) Wy —
Wl Xp(z) Wg such that I = f o Xp;). We define this module map f to be the

P(z)-tensor product of f; and f, and denote it by fi Mp(.y fo.

Theorem 6.0.10. The assignments given by (W1, Wa) —= Wip) Wy and (f1, fa) —

J1 ®p(z) f2 above is a functor from C x C to C.

Proof. 1Tt is easy to verify 1, Rpi) lw, = lwymp . w, and (fi Mpe) f2) 0 (1 Kp(
g2) = (f191) Mp(2) (f2g2) by using the construction of the tensor products of module

maps. We omit the details of the proofs. |

We call this functor the P(z)-tensor product bifunctor for C.
We now give a result on Condition 2 in Assumption 6.0.7.
Theorem 6.0.11. Let G < Aut(V'). Assume that the following conditions are satis-

fied:

1. For g € G, there are only finitely many irreducible grading-restricted g-twisted

V-modules.

2. For g € G, every grading-restricted g-twisted V-module is completely reducible.
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3. For g1,90 € G and grading-restricted gi-, go-, g192-twisted V-modules Wy, Ws,

W3, the fusion rule NV%WQ = dim VV%% is finite.
Then Witlp) W is in GM g (G) for any objects Wy and Wy in GM . (G).

Proof. Let Wy and Wy be ¢;- and go-twisted V-modules in GM,,(G). Then
Witp)Wa is a generalized (9192) '-twisted V-module. From the construction of
Witp)Wha, it is a sum of grading-restricted (91 gg)_l—twisted V-module. By Condi-
tion 2, Witp(,)W2 must be a direct sum of irreducible grading-restricted (g1g2)~"-
twisted V-modules. But by Condition 1, there are only finitely many irreducible
grading-restricted (g, gg)_l—twisted V-modules. If W Hp.yW; is an infinite direct sum
of irreducible grading-restricted (g;go) !-twisted V-modules, at least one irreducible
grading-restricted (g;g2)~'-twisted V-module W5 has infinitely many copies in this
decomposition of WiHp,)W,. But then we have infinitely many linearly independent
injective V-module maps from W3 to the Wimp(,)W,. But by Proposition 6.0.8, these
infinite injective V-module maps give linearly independent twisted intertwining op-
erator of type (WZVI;%&) Thus the fusion rule ]\TVV[I,/;’W2 is co. By Condition 3, this is
a contradiction. So WjEp,)W> must be a finite direct sum of irreducible grading-

restricted (g;g2) " -twisted V-modules. In particular, it is grading restricted. [

Corollary 6.0.12. Assume that the three conditions in Theorem 6.0.11 are satisfied.
Also assume that Ly (0)y, the nilpotent part of L(0)w, is nilpotent on W, for any W
in GM, (G). Then, the category GM,,(G) satisfies Assumption 6.0.7.

Proof. Theorem 6.0.11 shows that Condition 2 holds. Conditions 1, 3 and 4 are

clearly holds for the category GM,,.(G). |

For the same Wj; and W5, let ) be the twisted intertwining operator of type

(%1 ;ZQ()‘;E;;(I}Z)WI) such that wy, Mp_.yw = Y(wa, —2)w; for wy € Wi, wy € ¢g, (Wa) =
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W;. Then by Theorem 4.0.4, 2, ()) is a twisted intertwining operator of type

<¢g1(Wz) Xp(—2z) W1> _ (¢91(Wz) Xp(—2) Wl)
Wiy (g, (W2)) Wi, '

In particular, the pair (¢q, (W2) Mp.) Wi, Q. (Y)(+, 2)-) is a P(z)-product of W; and
W,. By the universal property of the tensor product W; Xp.y Wa, there exists a

unique g go-twisted V-module map
Rpezy : Wi NMpy Wo = ¢g, (W) Mp_.) Wi

such that

Q)(-, 2): = Rp(z) o Mp(a),

where ﬁp(z) is the natural extension of Rp(.). The g, go-twisted V-module map Rp.)

has an inverse

R};zz) L g (W) Mpoy Wi — Wy Wp(.y) Wo

constructed in the same as above except that we use {2_ instead of {2,. Then we obtain
a natural isomorphism Rp(.) called the G-crossed commutativity isomorphisms.

As in [H7] and [HLZ3], we also have parallel transport isomorphisms. Let 21, 29 €
C* and 7y a path in C* from z; to z3. We denote the homotopy class of v by [y]. For the
same W7 and W, let Y be the twisted intertwining operator of type (Wlﬁg(‘j[g; WQ) such
that wy Mp(.,) wa = Y(wy, 2)w; for wy € Wi, wy € Wy, Then (Wi Rp(.,) W, V(- 21)-)
is a P(z)-product of W, and W5. By the universal property of the P(z;)-tensor

product Wy Mp(;,) Ws, there exists a unique g;go-twisted V-module map
7{7] : Wl IXP(ZI) Wg — W1 &p(ZQ) W2 (614)

such that m o Mp,) = Npr,). The gigo-twisted twisted V-module map Tj, is
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invertible since the same construction also gives a g;go-twisted V-module map

Tt Wi Bp(ay) Wa — Wi Bpg,) Wy

which is clearly the inverse of 7j,;. Thus the natural transformation 7, is a natural
isomorphism called the parallel transport isomorphism from z; to zy along [v].
Let v be the path [0,1] 2 ¢ — e ™™ For the same W; and W,, we define the

G-crossed braiding isomorphism R : Wi Mpqy Wy — gbgl(Wg) Xp) Wi by

R ="Tp o Req-
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Chapter 7

Compatibility Condition and
C-Embeddability Condition

For a fixed z € C,, we need to study multivalued analytic functions on the region

F,(C—{0,2}) for n € Z,, and its subregions

( 3
12| <|zm| <...<[|z], if m >0,
0<|zmir — 2| <...<|zmi1 — 2| <|z|, if k>0,

(215« s Zmtnrt)
Qm,k‘,l(z) = 0< |Zm+k+l|<. < |Zm+k+1|<|2|, if [ > 0, )
c Cm+k+l
|Zm+1 — 2] + | Zmar1| < |z], if k£ >0,1>0,
\ |Zma1 — 2|+ 12| < |zm|, fm>0k>0
T )
Jarg(z; — 2) — arg(z)] < 7.
7=1,....m,if m >0
T
) (215 -+ s Zmtkrt) |arg(z;) — arg(2)] < X
Qm,k,l(z) = )
EQm,k,l(Z) j:m+1,...,m+k,ifk>0
3
~T e arg(z; — z) — arg(z) <—E,
2 2
J=m+k+1,... m+k+l, ifl>0
\ Vs
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T
|arg(z; — z) — arg(z;)| < 5

j=1,....m,if m >0
T
(2) (’217 S 7Zm+k+l) ‘arg(’zj> - arg(z)| < 57
Qm,k,l(’z) = <
GQm,k,l<Z) j:m+1,,m+k:,1fk>0
s 3

5 < arg(z; — z) —arg(z) < 5

j=m+k+1,... m+k+l, ifl>0
/
for m,k,l € N with m+k+1>0.

Proposition 7.0.1. Let Wy, Wy, W3 be g1-, go-, g1g2-twisted V -modules, respectively.

Let wy € Wi. Let z € C* and I be a twisted P(z)-intertwining map of type (W%”VQ)

Then, the element Ar., has the following property: For n € N, uy,...,u, € V,

wy € Wy, and wy € Wy, there exists a multivalued analytic function
Falz1s s zniun, oo Uy W1, Was Ay (7.1)

on F,(C—{0, z}) satisfying Condition 3.0.13 for (n,0,{0, z}), with a preferred single

valued branch

fﬁ(zl,-~~7Z’n;U1,~--7Un,w1,w2;)\1,wg) (7-2)

on F,?jo((C —{0, z}), satisfying the following:
1. For any uy € V, wy € Wy, and wy € Wy, the series

AL, (an (ur, 21 — 2)w @ w2>

= AL, (Ygl (u1, 2)w; @ w2> (7.3)

an=em0(z1-2) | loga=ly(z1—2)

is absolutely convergent on the region Q10(2). Moreover, it is convergent to

ff(leul,
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Wy, Wo; Al,wé) on the region Q&io(z) = Q((f%,o(z).

2. Foranyl e N, uy,...,uy €V, wy € Wy, and wy € Wy, the multiple series

AL, <w1 QY2 (uy,21) - - Y2 (wy, Zl)w2>

= A, <w1 ® Y (uy, 1) Y (w, xz)’LUz)

x?:e"l(ﬁzl), log(z;)=lo(z1), i=1,...,]

(7.4)

i powers and logarithms of zy,...,2 s absolutely convergent on the region
Q0,0.(2). Moreover, it is absolutely convergent to (7.2) on the region Q(%’l(z)
and to

-1 3-1
byzb

f 1,2°
l

(Zla"'7Zl;u17“'7ulvw17w2;)\)

on the region 98?371(2) (See Remark 7.0.4 for the definition of by ., -+ ,bi.).

3. The multivalued analytic function in 21, ..., 2,41,
212 ZnZ
fn( yee ey ;ul,...,un,wl,wg;)\ng), (75)
Zn+1 Zn+1

satisfies Condition 3.0.13 for (n,1,{0}).

Proof.  This result can be easily verified by using the definitions of Ar,; and
P(z)-intertwining maps and the properties of twisted intertwining operators including

Lemmas 3.0.33 and 3.0.37. We omit the details. |

Let g1 and go be automorphisms of V', and Wy, W5 be g1-, go-twisted V-modules,
respectively. Let z € C*. Motivated by Proposition 7.0.1, we formulate the following
condition for A € (W, ® Wa)*:

P(z)-Compatibility condition An element A € (WW; ® Ws)* is said to be P(z)-

compatible with respect to Wi and Wh, if for n € N, uq,...,u, € V, wy € Wy,
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and wy € Wy, there exists a multivalued analytic function
fn(zla'"7Zn;u17"'7un7w17w2;)\) (76)

on F,(C — {0, z}) satisfying Condition 3.0.13 for (n,0,{0, z}), with a preferred
maximally extended single-valued branch f¢(z1,..., zy; U1, ..., Up, w1, we; \) On

E o(C — {0, 2}), satisfying the following:

1. For any uy € V, wy € Wy, and wy € W, the series

A(Ygl(ul, 21— 2)w; @ w2>

= A(Ygl (ug, z)w; ® w2>

(7.7)

zn=eml0(z1-2) | log z=lg(21—2)

is absolutely convergent on the region € ¢(2). Moreover, it is convergent

to ff(z1;u1, wy, we; \) on the region Qé{io(z) = Q(()Qf o(2).

iRkl

2. Forany l € N, uq,...,uy € V, wy € Wi, and we € W, the multiple series

/\(w1 QY2 (uy, z1) - Y92 (uy, zl)w2>

= A(wl ® Y2 (uy, xq) - Y92 (uy, xl)wg)

z?:e"lo(ﬁ), log(z;)=lo(z1), i=1,...,0

(7.8)
in powers and logarithms of zy, ..., z; is absolutely convergent on the region
0,0.(%). Moreover, it is absolutely convergent to

fle(zl,...,zl;ul,...,ul,wl,wQ;)\) (79)
on the region Q(()lg ,(2) and to
bfl---bfl
L7 Y (e U, - U, W, Was N) (7.10)
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on the region Q((fg’l(z). (See Remark 7.0.4 for the definition of b ,,- - , by ..)

3. As a function on n + 1 variables zy,..., 2,1, the function
2172 2%
fn Yt ;ulw"aunawth;)\
Zn+1 Zn+1

satisfies parts (d) and (e) of Condition 3.0.13 for (n,1,{0}).

We denote the subspace of (W) @ Ws)* consisting of functionals which are P(z)-
compatible with respect to W; and W5 as COMP p(.)(W;, W3), or COMP for

short.

Remark 7.0.2. If A is P(z)-compatible, then f, < 2l ZnZ oy Uy, W, Wo, /\>

Zn41’ " zZpg1)

satisfies the whole Condition 3.0.13 for (n,1,{0}), because of Proposition 3.0.21.

Remark 7.0.3. In part 2. of Proposition 7.0.1 and part 2. of the P(z)-compatibility
condition, the reason that we involve two different regions Q(%’l(z) and Q((f())’l(z) is
because either of these two regions could be empty. Notice that here z is a fixed
nonzero complex number. Actually, when arg(z) € [0,7/2], the region Q[(f())’l(z) is
empty. When arg(z) € [37/2,2m), the region Q((f()),l(z) is empty. When Qé}g)’l(z) and
Q(()?&l(z) are both nonempty, the absolute convergence of (7.8) on these two regions

are equivalent.

Remark 7.0.4. Because of the domain of fC(z1,..., 20 U1, ..., Up, Wi, W5 A), i.€.
FRo(C —{0,2}), and the fact that f, satisfies Condition 3.0.13 for (n,0,{0,z}),

branches of f, can be indexed and acted by elements in the fundamental group of the

space
Fn,()((c - {072}> = H{ZZ S (CI Zi 7é 0, z 7é Z}‘
i=1
A set of generators of this fundamental group can be chosen as b, b; ,, 1 =1,...,n.

For each i, the elements b, and b; ., corresponds to bz and biy in the definition of
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twisted intertwining operator, and they freely generate m({z; € C| z; # 0, z; # z}).
Notice that

n

T (H{ZZ - C| Zi 7é O, Zi 7é Z}) = H7T1 ({Zz - C| Z; 7£ 0, Zi 7£ Z}) = H<bi,Oybi,z>‘

i=1 =1

(7.11)

For A € COMP, we want to define a linear map

V©COMP 3 u®@ A Y2 (u,2)\ € (W) ® Wa)*{z}[log .

We first define Ylgf(’,lzimil(u, )X € (W) @ Wy)*{z}[logx] for A in a larger subspace of
(W1 ® Wy)* than COMP. Let COMp(.)(Wy, W) or simply COM be the subspace of
(W1 ® W5)* consisting of A satisfying parts 2. and 3. in the P(z)-compatibility condi-
tion. By definition, COMP C COM. To define Y,ﬁ?;f"‘)*l(u, )\ € (W1@Ws)*{x}log x]
for u € V and A € COM is equivalent to define

VA e (=) HOu e n = (Vi) (wa)h € (1 © W) (o) log .

Since z; = oo is a regular singular point of fi(z1;uq, wy, wa; A), we know that there
exist unique a@;,, ;j(u1,wy,we; A) € Cand r; € C, for 4,7 =0,..., K and n € N, such
that on Q%’O(z) = Qf&o(z) (i.e. the region given by |z1| > |z|, |arg(z1—2)—arg(z1)| <

),

S

K
Ji (2150, w1, w5 A) = Z Zai,n,j(U,w1,w2§ Nz (log 21).

%,j=0 neN

Fori,7 =0,...,K, n € Nand u € V, we define (Ylg‘(]ifQ)_l> (WA € (W @
—r;+n—1,7

WQ)* by

<(Y1£g('i§2)_ >n+n1,k (U>)\) (w1 ® wy) = i, (u, wy, wa; \)
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for wy, € Wi and wy € Ws. Then we define Ylgﬁfﬂ_l(emL(l)(—ﬁ)L(O)u, 7Y\ to be

N
SO (V) e (loga)’ € (Wi @ Wa) (e} logal,
i,j=0 neN S

that is,

(Ylgﬁiiz)’l(erL(l)(_xz)_L(D)u, a:_l))\) (wy ® wy)

N
- Z Z i i (U, w1, wos N)a" " (log ). (7.12)

i,j=0 neN

By definition,

((77) (w2a) (i @

is absolutely convergent on the region |z1| > |z| and its sum on Qﬂ&o(z) = Qf&o(z)
is equal to ff(z1;u, w1, we; A). For simplicity, let (Yéﬁ%)*l) (u) = 0 for either
m,k
meC,m#—-r;+n—1fori=0,...,Nandn € Nyor k € N, k> N. Then we have
—1\ O —1\ O e
(V™) ) = DD (V) (e log )
meC keN ’

We have the following result:

Proposition 7.0.5. The space COM is invariant under the action of the components

of the twisted vertex operators Ylg“gi‘;h)il(u, x) foru e V.

Proof. We need to show that forny € C, ky =1,..., K, u; € V and A € COM,

(Yé@)gz)”)o (u1)A € COM. (7.13)

ni,k1

Write P = [T, (2 = 2)™, Q@ = [lacicjy (21 — )™, where M € Z, is sufficiently
large.

Suppose Qé}&l is nonempty. For any [ > 2, us,...,u; € V', on the nonempty region
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given by 0 < |z;| < |z|, =¥ < arg(z; — 2) — arg(z)<—2 j =1,...,1, we know that

P fi(z1,. . 25U, .o U, wy, Was A)
=P - X(wy ® Y9 (uy, 21) -+ - Y9 (wy, 2)wo)

= (P X(w; @ Y9 (uy, 21)Y?(ug, ) - - - Y2(uy, z1)ws))

x?:e”lo (1) Jog x;=lo (ZL)7 1=2...,1

=P > Y A @Y (ur, z)YE () Y (u)ws)

n2,...,n €C ka,....k;€N

252 log(22)*2- - - 2" log (z)™

=P - Z Z Jt (i un,w, Y2 (ug) -+ Y2 () wa; N)

N yeny n €C ka,..., ki eN

252 log(29)k2- - - 2 log(z;)™ (7.14)

Since for any 21 € C—{0, z}, (21,...,2) = (£1,0,...,0) is a regular singularity of P- f;,
we know that the right-hand side of (7.14) is well-defined and absolutely convergent
not only on the above region, but on the large region given by z; € C — {0, z}, |z| >
|z;] > 0,5 =2,...,1. Therefore, we know that on the region given by z; € C—{0, z},
2| > |z] > 0, =2 < arg(z; — 2) —arg(z) < —%, j = 2,...,[, the left-hand side of
(7.14) is equal to the right-hand side of (7.14).

(

In particular, on the region given by z; € Qﬁ()),o(z), 2| > |z > 0, =2 < arg(z; —

z) —arg(z)<—5%,j =2,...,[, we have

P fi(z, ..., z5u1, .., w, W, Was )

=P Z Z fr (i, wi, Y2y (ug) - Y2 () was A)

NDyueny n €C ka,..., k;eN

252 log(z2)*2- - - 2 log(z)*

—1\ O
=P Z Z ((YF(’%S]Q) > (1, Zl>/\> (wl ® Yfgirl,kz (ug) - -- Yfgiz*lv’fz(ul)wQ)

n2,...,n €C ka,....k;EN

252 log(z2)*2- - 2" log(z)* (7.15)
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Since (z1,...,2) = (00,0,...,0) is a regular singularity of P - f;, by (7.15) we know

that as a multiple series
P ((Ylﬁfj?)_l>o (u1, ZI)A) (w1 @ Y (g, 25) - Y92y, 2)wp) (7.16)

is absolutely convergent on the region |z1| > |z] > |z;| > 0, 7 =2,...,1l. Moreover, it
is equal to P - ff(z1,...,2;5U1, ..., u;, wy,we; A) on the region given by z; € Qﬁ&o(z),
2| > |z;] > 0, = < arg(z; — z) — arg(z) < —%, j = 2,...,1. This implies that on

QS()),l—l (Z)v
((VA™) (w200 ) (w0 @ Y% (3, 29) -+ Y (1w, 2)w)

is absolutely convergent to ff(zi,..., 255U, .., u,wy, wa; A).  Also, since for any
(Z2,...,21) € F1_1(C—{0,z2}), (21,...,2n) = (00, 23, ..., 2) is a regular singularity of

P - f;. Therefore, for any n; € C, k; € N,

(i), @A) (Y)Y, )
ni,k1

is absolutely convergent on the region |z > -+ > |z| > 0 to a function which can

be analytically extended to a multivalued analytic function

—1\ O
fl—1 <Z2> <oy R U, -, UL, W, W2 <Y1§‘gi§2) >n1 o (U1))\>

on the region (22,...,2) € F_1(C — {0,z}). The fact that this function satisfies

Condition 3.0.13 for (I — 1,0, {0, z}) can be derived from the fact that

fl(Zl, ey R ULy ey U, W, W2 )\)

satisfies Condition 3.0.13 for (I, 0, {0, z}).
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Now we need to prove that

fiz1 (% -~~,ﬁ§U2, <oy U, Wi, Wo; (Ylgﬁ)QQ)il) (Ul))\) (7-17)

)
Zl-i—l Zl-i—l ni,k1

satisfies part (d) of Condition 3.0.13 for (I — 1,1,{0}). Suppose we have ¢ € S;_1 1,
m € {1,...,1}, integers 2 < iy < -+ < i, < I+ 1, and (%,,...,%;,) € Fn1(C —
S) (the case m = 1 means there are no such integers iy, ...,i,). Without lose
any generality, we assume that either i; = j for j = 2,...,m or ¢; = j for j =

2,...,m—1,14, = [. Using the embedding (3.8), we naturally view S;_; ; as a subgroup

of §;1, and view ¢ as an element in either §;_1; or §;;. Write ¢(21,...,241) =
(Y121, 2191), Ya(22, 2141) - - -, V(2 2141) Yigr (2141))-
For the case i; = j for j = 2,...,m, we need to prove that

2<i<j<l

29 ( 22, 2141) 2(21, 2141) ( (91!]2)_1> ° >
_ s SRR B Uup)A
fi ( Vi1 (2141) Yi(2141) () mvkl( 2

satisfies part (b) of Condition 3.0.13 for (I — m — 2,1,{0, 2, ..., Z,}). It suffices to

prove that

zw’Z’Z szyz 192) 1\
[T (mmp iy (P2t | 202 () ()

Ui(zie) 7 ha(ag)

2<i<j<l
(7.19)
satisfies Condition 3.0.13 for (I — 1,1,{0}).
We consider
I G==)" ] (z—2)™
2<j< 2<i<j<I
5 (Z¢1(Zlazl+1)7 Z¢2(22,2z+1). o Z¢z(zl,zz+1);.._ ;)\) 7 (7.20)
Vi (zi01) Y (zi4) Ui (Zi41)
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Since \ is P(z)-compatible, we know that (7.20) satisfies Condition 3.0.13 for (, 1, {0}).

Let ¢ = 240120 - Then we have 2, = (=1, <—C1wl+1z(zl“),z/le(le)). For any

Y1 (z141)

Y € 51, and fixed 24, € C*, it can be shown that we have

Jim = = I (1), (M,m(ml)) c{0,00),  (T21)
or
Jim (2~ ) = Jim (67, (M’%@”,wm(%)) Can=0. (122)

Notice that z; = 0,00, and 2z; — 241 = 0 are regular singularities of (7.20). Fur-
thermore, they are the singularities mentioned in part (e) of Condition 3.0.13. Take
z1 = 0 as an example, by Appendix A, we know that on the region given by |2z1| < |z,

i=2,...,14+1, (7.20) can be written as

D baw(zmzp)alog(z0) = ) b (2 A )G log(G)M

a€C,keN n1€C,k1 EN

(7.23)

where b, = 0 except for a is contained in some set UY_; (r;+N) and £ is small enough,

b/

nk = 0 except for ny is contained in some set Uj_, (r; — N) and k; is small enough.

We know that 0], , are linear combinations (finite sum!) of by, for a € C, k € N.
The coefficients of these linear combinations are elements in C[z41, 2,4 ].

By the fact that (7.20) satisfies Condition 3.0.13 for (I,1,{0}), in particular,
part (e) of Condition 3.0.13, we know that b, x(22,...,241), a € C, k € N satis-
fies Condition 3.0.13 for (I —1,1,{0}). As a linear combinations of b, x(22,. .., 2141)
for a € C, k € N, the function b;, , (22,...,241) also satisfies Condition 3.0.13 for
(Il —1,1,{0}).

Notice that (7.19) is equal to b;, , (22, ..., 241) as multivalued functions.
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2 : o
For the case when Q(() 3 ,(2) is nonempty, we can use a similar argument as above.

Proposition 7.0.6. For uy,... U,y € V, wy € Wi, wy € Wy and A € COM, the

series
—1\ 0 -1\ ©
((VA™) (o) -+ (V577 ) (w200
(w1 @ Y (Uit 2mt1) -+ Y (Untts Zimt)W2) (7.24)
is absolutely convergent on the region |z;| > -+ > |zp| > |2| > |zmpa] > -+ >

|2zi4m| > 0 and its sum is equal to

Srna (215 Zmati Uy e Uiy W, Was ) (7.25)
on Qi,ll’)o’l(z) or to
b;ikl 2" 'r_n:-l z
m+l , ' (217"'7Zm+l;u'17"'7um+l;w17w2;)\) (726)
on Qg?o,l(z). Moreover, we have the following commutativity for Ylgf(’ger: For

Uty ..Uy €V, wp € Wi, wy € Wy and A € COM, the series

(Y]%)gz)fl(ul, 21) - .Y]gt‘&u;iz)fl(um, zm))\> (w1 ® we) (7.27)
is absolutely convergent on the region [z7!| > |21 > -+ > |2,,] > 0

and for o € S,,, the sums of (7.27) and

(ng‘((]i‘;n)_ (Uo (1) 20(1)) * -YS{;?Q’_ (Yo (m) ZJ(Z))/\> (w1 ® wa) (7.28)

are analytic extensions of each other. We also have the weak commutativity for
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Y}Q%L)QQ)_I: For uw,v € V, there exists M € Z, such that

—1 —1 -1
(o1 = a2V () Y (0,m0) = (o0 = o) MY (0w Vi ().

(7.29)

Proof. This proof uses essentially the same argument as the proof of Lemma
3.0.37.

We use induction on m + [. For the m + 1 =1 case, the result in included in the
proof of Proposition 7.0.5. For m + [ > 1, we further use induction on m. For the
m = ( case, the result is included in the definition of the space COM. For the m =1
case, the result is included in the proof of Proposition 7.0.5. Now we consider the
case m > 1.

Let P = [icicjcmpu(zi — 2)™, where M € Z, is sufficiently large. Suppose
QE}Z?OJ(z) is nonempty. On the nonempty region QSZ)_LOJ +1(2), by using induction

hypothesis, we have

P fan(zl, ey Bl ULy oo oy U, W1, W25 /\)
—1\ O —1\ 0
=P ((ng‘?;‘;n) ) (Um—1, Zm—1) - - <Y1§‘@§’2) > (u1, 21))\>

(wl & Y2 (um7 Zm) S Y92 (um-l—la Zm+l)w2)

2 55 () e () )

N 4+1€C k1 EN

(wl ® YgQ (uma Zm) e (Yg2)7nm+l—17km+l (um+l)w2) m+l lOg(Zerl)k’”“

} : § : e .
=P. ferlil(Zl,...,Zerl,l,ul,...,'LLerl,l,U)l,

N 4+1€C k11 EN

(Yg2)—nm+z—1,km+z (Unar)Wa; )\) z:{rl” 10g( 2y ) Fm+t. (7.30)

Note that P-f¢ ., <zl, ey 213 ULy« ey U1, W, (YgQ)_an_Lka (U Wa; /\>

can be extended to a single valued analytic function on F}), ., ; ,(C— {0, z}). For any

(21, Zmiie1) € Frn1(C—={0,2}), (21, -+ oy 2ma) = (21, - -+, Zmii—1,0) is a regular
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singularity of P - fu(z1,. ..,
Zmal; Uy« -« Upar, W1, Wwo; A). Therefore, the right-hand side of (7.30) is well-defined
and absolutely convergent to P- f¢ (21, ..., Zmis; U1, - - ., U, W1, W23 A) on the larger
region given by (21, ..., Zmti—1) € F 1 0(C—{0,2}), 0 < |zmp] < |2], |arg(zmss —
z) —arg(z;)| < 3.

Using induction hypothesis, we know that on the region 0 < |z;| < |2 < |z,
3 < arg(z — z) —arg(z) < —%, |arg(z; — 2) —arg(z)| < %, i=1,...,m, j =

m+1,....m+1-1,

P ffn+z_1 (21, s Bmpl—15 Ul e ey Uil —1, W1, (Ygz),nmﬂ,l,kmﬂ (Um+z)w2; >\>
= (V8) () - (V) (01,2000

(w1 @ Y (g1, 2mt1) =+ Y (Wingi—1, Zmi—1) (Y) g (Umeg)w2)

(7.31)

Therefore, on the region given by 0 < |z;| < |2| < |z], =2 < arg(z; —2) —arg(z) <

—5, larg(z; —2) —arg(z)| < 5, i=1,....m, j=m+1,... . m+1L

e . .
P.me(zl,...,zmH,ul,...,umH,wl,wQ,)\)
e .
=P E E fm+l71<217'"7Zm+lflyu17---7um+1717w17
”m+l€(C km_HEN

MNm+1

() U023 A) 23721 10g (i)

—Nm1—Lkmy (

P Y ¥ ((ylggw-l)o(umjzm)...(Ygg;gﬂ—l)"(ul,zl)x) (wy®

N +1€C k1 EN

Y2 (U1, Zmg) Y2 (Ui, Zmgi1) (Y2) g (U Ww2)

Mm+1 K1
Zm+l 10g (Zm-i-l) mr

_1\ 0 N
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(wl ® Y9 (um+17 Zm+1) YO (um+l—17 Zm—i—l—l)Yg2 (um—‘rl; xm+l)w2)}

Tm+1=—2m+1

(7.32)
The right-hand side of (7.32) is an iterate series. Since
m 1
——
(21, Zm) = (00,...,00,0,...,0)
is a regular singularity of P- f¢ (z1,..., Z;mess U1, - -+ Upng, W1, wo; A). We know that

the corresponding multiple series of the right-hand side of (7.32) is also absolutely
convergent on the same region. Therefore, on the region given by 0 < |z;| < |2] <
2], =5 < arg(z — z) —arg(z) < =3, |arg(z; — 2) —arg(z)] < 5, i = 1,...,m,

j=m+1,....,m+ 1, we have

P fﬁn-‘,—l(zh sy Bmly ULy - ey Umgg, W1, W23 )\)
—P. <<Ylgs(7;§72)*1> (um Zm) .. (y}&%;)gz)ﬂ) <u1’ 21)/\>
(wl X Y92 (um—i-h Zm+1) Yo (um—‘rl; Zm—i—l)wQ) . (733)

This would imply that on the region (z1,...,2m+) € Qmos, (7.24) is absolutely

convergent. Moreover, on the region (21,. .., Zm4) € ng,l: (7.24) is equal to

e . .
m+l(21? cee s Bmals ULy - e ey U, W, W23 )\)

-1 !
m+1,z m+l,z

Suppose Qg?o,z is nonempty. Replacing fr ., fr-1 by [0 and

-1 —1
bm+1,z”'bm+l—l,z

-1 , and adjusting regions suitably, one would prove the result by the

same argument.
This convergence result implies in particular the absolute convergence of (7.27)
on the region 27| > |z1| > -+ > |z] > 0. Using the commutativity for the twisted

vertex operators Y9, we see that for o € S,,, the sums of (7.27) and (7.28) are
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analytic extensions of each other.
. o g
For u,v € V, and sufficiently large M € Z, by the weak commutativity of Y77,

we have
(21 — zz)MfQE(zl, Zo5 U, U, Wy, Woy A) = (21 — Zg)MfQE(ZQ, 2150, U, Wy, W3 N). (7.34)

Since the expansion of f$(z1, zo; u, v, wy, we; A) on the region Qg()m(z) is

—1\ O —1\ 0
<<YI§£(’;§’2) ) (v, 22) (Y,ﬁ{j?) ) (u,zl))\> (w1 ® wy),

we see that

(21— 20)" ((Yz%?z)_ ) (v, 22) (Yéﬁﬁ_l) (u, 21))\> (w1 ® ws)

_ f: 3 i S i (z‘f ) ((y}gfg;§2>‘l);kl (v) (Y;fgg”)_l);k (u)A) (w1 ® ws)-

1=0 neC k=0 n1€C k1=0

e tM=i)logz (1gg 5 Yhe(mti) oz (1gg 5 ) (7.35)

must be convergent absolutely to the left-hand side of (7.34) on Qg&o(z) (the region
given by [21] > [2a] > [2], arg(s — 2) — arg 1| < 5, arg(z — 2) — arg 2| < I).
On the other hand, (21 — 22)M f§(z1, 20; u, v, w1, wo; \) is analytic at z; — 2 = 0. So

(7.35) is in fact absolutely convergent to the left-hand side of (7.34) on the region

2], [z2] > [2], |arg(z1 — 2) —arg 21| < 5, [arg(z, — 2) —arg 25| < §. Thus,

(21 — 20)M ((Y]g?;)g2)71>0 (u, z1) (YIS“(];?)A)O (v, 22)/\> (w1 ® wy) (7.36)

is absolutely convergent to the right-hand side of (7.34) also on the region |z], |22| >

2|, |arg(z1 — 2) —argzi| < 3, |arg(z, — 2) —arg 2| < §. From (7.34), (7.35) and
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(7.36), we obtain

(21— 2)M ((Y;g)g?)”)o (v, 23) (Ygg;)g?)’l)o (u, zl))\> (w1 @ 1wp)

= (21— 2)" ((ngﬁ‘;m_l) (u,21) (Yz%ﬁh)_l) (U722)>\> (w1 ® ws)

on the region |z1|,|z| > |z, |arg(z1 — 2) —argz| < §, |arg(z — 2) —argz| < §
for A € COM, uy,v € V, wy € Wi and wy € Ws, which, by the definition of

<Y]§‘gi§’2)71> (u, z) for u € V' above, is equivalent to (7.29). n

Proposition 7.0.7. For uj,us € V, wy € Wiy, we € Wy, and A € COM, the series

((ngg“;mil) (Y(Ub 21— 22)U2, 2’2))\> (w1 & w2)

= [((v5s™) 0 (w0 )us, 22N (w1 © )| (7.37)

TO=%21—%22, T2=22

is absolutely convergent on the region given by 0 < |21 — 29| + |2] < |22|, and its sum
is equal to f§(z1, z2; U1, ug, w1, wa; ) on the region given by 0 < |z; — zo| + |2| < |22],

and |arg(z) — arg(z2)| < 5, |arg(z; — 2) — arg(z2)| < 5.

Proof. On the region given by 0 < |21 — 2| < |22 < |21, |arg(z1) — arg(z2)| < 7, by

duality of Yi{? , as elements in W, we have
YV‘[‘J/?Q (ul, Zl)YVgVQQ (UQ, 22) Wo = YV‘[‘J/?Q (Yv(ul, 21 — ZQ)UQ, ZQ) Wwsy. (738)
Let Wy € W, be the element (7.38). We know that for any n € C,

Ty (W2) = Z(YWQ)—n—HA’er (Yoot (un)us) wa - (21 — 29) el mimiolz2),

me”Z

where A" = wt uy + wtu; + wtwy. Therefore, on the region given by 0 < |21 — 25| <
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|z2| < |z| and | arg(z1) — arg(z2)| < , we have

> (Z(sz)—n—1+A'+m (Yoo (wn Juz) wy - =200 <u> > S
22

neC \meZ

_Z/\ wy @ TR Yy (YV(U1,Z1 — 22)U2, %2) w2 ZA (w1 @ T, W2)
neC neC

= Z A (w1 @ 7, Vi (u, 21) Vi (u2, 220) ws) (7.39)
neC

where p = p(z, z2) is the unique integer such that [y (i) = 1,(z) — lp(22). We know
that p is locally constant. Note that the right-hand side of (7.39), as a summation
over n € C, is absolutely convergent on the region given by 0 < |z| < |z] to

fa(21, 295 ur, ug, w1, wa; A), because
)\ (’LUl X Y (Ul, Zl)YI/SI]/Qg (Ug, 22) U)Q) s

as a multiple series on z; and 29, is absolutely convergent on the region given by 0 <
|20 < |21] to fa(z1, 29; U1, ug, wy, we; A). Therefore, we know that the left-hand side of
(7.39), as an iterate series, is absolutely convergent to fo(z1, 2o; U1, Ug, w1, we; \), on
the region given by 0 < |21 — 2| < |22| < |21|, and |arg(z;) — arg(z)| < 3.

Let (a1,a2) = (£, #%2), and g(a1, az) = (Z;f) 1% (Z ajlﬂ . ul,u2,w1,w2,/\> =
(21—22)M ££ (21, 205 U1, g, wy, wo; N). Since M (a, ag)—(00,0) (21, 22) = (0,0), and (21, 22) =
(0,0) is a regular singularity of (21 — 22)™ f§(21, 22), by Appendix A, we know that
(a1,a2) = (00,0) is a regular singularity of g(z1,22). Therefore, on the region given
by |a1| > 2,0 < |as] < 1, or equivalently 0 < |z — 25| < |22| < %|z|, we have a corre-
sponding expansion, which has the same form as the corresponding multiple series of

the iterate series, the left-hand side of (7.39). Therefore we know that

A (w1 (24 YV% (Yv(ul, 21 — ZQ)'LLQ, ZQ) 'UJQ) (740)
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is absolutely convergent to fs(21, 22; U1, g, wy, we; A) on the region 0 < |23 — 2| <
|22| < 3|2/, which can be enlarged to 0 < |z1—25| < |22], 0 < |21 —22|+|22| < |2|. More-
over, by (7.38) and (7.39), we know that (7.40) is equal to f$(z1, 22; u1, Uz, Wy, wa; A)

on the region given by 0 < |21 — 22| < |z2], 0 < |21 — 22| + |22] < |z], |arg(z1) —

arg(z)| < I, =¥ < arg(z — 2) —arg(z) < —%, i = 1,2. And (7.40) is equal
—1,-1

to f;l’zb2’z(zl,z2;ul,u2,w1,w2;)\) on the region given by 0 < |z; — 23] < |22], 0 <

s

|21 = 22| + [22] < |2], |arg(z1) — arg(z2)| < 3, 3

< arg(z —z) —arg(z) < 3, i=1,2.
Suppose the region Q(%Q(z) is nonempty. On the region given by 0 < |23 — 25| <

(1)

|22], 0 < |21 — 2] + |22| < |2|, |arg(21) — arg(22)| < 5, (21, 22) € 90,0,2(2)7

U
2

D £z (un)ntia, wy, was A) (21 — 22) "7

nez

= Z A (w1 @Y ((ur)ptug, 20)ws) (21 — 25) ™!

neL
=\ (w1 & YV‘% (Y (u1, 21 — 22)us, 22) w2) = A (w1 & Yé{/é(“l» Zl)YV‘% (ug, 22) w2)

:fg(zl"z?;uhu%wl?w%>\)- (741)

Since for any fixed 25 € C—{0, 2}, fa(z1, 22; u1, ug, wy, wy; A) is analytic on the region
given by 0 < |21 — 23| < min{|z — 2], |22|}, with a regular singularity z; — 22 = 0.
Therefore, the left-hand side of (7.41) is absolutely convergent on the region given by
0 < |21 — 22| < min{|z — 22|, |22|}. By the analyticity of both sides of (7.41), we know

that

fo(zé; (u1) 2, w1, wo; A)(21 — Z2>7n71 = f5 (21, 22; U1, Ug, Wy, Wa; A)
nez

holds on the region given by 0 < |z; — 23| < min{|z — 22|, |22}, | arg(z1) —arg(z2)| < 5.

In particular, on the sub-region given by 0 < |21 — 22|+ 2| < |22|, | arg(z1) —arg(z2)| <
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7. |arg(zy — 2) — arg(z2)| < 5, we have

<Y1§%L§2)71) (Vv (u1, 21 — 29)uz, 22) (A) (w1 @ wy)

=Y (ng%l)gﬂ_l)O ((u1)nti, 22) (A) (w1 @ wa) (21 — 22) "

neL

=Y fi(z; (w)aus) (21— 20) "1 = f5 (21, 205w, g, Wi, wos ). (7.42)

nel

Suppose the region 98?372(2) is nonempty. On the region given by 0 < |23 — 25| <

|20], 0 < |21 — 20| + |22] < |2], | arg(21) — arg(zs)| < T, (21, 22) € Qg0(2),

Zfl 227 ul nUQ,wth,)\)(Zl - 22)—71—1

nez

=3 M (wy ® Y ((ur)ntiz, 29)ws) (21 — 22) "

neL
=\ (w1 X YV% (Yv (u, 21 — 22)ug, 22) w2)
=\ (’LU1 & Y‘/?/QQ (ul, Zl)YVE{/Z (U,Q, ZQ) UJQ)

b lbfl
=fo"7 77 (21, 225 Uy, Uz, w1, Wi A). (7.43)

Similar as the QS&Q(Z') # & case, we know that the left-hand side of (7.43) is abso-
lutely convergent on the region given by 0 < |21 — 23| < min{|z — 22|, |22|}. Also,
by 1by L

Zfl 22; ul nU2, W1, Wa; A)(2:1 - 22>_n_1 — f2 (Zla 225 U1, Uz, W1, W2, )\>
nez

holds on the region U given by 0 < |21 — 23| < min{|z — 23], |22]}, | arg(z1) —arg(zq)| <
5. For any (£1,%) € U, we can always find a path contained in U, starting and
ending at (21, 22), and representing by ,bs .. We define a path (z1(t), z2(¢)) in U start-
ing and ending at (z1,2;) as follows. Assume argz; < argz,. For t € [0,1/3],
let (21(), 22(t)) = (el(U—3Nasat3tare®) 2 23 For t € [1/3,2/3], let (21(1), 2(t)) =

(24 e2™GD(2(1/3) — 2), 2 + 2™B3=1(3, — 2)). For t € [1/3,2/3], reverse the first
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one third of the path. We know that v = (21(¢), 22(t)) satisfying the requirement we

want. Therefore, on the region (2, 22) € U, we have

> iz (un)tia, wy, was A) (21 — 22)

nez

=M. (Z ff;’i(zz; (1) ntz, wi, wa; A)(21 — 22)_n_1>

nez
b lps !

:[ ] <f21z 2z<21’22’u17u2,w1,UJ2,)\))

:fQE(Z:l? Z2; U1, U2, W1, W2; )\)

Same as before, we know that (7.42) holds on the region given by 0 < |z; — 25|+ |2| <
|2a|, | arg(z1) — arg(z2)| < 3, |arg(zs — 2) — arg(z2)| < 5. O
Proposition 7.0.8. On the space COM, for anyv € V', we have the L(—1)-derivative
property

!

-1 d
Vi (L(=Dw,2) = =Y (v,2).

Proof. Let A € COM. On the region z; € Q&g}l(z), for any w; € V, wy; € Wh,

and wy € W5, we have

ff(Zl; L(—l)Uh Wi, Wa; )\)

=\ (U]l X YV?/?Q (L(—l)ul, Zl)w2) = ()\ (U}l X Y%(L(—l)ul, Il)wg))

Tr1=21

d
= (d—)\ (w1 &® Y%(ul,xl)w2)>
T

r1=21
d

:d_zl)\ (w1 X Y (ul, Zl)wg)
d

d fl (Zlvul7wlaw2a>\) (744)
21
Therefore, by the holomorphicity, we know that on the region given by z; € C—{0, 2},

ff(leL(—l)Ul,whwz;)\) f1(21,ul,w1,w27)\)

dz
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always holds. In particular, on the region given by 2 € Qf&o(z), we have

(Ve ™) (L= Dyur, 2)A) (w1 @ ws))

Ylgg)g2)7l> (L(—l)ul,zl)/\> (w1 @ wy) = fi(z1; L(—1)uq, wy, wa; \)

Tr1=z1

ff(Zl;Ulawl,w%)\)
d —1\©
= — <<YI§‘[ZSJ2) > (U,l, Zl))\> (U)l & U)Q)

_ (L <<y§g;§2>”)°(ul,zl)x) (w1 ® wg)) (7.45)

r1=21

Therefore, we know that, for any u; € V, w; € Wy, and wy € Wo,

(Vi) W(=1)un, 207 (wn @ ws) = dixl (Vi) (wn))) (w1 @ ws).

Therefore we have

1g2) ! ° d 192) " ©
(Y}S%z)g) ) (L(—Dur, 1) = e (Yé@?’ ) (w1, 21),

which is equivalent to the L(—1)-derivative property. |

For any g € Aut(V'), We define the follow vector space:

COM, = COM, p) (W1, Wy) =
—1 1 -1 0
{)\ € COM‘ (Y;g)”) > (gv,z)(N) = (Ylgﬁfﬂ ) (v,2)(N), for any v € V.}

(7.46)

Proposition 7.0.9. The space COMy is invariant under the action of the components

of the twisted vertex operators Yéﬁj’”“(m z) forueV.

Proof. Let A € COMy, uj,us € V, wy € W and wy € Wy. By Proposition 7.0.5,

we know that (Ylg“éﬁ”)ilyk(ul))\ € COM for any n € C, k € N. By the weak
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commutativity in Proposition 7.0.6, we know that there exists M € Z., such that

—1\ © -1\ °
) (o ) (YAE) () ()
V™) ) (Vi) () )
o -1\ 2\ !
) taen) (vi57)) G
1

(™)) ) (V) e, ()

By Proposition 7.0.6, both

—1 o 1 o
(VA7) (7 ) (V) (2 22) W (s @ wa), - and

((vime)") (g, ) (VA7) (m 22) N (0r ® )

are absolutely convergent on the region (29, 21) € {2200(2). Therefore, by Proposition

7.0.6 and (7.47), we know that on the region given by (z2, z1) € Q20,0(2), we have

(21— 22)M <Y1%§2)_ ) (g7 ur, 21) <Y1£%2)92)_ > (uz, 22) (A) (w1 @ w2)

=2 (V™)) nm) (V) e )W © ) (748)

Multiplying (to1(21 — 29)~1)M, which is an absolutely convergent series on (z9,21) €

Q900(2), on the both sides of (7.48), we know that

—1\ ©O -1\ °
() (0 ) (V557) (i 22) ) @ )

_1y o\ —1 _1\ 0
= ((Yé?i‘?“” 1) ) (u1, 21) (ng‘(@‘;m 1) (uz, 22)(A) (w1 © wy),

This implies the formal variable version

—1\ © -1\ ¢
(7)) (155 )
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() (Y s,

which is equivalent to

! 1\ ?
(577) ue) ) (75257) ()0

1\ 0 -1\ ©
= (V) ) (VST () (),

Proposition 7.0.10. Suppose A\ € COM, = COMy p.\(W1,Ws). Then, for any

up € V9929w, €V, wy € Wy, wy € W, we have the following Jacobi identity,

_ r1 — X 192 —1\© 102 —1\©0
aa's (2 (vl wma) (VA ) )0 )
0

o

To — T -1 _1\©0
—xola( - ) (V™) Cansen) (YA ) (2, 22) ) (01 @ )

_ + 1g2)-1\°
—276 (“’2 ""CO) <Y]§~‘ZZ§) )(Yv(ul,xo)ug,xg) (A) (w1 ® w). (7.50)

In the sense that the coefficients of each formal monomial in both sides of (7.50) is

absolutely convergent.

Proof. Let A € COMg p(s) (Wi, Ws). In the following of this proof, we write
f§(21, 22) and f{(z1;v) as short for f§(21, z2; uq, ug, wy, wo; A) and f{(z1; v, wy, we; A),
respectively.

Since gou; = uq, by the equivariant property, we know that
Yii: (uy, z) € End(Ws)][z, ).

Similarly, by A € COM,, and the fact gu; = u;, we know that (Y}%?Q)_l> (ug,r1)(\) €
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COM|[[z*!]]. For any 21, 2o € C with (2, 2) € Qf&l(z), we have

Fo(21, 20) = (y}grggz)‘l)“ (t9, 20) (A) (wy @ Y2 (ug, 21 )ws) (7.51)

Therefore, for any zo € C with |z5| > |z|, we know that there is no multivaluedness
for f£(z1,22) when z; goes around 0.

For any 21,2, € C with (21, 22) € Qg&o(z), we have

f5(z1,22) = (ngﬁ%)il) (uz, 22) (ngé(]?)il) (u1, 21) (A) (w1 @ wy). (7.52)

Therefore, for any zo € C with |z5| > |z|, we know that there is no multivaluedness
for f§(z1, z2) when z; goes around oo.
Similar as (7.52), by Proposition 7.0.6, for any z1, zo € C with (29, 21) € Qg&o(z),

we have

f5(21,22) = (ngﬁ?)il) (u1, 21) (Yz%”;mil) (uz, 22) (A) (w1 @ wy). (7.53)

After fixing any z, € C with |z| > |z|, f¢(z1, 2,) is a function on 2z, € C, z #
0, z, 29,00, where z; = 0, 25, 00 are poles of f§(z1,22). The only possible branch point
is z; = z, which implies that there is no multivaluedness for f$(z1, 2z2) when z; goes
around z. Since z; = z is a regular singularity, z; = z is a pole of f§(z1,22). Thus,
for any fixed zo € C with |z3| > |z|, as a function on 2z, f§(z1,22) is a single valued
meromorphic function on C with poles at z; = 0, z, 29, 00. In other words, there exists

G2 (21) € C[z1], l1,1s,13 € Z, such that

fze(zh 22) = gzz(zl) ' (754>

21 (21 — 2)2 (21 — 29)'8

Notice that by taking the coefficient of z5*1277~", (7.50) can be implied by the fact
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that on some open region of zy contained in |zo| > |z|,

) —1\©° -1\°
Res,, 2} (11 — 23)F (Ylg‘téﬁ) ) (ug, 22) (Y]&?;‘;D) ) (w1, 1) (A) (w1 @ wa)
—Res,, 7] (=22 + 21)" (Yéﬁ?)_l) (u1, 71) (ng?i)m)_l) (uz, 22) (A) (w1 @ we)
= Res,, (2 + o)’ (Ylﬁf;)”)_l> (Yo (1, )z, 22) (A)(wy @ ws), for all j,k € Z.

(7.55)

By (7.52), we know that

Res,, @} (21 — 2)" (ng‘(@icm)_ ) (uz, 22) (ng?i?Q)_ ) (ug, 1) (A) (w1 @ we)
1

:2_m . Z{(Zl - 22)kf§(21> 2)d 21, (7.56)

where T'; is clockwise going around the circle of radius |z3| + 2 centered at 0 (a loop

with only oo inside and 0, z, 25 outside). Similarly, by (7.53), we have

o

. —1\© -1
—Res,, o} (== o) (Vi) () (YA ) (a, 22) ) (g @ )

1 ,
— | 2A(—z—2)"f5(21,20) d 2, (7.57)

21 Jr,

where T's is clockwise going around the circle of radius 3(|z| + |22|) centered at 0 (a
loop inside the annulus |z] < |z1| < |22]).

Now we consider the right-hand side. By Proposition 7.0.7, we know that

((Ylgt?z)q)" (Y(uy, 21 — 29)ug, Zz))\> (w1 @ ws) = f5 (21, 22) (7.58)

on the region given by 0 < |21 — 22| + [2| < |z, and |arg(z) — arg(z)| < 7,
| arg(z;—2) —arg(z2)| < 5. Since there is no multivaluedness around z; = z and z; = 0
for fa(z1, 22), we know that (7.58) holds on the region given by 0 < |21 — 25|+ (2| < |22,

|arg(ze — 2) — arg(z2)| < 3.
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™

Therefore, for any z, with |2;| > |2], and |arg(z; — z) — arg(z2)| < 5, we have

. -1\ ©
Resy, 2f(z2 + 20)) (YA ) (Vo (ur, 20)a, 22) (V) (w1 @ )

1
z

1 . —1\ O
:% (Zl — ZQ)k(ZQ + 21 — 22)3 <Y1£?i)g2) ) (Yv(ul, 21 — Zg)UQ, 22) (/\) (w1 ® wg) le
I's
1 )
=301 |, (21 — 20)*(21) f£ (21, 22) d 21, (7.59)
3

where I'; is counterclockwise going around the circle with radius 3 (|2z2| —|z|) centered
at zo.

By (7.56), (7.57), (7.59), and Cauchy formula, we know that (7.55) holds on the
region given by |z| > |z, and | arg(z; — z) — arg(z2)| < 5, which implies that (7.50)

holds. |

For any n € Z, we define the linear operator L(n)p,, on COM as the coefficient

of x7"2log(x)" in Ylg‘(’i‘a’er(w, T).

Remark 7.0.11. It can be proved that for any u € V9192 the operator Y;%L?Z)_l (u,x)
is the same as the operator Yp,\(u, ) defined in definition 5.5 in [HLZA] using the
approach of formal calculus where we regard W;, 1 = 1,2, as untwisted generalized
V491920 _modules. Note that w € VA™MY) c V{91920 Therefore, we know that there is

no logarithm term in Y;‘Zg’z)il(w, x).

By letting u; in (7.50) be w and taking Res,, on (7.50), we can prove the following

result.

Corollary 7.0.12. For any g € Aut(V), on the space COM,, the Virasoro-bracket
relations and the Virasoro module structure hold. In other words, for any v € V', on

COM,, we have

192)71 m+1 m— 1g3) "1
Lip(.y(m), Ylgﬁﬂ (Uﬂ?)] = Z ( i )x il Y;?ZSW) (L(k —1)v,z), m € Z.
keN

(7.60)
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1
[ }D(Z)(m), L’P(Z) (n)] = (m — n)L}D(Z)(m +n)+ E(m?’ — M)0mino Cv, M, € L.

(7.61)

Since COMP c COM, by Proposition 7.0.5, Ylg@?”—l(u,x))\ foru € V and \ €

COMP is in COM{z}[log x]. We now prove the following stronger result:

Proposition 7.0.13. The space COMP is invariant under the action of the compo-

nents of the twisted vertex operators Yg&?z)il(u, x) forueV.

Proof. We only need to show that for any A € COMP, uy,us € V, ny € C,

ko € N, the series

na,ke

((y;gg?)l)" (um) (Y9 (g, 21 — 2)wi @ ws) (7.62)

is absolutely convergent on the region Qg 10(z) (i.e. 0 < |21 — 2| < |z]), and is equal

to

1y (zl;ul, Wy, Wa; <Y1%)92)_ >n2 . (ug))\> (7.63)

on the region given by z; € Q&%’O(z).

Using a similar argument as the proof of Proposition 7.0.6, we can prove that
<<YP(>?2§2)71> (u2, 22))\> (Y9 (ur, 21 — 2)w; @ wo) (7.64)

is absolutely convergent on the region €2 1 0(2) (i.e. the region given by 0 < |z — 2|+
)

|z| < |22]). Moreover, on the region leio(z) = Q%,O(Z)) it is equal to
f5 (21, 225w, g, wi, wa; A).

The absolute convergence of (7.64) implies the absolute convergence of (7.62).
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On the region given by (z2,21) € QS%,O(Z) N Qf&l(z), we have

(™)’ (s 2)2) (V9 a1, 21— 2o @ )

=5 (21, 225 U1, ug, W1, Wa; A)

(4

5(132)_1) (u2, 22))\> (w1 @ Y9 (uy, z1)ws) . (7.65)

On the region given by (29, 21) € Qﬂﬂ(z) N Qf&l(z), we have

((Y}gﬁfﬁ_l) (ug, zg))\> (Y9 (ug, 21 — 2)w; ® wo)
=fy (21, 225 ur, ug, Wi, wa; A)
b1
=b1 .. <f21‘z(z1,22;u1,u2,w1,w2;)\)>
—b, .. [((Ylﬁ“‘é’j’” ) (us, ZQ)A) (w1 ® Y (ur, 21 )ws)]| . (7.66)

Using (7.65) and (7.66), one can show that (7.62) is equal (7.63) on the region given

by 2 € Q(()lfo(z) n

In general, one can use an argument similar to the proof of Proposition 7.0.6 and

Proposition 7.0.13 to prove the following proposition.

Proposition 7.0.14. Let A € COMP p(.) (W1, W3). For any m, k,l € N, the multiple

series

—1\ 0O -1\ ©
(™) s (V37 ) )
<Y91 (um—l-l; Tm+1 _Z) S Y9 (um—l—ky Tm+k —Z>U)1®

Yo (um+k+17 $m+k+1) Y9 (um+k+17 $m+k+l)w2> (7'67)

is absolutely convergent on the region Qp, r1(z). Moreover, on the region Qg?kvl(z), it
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18 convergent to

& . .
fm+k+l(21; ey Bmdk4l ULy - ooy U4k, W1, W2, )\)

On the region in)kl(z), it is convergent to

~Hk+m+l -1

i=k+m-+1 "4,z . .
fm+k+l (Zl, ey Bkl Uty - ooy Ut k1, W1, W25 )\)
|
Let F(xi,z2) be the free group with generators xi,z5. For any i = 1,... n,

define the group homomorphism ¢; : F(x1,x2) — the group (7.11) by ¢;(z1) = b; .,
vi(xe) = bi_’zlbiﬁobw. Define the group homomorphism ¢ : F(xy,x2) — (g1,¢92) by

Similar as Lemma 3.0.34 and Corollary 3.0.35, we can prove the following corollary.

Corollary 7.0.15. Let A € COMPp(y (W1 ® Wa)*), and {(fn, ) }nen be the multi-
valued functions with preferred branches in the definition of P(z)-compatibility con-

dition of A. For any a € the group (7.11), and y1, ...y, € F(x1,xs), we have

fﬁ(zb <y Zng ?/J(yl)ul, . 7¢(yn)um Wi, Wa; )\)

(H?:l ‘Pi(yz‘)fl)a . /
n (Zla-"7Zn7u17"'7un7w17w27w3)

Corollary 7.0.16. COMP C COM|y, 4,)-1.

Proof. Let A € COMP. We shall prove the following equivalent form:

((Y;fg;)ﬂ“)o)p“ (grg2)m2)0) = (Y& )) (we)(), forany ue V,p e,

(7.68)

It is sufficient to prove that for any wy; € Wi, wy € Wi, on the region given by
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|21] > |z], |arg(z1 — 2) — arg(z1)] < 7,

((y;g;)gzm)o)w (9192, )N (or @ w2) = (VIR ™)) (w2 W) @ ).

By Lemma 7.0.15, we know that on the region |z| > |z|, |arg(z1 — 2z) — arg(z1)| < 5,

(722 ™))™ (g2 )N w1 @ )

b b p+1
:f1( ob.e) (213 1 (2122)ur, Wi, wa; A)

br-b7 Lbiobi,z) " (biobr,z)P L
1( 1,207 baobr,z ) (b10ba,2) (21; U1, wy, wa; \)

bi oby 2 )P
:f1( Lot (21; U1, Wy, wa; A)

= (™)) s (w2 ).

W3

W1W2) and an element wj of Wi, the

For a P(z)-intertwining map I of type (

element A7, € COM also have the following property:

Proposition 7.0.17. Consider the subspace Wy, , of COM obtained by applying the
»W3

coefficients of the vertex operators Ylg“g;‘;”)il(u, x) for allu € V to Apuy. Then Wy,
Jwh

: : (9192)7" : —1_pp _
equipped with Yp(z) is a generalized (g1g2) " -twisted V -module.

Proof. 'The proof of this result is a straightforward verification. Proposition 6.0.6

and the fact that on W), ,, V1% = Yéj;éf(‘jw would help. n
aw3 z

For any A € COM, let W) be the smallest subspace of (W; ® W5)* which con-
tains A and is stable under the action of all the coefficients of the vertex operators
Y;,‘Z;?Q)fl(u,m) for all w € V.

We introduce the following conditions for A € COM. We say that A satisfies the
P(z)-grading condition, if \ is a (finite) sum of generalized eigenvectors for the

operator L(0)p,).
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By Corollary 7.0.12, for any A satisfying the P(z)-grading condition, we know that
W) can be decomposed into generalized eigenspaces of L(O)’P(z), which we denote as
Wy = hec(Wa)py. For any n € C, let m, : W;\ — (W) (or m, : W, — (Wx)p)) be
the projection map.

Let M be a category of twisted V-modules.

P(z)-M-embeddability condition An element A € COMp(,)(Wy, Wy) is said to
be P(z)-M-embeddable with respect to Wy and W, if

o There exists a subspace W C COMpg.)(WW1, W3), such that (V[/7 YPE%;)QQ)_1>
is a twisted V-module in M, and W) C W.

We denote the subspace of P(z)-M-embeddable functionals in (W) @ Ws)* as
EMBp(:) m (Wi, W), or EMB y for short.

Remark 7.0.18. Notice that if A € EMB, for some M, then automatically A sat-
isfies the P(z)-grading condition. This is because X € Wy C W for some twisted
module W in M. By Definition 2.0.1, any twisted module, in particular, W, can
be decomposed into a direct sum of L(0)-generalized eigenspaces. In other words,

Ae W, C @neCW[n}-

P(z)-local grading restriction condition An element A € COMp.) (W7, Ws) is

said to be P(z)-locally grading restricted with respect to Wy and Wy, if

1. X satisfies the P(z)-grading condition.

2. For any n € C, we have

dim(WA)[n] < 00 (7.69)

(Wx)jn—y = 0, for sufficient large [ € R,. (7.70)

We denote the subspace of P(z)-locally grading restricted functionals in (W} ®
W5)* as LGRp(.) (W1, Ws), or LGR for short.



147

Remark 7.0.19. We can see that P(z)-GM,-embeddability condition is stronger
that P(z)-local grading restriction condition. However, Theorem 7.0.21 says that
they are equivalent under the condition A € COM,, for any g € Aut(V). In other

words,

COM,; NLGR = COM,NEMBg,,, = COM;NEMB g, ,)

g

For A € COM satisfying the P(z)-grading condition, consider the map i : Wi ®
Wy — Wi(= (W)*) defined by <z’(w1 ®w2),5\> — Mwi ® wy), for wi € Wi,w, €
Wa, A € Wi

Lemma 7.0.20. For any A € COM satisfying the P(z)-grading condition, andn € C,

the space (Wy)p is spanned by m, o i(wy ®@ ws), wy € Wi, wy € Wh.

Proof. Since (W3)m = ((Wx)m))*, to prove this lemma, we only need to prove that
for any \ € (W), if <5\, T oi(wy ®@wy)) = 0 for all wy @ wy € Wy ® Ws, then A= 0.
This is clear because by the definition of m, and 7, we know that (\, 7, 0i(w; @ w,)) =

(mn(N), i(wy @ wa)) = (N, i(w1 ® wa)) = Mwy @ ws). O

Theorem 7.0.21. Let g € Aut(V). Suppose A € COM, satisfies the P(z)-grading
condition. Then, the space Wy equipped with Ylgg(’;i’?)_l 15 a g-tunsted generalized V -
module.

As a result, for any A € COM,NLGR, the space Wy equipped with Ylg"((’;)”)_l
1s a grading restricted g-twisted generalized V -module. In particular, for any A €
COMP NLGR, the space Wy equipped with Yéﬁf”” is a grading restricted (g1g2) -

twisted generalized V -module.

Proof. 1t is sufficient to prove this statement for only those generalized eigenvec-
tor A of L(0)p,). Let A€ W,.
The equivariant property follows from the definition (7.46) of COM,. The identity

property Y]§€L§’2)_l(l,x)(5\) — ) is equivalent to (Ylg?gQ)_l> (1,2)(\) = A, which
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follows from the definition of Y, 91§2) By using Corollary 7.0.12, the L(0)-grading
condition for Y(é(h‘;m) " on W) can be derived from the L(0)-grading condition for A.
The L(—1)-derivative property for Y, 9192 s proven in Proposition 7.0.8.

Therefore, we only need to prove the duality property. Let X € W; and A e W,
be both homogeneous, and u;, us € V' be bi-homogeneous. (In other words, u;, uy are
generalized eigenvectors for both L(0)y and g192.) By Lemma 7.0.20, we can further
assume X' = T\ 0 (W) ® ws), since by linearity, the duality holding for a spanning
subset of Wy implies the full duality.

Throughout the remainder of this proof, for z € C* and a € C, we use the notation
2% = ) and log z = [y(2).

We consider

(x, (Yp??z)_ ) (2 2) (V) (e, 20 (0))
_ Y(glgz)_l>0 (Y(glgz)_l)o ) Y-
Yy (it o), (vige™) ) ()

a1€C j1,j2=0
2t log (21 )" ZgA_al log(z;)72
192)" 1\ 19)-1\ 5
— Z Z ((Y(gg ) N (ug) (ng?zf) ) (ur)(N) (wn ®w2)).
a1€C j1,j2=0 —Atai—1j2 —a1—1,j1
21 log(21)7 25" log(22)7
(7.71)

where A = wt () + wt (u1) + wt (uz) — wt (A) — 2. By Lemma 7.0.6, we know that

on the region |z1| > |z2| > ||,
<Y(£(11)g2)*1) (u27 22) (Ylg?;;h)fl) (Ula Zl) (:\)(wl X wQ) (7_72)
Z Z (( 9192 ) . (UQ) (Y}gﬁ?ﬂ_ > ‘ (ul>(:\)<w1 ® w2)) .
—az2—1,j2 —a1—1,51

a1,a2€C j1,j2=0

21" log(21)7 252 log(22)*  (7.73)
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is absolutely convergent to fo(21, 22; U1, U2, Wy, wo; A). Notice that the right-hand side
of (7.71) is a sub-series of the series (7.72). Therefore, (7.71) is also absolutely
convergent on the region given by |z1| > |22] > |z|. Since the summation over a; € C
in the right-hand side of (7.71) actually can be replaced by a; € D where D is a
finite union of sets of the form r — N, r € C, we know that the region of absolute
convergence of (7.71) can be enlarged to the region given by |z1| > |22] > 0. By

Lemma 7.0.6, on the region given by |z;| > |2|, |arg(z — 2) —arg(z)| < §,i=1,2,

(21— 22) v (YA ) (an, 2) (YR (r,21) (0 (w01 @ )
(2) (2)

=(z1 — ZQ)M“I‘“Q f5 (21, 225 Uy, ug, wy, wa; )

= (21 — z9) e (YS9 ) (g, 20) (Y42 ) (g, 20) (M) (wy @ ) (7.74)
(2) (=)

By Lemma 7.0.6, there exists g, jia.j, € C such that on the region |z| > |z,

|arg(z; — z) —arg(z)| < 5,1 =1,2,

K
(z1—22) M0 f5 (21, 205 ur, wg, wn, was ) = Y Y Qg a2t log(21)7 257 log (20) 2,

ay,a2€D j1,j2=0

where D is a finite union of sets of the form r—N, r € C. Therefore, by (7.71), (7.72),
and (7.74), on the region given by |z| > |z|, |arg(z — 2) —arg(z)| < §, 1= 1,2, we

have

—1\ O —1\ O ~
(21 — z9)Mur2 </\'7 <Y1§?2§2) ) (ug, 22) <Y1££(72§2) ) (w1, 21)0\)>

K
— . . a1 J1 502 J2
= E § Qay jrraz.gp 21 108(21)7 257 log(22)
ai,az€D J1,J2=0
a1+az=A+Muy; uqy

(a1 = z2) s (N, (VE) (i, 20) (VERS) (2 ) (V) (7.75)
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Notice that in the intermediate step of (7.75), the set
D":={(a1,a3) € D X D | ay + ag = My, o, + A}

is a finite set. Define

K

flz, ) = (1 —22) M2 " N g e 21 log(21)7 252 log (22)

(a1,a2)€D’ j1,j2=0

By (7.75), we know that <X (Y g;)gz) 1>0(u2,z2) (Y;%;§2)71>0(u1,21)(ﬂ)> is abso-

lutely convergent to f(z1,22) on the region given by |z;| > |z2] > |2|, |arg(z; — 2) —
arg(z;)| < 5, 1 = 1,2, which can be enlarged to the region given by [z1]| > |23| > 0.
Similarly, we know that </\’ (YP“@‘§’2>71> (u1,21) (Ylg‘@?rj (g, 22)(5\)> is absolutely

convergent to f(z1, z2) on the region given by |z1| > |23] > 0.

We still need to consider

T R -

= () () e )

a1€Z Jj2=0
ai Z_Mul,ug

(21 — 22)" 25"V log ()72,

(7.76)

where M, ., € N. By Proposition 7.0.7, we know that
—1\ ©O ~
<<Y]§‘é§72) > (Y (uy, 21 — 29)us, 22))\> (w1 @ wo) = f5(21, 22; Ur, Ug, Wy, wo; N) (7.77)

on the region given by 0 < |2 — 22| + [2| < |z, and |arg(z) — arg(z)| < 7,
|arg(z; — z) — arg(z2)| < §. Since (21 — 22,22) = (0,00) is a regular singularity of

fa(z1, 295 uy, ug, wy, we; \), there exist a set Dy which is a finite union of sets of form
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r—N, r € C, and f4,,4,.5, € C, such that on the region given by 0 < |21 —z2|+|z| < |22],

the left-hand side of (7.77) is equal to the following absolutely convergent series,

K
ST 3T S Burania (21— 22) 257 log (22) 2. (7.78)

a1EZ ag2€D1 j2=0
ai E*Mul,ug

So, we know that (7.76) is equal to

K
DD Baaarn(m — ) 2 log(z2)”. (7.79)

a1EZ 72=0
alszul,uQ

As a sub-series of (7.78), the series (7.79) is also absolutely convergent on the region
given by 0 < |21 — 23] + |2| < |22]. By the form of (7.79), we can see that the
region where (7.79) is absolutely convergent can be enlarged to the region given by
|22] > |21 — 22| > 0. Furthermore, on the region given by 0 < |21 — 23| + |2] < |22,

|Z1| > |Z|7 |arg(zi - Z) - arg(zz)| < 57 1=1,2, |arg(z1) - arg(22>| < gu we have

K
S Y S Buran(zn — za) M 28 log (2,)

a1EZ a2€D1 j2=0
alszul,uQ

—1\ O
=(21 — zg) M2 (ngﬁgﬂ ) (Y (1, 21 — 22)ug, 22)(A) (w1 @ wo)

=(z1 — Zz)M“l’“2f26(21, 293 Uy, Uz, W1, Wa; )

(o1 = z2) s (V™) 2) (V) 1) O 0 )

K
= 3 Y Gursienseit log(z ) 252 log(z2) 2. (7.80)

a1,a2€D j1,j2=0
We further know that on the above region,

K
Z Z Baria—arj» (21 — 29) 1T Murwe 227 log(29) 72

a1€EZL 72=0
al Z_Mul,ug
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K

— . . a1 J1 502 J2
= § § Qay jriaz 21 108(21)7 257 log(22)
ai,a2€D J1,J2=0
a1+a2:A+Mul,u2

=(21 — z9)"2 f (21, 29). (7.81)

So, on the above region, and therefore the enlarged region given by |z5| > |21 — 22| > 0,
| arg(z1) —arg(z2)| < 7, we know that the left-hand side of (7.76) is equal to f(z1, 22),

which finishes the proof of the duality. |

Definition 7.0.22. Let C is a category of twisted V -modules. We say C is closed un-
der taking image if for any twisted modules My, My, and a surjective homomorphism

My — My, My € obC implies My € obC.

For example, the category GM,, (G) is closed under taking image for any subgroup
G < Aut(V).

Theorem 7.0.23. Suppose that C is closed under taking image. Let W; be g;-twisted
modules, i = 1,2. Then, an element A € (W, @ Wa)* is in Witlp,)Wo if and only if A
satisfies the P(z)-compatibility condition and the P(z)-C-embeddability condition. In

other words,
WIE'P(Z)WQ = COMPP(Z)<W1, Wg) N EMBP(z),C(Wh Wg)

Proof. For “only if” part, let A € Witp,)W>. By Proposition 7.0.1, we know
that A € COMP. Write A = Aj,y, for some W3 € obC, w; € Wy, and twisted

Ws

wi,) (see Remark 6.0.5). Consider the linear map

intertwining map I of type (
o+ Wi — Witp)Ws defined by ¢(w') = Arw, w' € Wi, By definition (6.2),
Proposition 6.0.6 and 7.0.17, we know that ¢ is a module map. Since W3 € ob(C, C is

closed under taking contragredient and image, we know that image(yp) € obC. Since

Wy =W, , Cimage(y), we know that A € EMB¢. Therefore, A\ € COMP N EMBe.

/
I,w3
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Now we prove the “if” part. Let A € COMP NEMBec.
We shall identify Wy and W/’\ We define a linear map [ : W, @ Wy — W/’\ by

<5\,I(w1 ® w2)> = :\(wl ® wy), for any X e Wy.

Define Y;(-,z)- : Wy @ Wy — Wi{z}[log(z)] by

Ly (0) Z,ng (0) I ( 2~ Lw1 (0) 5 L, (0) wy ® 2 Lws (0) Ly (0)

y[(wl, $)w2 =T wg) .

We claim that ); is a twisted intertwining operator of type ( 4 )

Wi1Wo

For wy,...,up_1 € V, wy € Wy, wy € Wy and w € W), we have
—1 —1
(w, ng%lf) (ur,21) - ng‘(@)gg)

—1 —1
= <w7Y}§‘(ZS}2) (u1,21) - 'Ylg?;?) (Up—1, 26-1)"

(kala zkfl)yl(wly Zk)w2>

. 6(logzk,—logz)L(O)I (e—(logzk—logz)L(O)wl ® e—(logzk—logz)L(O)w2)>

—L(0 — — —
()Z,L(O)u176 (log zr,—log z logz1))‘

_ <e(logzk—logz)L(0)w,Ylgg 92)’1( N

1
(2)
Y 0 M0

T (e—(logzk—logz)L(O)w1 ® e—(logzk—logz)L(O)w2)>

—(log zi,—log z—log Zk—l)) .

(0

e (Y'é,%h;p)*l)o(zk—[/(l))ZL(U)u17 6—(log z—log z—log Zl))e(Ingk_log Z)L(O)’LU

log 2z, —log z—log Zk—l)) .

Y

I (e—(logzk—logz)L(O)wl ® 6—(10gzk—logz)L(0)w2)>

_ ((Ylgg(llélz)*l)0<zk—L(0)ZL(O)uk_h 6—(logzk—logz—logzk_1))‘

. (Ylg?1)92)_1)O<Z’€—L(0)2L(O)u17 ef(log zi—log z—log zl)>e(logzk710g z)L(O)w>
(ef(logzkflogz)L(O),w1 ® ef(logzkflogz)L(O)wQ) )

(7.82)

By (7.12), the right-hand side of (7.82) is equal to the series obtained by expanding
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the function

f](ci—l(glv S 7§k3—1; Z;L(O)ZL(O)ul, cen ,ZIC_L(O)ZL(O)U,k_l’

Zk—L(O)e(log 2)L(0) —L(0) ,(log z) L(0)

on the region |&] > -+ > [&_1]| > |2| as series in powers of &, ..., &1 and non-
negative integer powers of log &, . ..,log & and then substituting e—"(log 2 —logz—logz1)
.., e-nlogz—logz=logze1) (¢ C) for enloeét ... enle&-1 and log 2, — log z — log 21,
..., log zi — log z — log 21 for log &y, ..., log&,_1, respectively. Then the right-hand
side of (7.82) is absolutely convergent on the region |z212, | > -+ > 22,12, 1| > |2]
or equivalently the region |z;| > -+ > |2;_1| > |2x| > 0 and can be analytically ex-
tended to a multivalued analytic function on (£y,...,& 1) = (2212, ', ..., 2212, 1) €
F_1(C — {0, z}) satisfies Condition 3.0.13 for (k — 1,0,{0,z}). Since w is P(z)-
compatible, by the part 3. in the definition of P(z)-compatiblity, this function satisfies
Condition 3.0.13 with (k —1,1,{0}). Therefore, we know that,

—1 —1
(w, YI%?Q) (Uh Zl) e 'YIS@‘;D) (Uk—h Zk—1)y1(w1, Zk)w2>
is absolutely convergent on the region |z| > -+ > |z_1| > |2x] > 0 and can be

analytically extended to a multivalued analytic function on Fy(C — {0}) satisfies
Condition 3.0.13 for (k — 1,1, {0}).
We now prove the duality property for };. By (7.82), for v € V|, w; € W; and

Wo € Wg,

1
(w, Y},‘Z;)”) (v, 21) Vr(wr, 22)w2)

_ <(Y(9192)_1

i )O(Z;L(O)ZL(O)'U, ef(logzgflonglog zl))e(log zz—log z)L(O)w)

(e—(log zo—log Z)L(O)w1 ® e—(log zo—log z)L(O)w2)

)
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which is absolutely convergent on the region |z, 'zz| > |z| or equivalently |z;| >

|22] > 0 and its sum is equal to

— — - —L(0 — —
fle(e (log z2—log = logzl);z2 ()ZL(O)U,e (log 22 logz)L(O)wl’

6—(10gz2—log z)L(0) (log 22—logz)L(O)w) (783)

Wo; €

on the region |25 'zz1| > |z|, |arg(z; "2z — 2) — argz; 'zz1| < I or equivalently,

|z1] > |22| > 0, |arg(z1 — 22) — arg z;|. By definition,

(w, Yr(wi, 22)Y2(v, 21)ws)
_ <€(log,22710gz)L(0)uJ7 y[(ef(logzzflog z)L(O)wI’ Z)'
LYo Z;L(O) Z0)y o= (logz2-logz—log21)y~(log 22—log 2) L(0) . )
_ (e(log z2—log z)L(O)w> (e*(log 29—log Z)L(O)wl

QY9 (ZQ_L(O) ZL(O)U, e—(log zo—log z—log z1) )e—(log zo—log z) L(0) w2)

is absolutely convergent on the region |z| > |z, ' 221| > 0 or equivalently |z;| > |21] > 0
and its sum is equal to to (7.83) on the region |zs| > |z1| > 0, =3 < arg(z; "2z —

™

z) —argz < —Z or equivalently, |z| > |z1| > 0, =3 < arg(z — 20) — argzp < —12.

By 2.(a) in the compatibility condition, we see that

(w, V(Y9 (v, 21 — 22)w1, 22)w)
_ <€(log22—10g Z)L(O)w7 y[(ym (22—[/(0)2:L(0)U7 22_1221 _ Z)e—(IOgZQ—IOg Z)L(O)wh Z)

6—(log z9—log 2) L(0) Wo >
_ (e(log zo—log z)L(O)w) (Y91 (ZQ_L(O)ZL(O)U, 22—1221 . Z)e—(log zo—log z)L(O)w1

® 6—(log 29—log z)L(O)w2) ’

which is absolutely convergent on the region |z| > |25 221 — 2| > 0 or equivalently
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| 23] > |21 — 22| > 0 and its sum is equal to (7.83) on the region |z| > |25 221 — 2| > 0,
|arg z; 2z — arg z| < § or equivalently |z| > |21 — 25| > 0, |argz — arg 2| < 3.

Thus the duality property for )y is proven. Since

d
ayl(wl, T )ws

:dixumz—um I (2750220, @ 3 HO 0 )
xr

— 1 L) ~LO) ] (x—L(D)ZL(D)wl ® x—L(O)ZL(O)wZ)

— V2 I (x_lx_L(O)zL(O)wl @z L0 'LU2)

=2 (L(0)Vr(wr, 2)wz — Yr(wy, ) L(0)ws — Vr(L(0)wy, x)ws), (7.84)

the L(—1)-derivative property can be derived from the L(0)-commutator formula.
Since the duality of ) is already proven, similar as the proof of Proposition 7.0.10,
a Jacobi identity for YI%?Q)_I(U, z1) and YVr(wy, z) can be proven for v € V{9192,
By letting v = w € VA®V) ¢ V{9192) we know that the Virasoro-bracket relation
holds. In particular, the L(0)-commutator formula for ); holds, which implies the
L(—1)-derivative property for ;. So, we have proved that ) is a twisted intertwining
operator. Then [ is a twisted P(z)-intertwining map.

Since A € EMBg, there exists a subspace W of COM, such that (W, Y]g‘(’;?”il) €
obC, and W, C W. Let i : Wy — W be the inclusion map, and p : W’ — WJ be the
adjoint of i. Since W € obC and C is closed under taking contragredient, we know

that W' € obC. Since p is a surjective module map, W € ob(C, and C is closed under

taking image, we know that W} € obC. Now, we have
)\(U]l X ’LUQ) = <)\, [(w1 X lU2)> = )\[7)\(101 X wz), (785)

where A € Wy, C (W})", W} € obC, and I is a twisted P(z)-intertwining map of type
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(Wvlvél@)' Therefore, A € WiSp(,)Wa. "

By Theorem 7.0.23, Remark 7.0.19 and Corollary 7.0.16, we have the following

corollary.

Corollary 7.0.24. Let G < Aut(V). For the case C = GM,,(G), we have
W1EP(Z)W2 = COMPP(Z)(Wl, Wg) N LGRP(Z)(Wl, Wg)

Remark 7.0.25. Although for any twisted module W and h € Aut(V'), the underlying
vector spaces of W and ¢n(W) are the same, the spaces COMP p(2)(¢n, (W1), dn,(W2))
are different for different hy, hy € Aut(V).

Now we consider the case when hy = ¢, hy = g5 for ki, ky € Z. For \ €
(Wy @ Wa)*, X is P(z)-compatible with respect to gzﬁg;fl (W1) and ¢g§2(W2) (in other

words, A\ € COMPpy.) (qﬁ (Wh), ¢gk2 (Wg))) if and only if X satisfies the same P(z)-
2

k1
91

compatibility condition with respect to Wy and Wy, except for (7.9) and (7.10) being
replaced by

k1—1,—ko k1—1,—ko
f<bl7z g bl’z) (bl’z Lo bl’Z) (217 sy R ULy -, U, W, W )\) ) and

ki—1 7192) m(bklﬂbsz

f(bl’z bl,() l,z 1,0 ) (217..-,Zl;uly--‘gulywluwQ;)\)J (786)

respectively. (See Lemma 3.0.30 and Lemma 3.0.33)
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Chapter 8

Major Assumption: Convergence

and Extension Property

In this chapter, let W; be a g;-twisted modules in C, i = 1,2, 3, W, be a g192g3-twisted
module in C, M; be a gog3-twisted module in C, and M, be a g;go-twisted module
in C. Let )V;, 1 =1,2,3,4, be twisted intertwining operators of type (W?/&)’ (W]‘24V1V3)7
( M‘;Véfg), (lev%w), respectively. In this section, we consider the following multiple series

on C1’C2’217 ceey 2l

<w£1a Vi(w1, C1)Vo(wa, )Y (ur, 21) -+ - Y (g, 21)ws)

- 2 > <w§u (V1) 11,01 (1) (V2) - 1,00 (w2)

B1,682,a1,...,00€C q1,q2,p1,--,p1 EN

Y, ) YO (s )

¢ szf‘lzfl ezt - log (€)M log(Ca)® log(21)Pt - - - log ().

For a twisted module W, we define P(W) = {n € C|W},) # 0}. For any g € Aut(V),

w=a+7Z¢c C/Z, we define

Vgl — {veV | (g—e™)ky =0, for some k € N},
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P,(V)={a e C|a)€[0,1) and VIe+tE9l oL 0},

We say that (Y, )s) satisfies the regular singular point property for products,
if for any a; € P(W;), i =1,2,3,4, and

a € Spany (Pg1<v) U sz(v) U Py, (V)u szgs(v) U Pg1gzgs<v))v

the set

The map (yl)m,lﬁ(')(y?)m,b(')(') 7é 0, for some n; € 22
peC/Z

Nog € (—CL+CL1+CL2+CL3—CL4+Z) — k?l,k'z € N.
is finite. Similarly, we say that ()5, ),) satisfies the regular singular point prop-
erty for iterate, if for any a;, € P(W;), i =1,2,3,4, and

a € Spany (Pg1<v) U sz(v) U Py, (V)u PngZ(V) U P919293(V)),

the set

L eC/z The map (V3)n, by (Vi) ()(+) (1) # 0, for some ny € p,

Ny € (—a+a1—|—a2+a3—a4—|—Z)—u, k?l,kfg € N.
is finite.

Assumption 8.0.1. Throughout the remainder of this work, we assume that any pair
of twisted intertwining operators that is considered satisfies the reqular singular point

property for both product and iterate.

Remark 8.0.2. A pair of a twisted intertwining operator and a vertex operator acting
on module automatically satisfies the reqular singular point property for both product

and iterate.
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If a twisted intertwining operator Y satisfies the condition that the set
{neCJZ | Ynr#0 for somen € u, k € N} is finite, (8.1)

then (¥, Y1) and (Qh,Y) satisfies the reqular singular point property for both product
and iterate, for any twisted intertwining operator Yy of suitable type.

Therefore, by (3.52), we know that if sets
{n e C/Z|n € u for somen € P(W,)}, i =1,2,3, are finite, (8.2)

then any twisted intertwining operator ) of type (WVIVIE’VQ) satisfies condition (8.1).

Therefore, any twisted intertwining operator pair with a twisted intertwining operator

Y of type (WZVSVQ) satisfies the reqular singular point property for both product and

iterate.
If g € Aut(V) is of finite order, then for any indecomposable g-twisted V -module
W, the set {i € C/ZIn € p for some n € P(W)} is finite. Notice that Yyj, (v, z)w €

1 —1

Wz, x°@]], for anyv € V, w € W, where o(qg) is the order of g. We know that

for any g-twisted module W, and a € C, @neaJr%ZW[n] s a submodule, and therefore
o(g

a direct summand of W.

We say that (Y, )s) satisfies the convergence and extension property for

products, if the followings are satisified.

e (1)convergence condition for products: For any | € N, uy,...,u; € V, w; € W,

wy € Wa, ws € Wi, w) € Wy, the series,
(Wi, Vi(wr, G)Va(w2, )Y (ur, 21) - - Y (w, 21)ws) (8.3)

is absolutely convergent on the region given by 0 < |z;| < -+ < |z1] < || < |G-
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e (2) The series (8.3) can be extended to a multi-valued analytic function

fy17y27l+2(21, ey Rl Cl, gg, Uty ..., U W, W, W3, wﬁl) (84)

on (z1,...,21,C,¢) € Fi12(C — {0}) satisfying Condition 3.0.13 for (I,2, {0}),
with a preferred single valued branch f3, v, ;.5 on (z1,.-,21,(1, () € FZ?Q((C —

{0}). Moreover, (8.3) converges to the preferred branch f3, 5, ;. on

the connected component of
{1 26,6) € FYC—{0)) |0 < fal < <[zl <Gl <[al}

containing (—I, -l +1,...,—1,—2[ —3,-2l —1). (8.5)

Remark 8.0.3. The complex manifold with boundary, FY,(C — {0}), is a simply
connected region given by cutting (z1,(1, () € Fi12(C — {0})(= F3(C — {0})) along
2n€G+R, z1€G+HR, G € G+Ry, 21,0,0 € Ry, By giving these cuttings
on Fi2(C —{0}) and getting a simply connected region, we have a unique way to
identify m (F12(C—{0}),p) for different point p € Fy2(C—{0}). Therefore, any loop
in F12(C —{0}) represents a group element in m(Fy2(C —{0})) = PB,.

In the definition of convergence and extension property, only the action of V' on

W3 is involved (in (8.3)). We also want to study the following series:

(w), 1wy, 1) (Y (v, 21 = GJwa, GJws) (8.6)
(wi, Yi(wi, Q)Y (v, 21) Yo (ws, G)ws) (8.7)
(wi, Vi(Y(v, 21 — G)w, G) Vo (w2, G)ws) (8.8)
(wi, Y (0, 20) Vi (wr, (1) Yo (w2, G)ws) - (8.9)

Proposition 8.0.4. Suppose (V1,)s) satisfies the convergence and extension condi-
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tion for product, then,

(1) The series (8.6) is absolutely convergent on the region given by 0 < |21 —o|+|(2] <
1G], and 0 < |21—Ca| < |G|, Moreover, it is equal to f5, y, 5(21, (1, C2; v; w1, wa, w3, w})

on the connected component of

{(31>C1>C2> < F1072((C —{0}) | 0 < z1 = Gf <Gl |21 — Gl + ]G] < ’Cl’}

containing (—2, —5,—3) (or equivalently, containing (—4,—5,—-3)).  (8.10)

(2) The series (8.7) is absolutely convergent on the region given by 0 < || < |z1| <
|C1|. Moreover, it is equal to f3, y, 5(21, (1, Co; v; w1, wa, w3, wy) on the connected

component of

{(1,6,6) e FC—{0}) | 0 <Gl < |2l < [Gil}

containing (—4, =5, —3). (8.11)

(8) The series (8.8) is absolutely convergent on the region given by 0 < |Go|+|21—C| <
|C1|. Moreover, it is equal to f3, y, 5(21,C1, Co; V5 w1, wa, w3, wy) on the connected

component of

{(1,6,0) € FLLC = {0)) | 0 < Il + 21— Gl < 6l

containing (—4, =5, —3) (or equivalently, containing (—6,—5,—3)).  (8.12)

(4) The series (8.9) is absolutely convergent on the region given by 0 < |G| < |G| <
|z1]. Moreover, it is equal to f3, y, 5(21, (1, C2; v; w1, wa, w3, wy) on the connected

component of

{(21,6.G) € FL(C—{0}) | 0 < |Gl < |G| < |21|} containing (6, -5, ~3).
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Proof. By the duality of ), on the region given by |(o] > |21 — (| > 0, |G| >
|z1] > 0, and —3F < arg(z — () —arg(, < —%, |arg z; —arg (| < 5 (which contains

(z1,() = (—2,—3)), for any m) € M), we have

(m’, Va(Y (v, 21 — Go)w, Ge)ws) = (m, Va(wa, ()Y (v, 21)ws)

=132 (21, Ca3 v, wa, w3, my) (8.13)

Notice that on the region given by (z1,(1,(2) € FY5(C —{0}), 0 < [z1] < |G| < |Gl
the function arg(z; — (;) — arg(, is continuous and has image (-2, —2) U (3, 21).
For (z1,(1,¢) = (—1,-5,-3), arg(z1 — () — arg(e = —7 € (=3, —%) Therefore,
we know that for any (21, (3, (2) belongs to the region (8.5), we have —37“ < arg(z —

(2) —arg o < —%. Therefore, on the region (8.5), we have

I3 321, C1y G230, w1, wa, ws, wh)
= (w, V1 (wy, 1) Vo(ws, ()Y (v, 21)ws)
= ) (A (wiw), Ya(ws, Q)Y (v, 21)ws) G og(¢)™

n1€C k1 €N
=) Fn (21 Goi 0, wa, ws, (ALY, (wi)wh) ¢ Hog(G)M. (8.14)
n1€C k1 €N
For any (£,() € Fo(C —0), (21,1, ¢) = (1,00,() is a regular singularity of
Ty m3(21, Cry Co3 v w1, wa, ws, wy). Therefore, the right-hand side of (8.14) is well-
defined and absolutely convergent on the larger region given by (z1,(;) € F5(C — 0),
and |(;| > max{|z1],|C2|}. By the analyticity of the both sides of (8.14), we know

that

ff}l,y%g(zl,C1,C2;U;w1>w2,w3:w£1) =

DO F50 (21, Gy vswe, wy, (ALV)Te (wi)wh) G og(G)™ (8.15)

n1€C k1€N
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holds on the connected component of

{(21, (1,(0) € FRQ((C —{0}) | |C1| > max{]|z], |C2|}} containing (—1, -5, —3).
(8.16)

(or equivalently containing (—2,—5, —3) or (—4, —5, —3).)

In particular, on the sub-region given by the connected component of the region

(21,01,¢2) € FPo(C = {0}), G| > 2/G| > 221 — G > 0, |argz; — arg(e] < §

containing (—1, —5, —3), we have

f‘)e)17y273(zla Cl) C?a v, w1, Wy, Ws, w:i)

= Z Z f_')eiz,Q (Zb C2a v, Wa, W3, (Aiyl)jl:lo’kl <w1>w£1) Cl_nl_l log(Cl)kl

ni eC kl €N

=) ((AV)F (wi)wl, VoY (0, 21 — G)wa, Gws) ¢ ™ og(¢r)*

n1€C k1N

= (wy, V1 (w1, 2) Vo (Y (v, 21 — () wa, (o)ws) (8.17)

zn=em0(C1) logz=1y((1)

Since (Z—; -1, %) = (0, 00) is a regular singularity of
21 Q1
fy17y273 <_7 ) 17 v, Wy, Wy, Ws, wﬁl) )
G G

we know that on the enlarged region, the connected component of the region given

by (21,¢1,G2) € F15(C = {0}), |G| > |G| + 21 — Gal, G2l > |21 — Gaf > 0, containing

(=1,—5,—3) (on which | arg z; — arg (3| < § automatically holds), we have

fgezl,yg,s(zlaC17C2;U;w1,w27w37w:;) = (wy, Vi(wi, 20) V(Y (v, 21 — Go)wa, (2)ws)

(8.18)

where the right-hand side of (8.18) is absolutely convergent on the region given by
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|G| > |G|+ 21— G| >0, |G| > |21—C| > 0. The same connected component contains
(—2,—5,—3) and (—4, —5, —3), since we can find the paths [0,1] — (=1 —1¢, =5, —3),
and [0,1] — (=3 — €™, —5, —3) contained in the region,which is from (-1, -5, —3)
to (=2, —5,-3), and from (—2,—5, —3) to (—4,—5, —3), respectively. Thus part (1)
has been proven.

Since (8.15) holds on (8.16), on the sub-region of (8.16) given by the connected
component of the region (z1,¢1,¢2) € FYo(C —{0}), [¢i] > |z1] > |G| > 0, |arg(z —

(2) — arg z;| < § containing (—4, —5, —3), we have

fl)e’l,yz,S(Zb Cl> CZS U, W1, W2, W3, wfl)

=D Fa (21, G v, wa, w3, (ALD)E, (wi)w)) G log(G)*

n1€C k1€N

=D ) (A (w)wl, Y (0, 20) Va(wa, G)ws) ¢ log(G)*

n1€C k1N

= (wy, Vi(wi, 2)Y (v, 21) Vo (w2, (2)) (8.19)

an=em0(1) log z=Iy(¢1)

Similar as (8.18), we know that on the connected component of the region (21, (1, (2) €
FPo(C —{0}), |G| > [z1] > |G| > 0, containing (—4,—5,—3) (on which |arg(z —

(2) — arg 2| < § automatically holds),
f§)17y2,3(217 Cl) C2a v, Wy, W2, Ws, wzl) = <w£17 yl(wh Cl)Y(Uy Zl)yg(UJQ, C2)> )

where the right-hand side is absolutely convergent on the region given by |(1| > |z1| >
|C2| > 0. Thus part (2) has been proven.

Part (3) and part (4) are similar. |

Assumption 8.0.5. For any pair of intertwining operators among modules in C, both

the convergence and extension condition for product and iterate hold. Furthermore,

C is closed under taking image.
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Remark 8.0.6. A notation thing: Y(w,z) = Y(w,2) = Y(w,1)|p=. = y(w,elo(z)).
For any p € Z, YP(w,z) = Y(w,2)],_pr = VW, )| 10— entv®) 10g(2)=log(e) £2mp =
V(w, @) = YO (w, ) = Y(w,e?™z) = YO(w, e2™2). For any z,n € C, z # 0,
log(z) = lo(z), 2" = (@),

NOW, we fix Z~0, Z~1, Z~2 € C with Z~0 = Z~1 - 2:72, and
0< |Z~0’ < |Z~2‘ < |Z~1| (820)
Let U, Uo, 01 be

the connected component of

{(¢1,G) € FyL(C—{0}) | 0 < [¢ — G| < |&f < |G|} containing (7, %),
(8.21)

the connected component of

{(¢1,G) € Fo(C—{0}) | 0 < |¢ — G| < ||} containing (21, %),

the connected component of

{(gl,gg) € F&Q((C —{0}) | 0< || < |C1|} containing (21, 2»),

respectively.

Remark 8.0.7. There are 3 different connected components of the region given by
(C1,G2) € Fo(C—{0}), 0 < |Gt — Co| < |Co|, which are characterized by the inequalities
larg (1 —arg(a| < 5, —27 < arg(y —arg (e < —37”, and 37” <arg(y —arg(y < 2.

There are 3 different connected components of the region given by ({1, G2) € F§o(C—
{0}), 0 < |Ca] < |C1|, which are characterized by the inequalities | arg((;—Co) —arg (1| <
2, —2m <arg((L— Q) —arg G < =%, and 3 < arg((1 — () —arg (1 < 2.

There are 5 different connected components of the region given by (¢1,(2) € F&Q((C—

{0}), 0 < |¢1 — Go| < |G| < |Cil, which are characterized by a pair of inequalities.
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In Table 8.0.7, we give names U;, 1 = 1,...,5, to these connected components, and

write down some points belongs to each of them, where € and 6 are any real numbers

satisfying € € (0,0.5) and 6 € (

contains (Z1, Z3).

N
127 4~

). Therefore, U e {Uy,...,Us} is the one which

Table 8.1: Five connected components
rg (G — G2) — arg(Gi) 3n . x 3r
are((y) — are(Gy) (=27, —%) (=3.5) (5 F)
(—2m, —31) %) Uz, (3+€,3e7%) @
(-2, %) Us, (3 — e, 3¢7") | Uy, (=5, —3) Ui, (3+¢,3e™)
(z, 3 %) Us, (3 — e, 3e%) 1%)
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Chapter 9

The P(z) Part

Let (i, (o be complex variables, and (y = (; — (5.

Since (¢1 — (2, C2) = (0, 00) is a regular singularity of fy, y, 2(C1, Co; wr, w2, w3, w}),
for any U’ € {Uy,...,Us}, there exist a,. ;(wi,ws, ws, w}) € (Wi @ Wy @ Wy @ W))*
for n € C, i,7 € N such that on the region given by ((;,(2) € U’, for homogeneous

w1 ,Wwe,w3,wy, we have
b’
<wﬁ;,y1(w1,C1)y2(w2, G)ws) = fy(17y)2,2(C1a C2;w17w2,w37w21)

- Z Z i i (W1, Wo, w3, W )e IR (1 () )i ArnHDIO) (10 ()Y, (9.1)

neC i,jeN

(See also Lemma 11.2 in [HLZT7])
where
A = wtw) — whtw; — wtwy — wt ws,

and b(U") is an element in the fundamental group of F§,(C—{0}) which only depends

on U’. We know that there exists M € Zy, si,...,5m € C, such that

/
Qi 5 (U)l, w2, W3, w4) = O’
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if —n—1¢ UM, (sx +N). We also know that a,.; ;(w;,ws, w3, w}) = 0 for either

or j is sufficiently large. For any ws € W3, w) € Wy, consider the linear functional

Awsy, € (W1 @ Wa)* defined by

Aws (W1 @ W) = (wy, Vi(wy, £1) Va(wg, Z2)ws) .

Therefore, we know that for homogeneous module elements,

)\w:,”wZl (w1 & ’w2)
= 57 i (wr, wa, s, w0 (1 (29) el 1 (2

neC i,j€N

(9.2)

We define A = A\ (w3, w)) € (W, @ Wa)*, n € C, as follows,

)\(2)(11)1 ®w2) _ Z (gt w3 —wt ! 1"j(eflo(z~o)L(0)sw1 e*lo(io)L(O)sw e*lo(io)L(O)st
n n+wtwz—wtwj—1;3, ) )

(9.3)

1,jJEN
elo(io)L(O)sw/) . (20)n+wtw3—wt wﬁl’gQ(—n—Wt w3+wt wi)<log<£2))2(log(z~o>>j

Therefore, we have Ay, (W1 @ wa) = > ¢ /\512)(11)1 ® wy).

For any homogencous ws € Ws, w}, € W}, (¢1, () € U, We define /)\\/;2)('11}3,11)11; (1, (o)

to be an element in (W, ® Wy)* with

Xg) (w37 wZ,Lﬂ Cla QQ)(wl X 'lUQ) =

4,JEN
. e(nert w3 —wt wg)lg(CQ)e(fnfwt wa+wt w))lo(C2) (lo(Cz))l(lo(Co))J (94)

Therefore, A\ (w3, w}) = Xg)(wg, wh; 21, Z9).

The main theorem that we want to prove is the following.

Theorem 9.0.1. Suppose U = U, (see (8.21) and the table in Remark 8.0.7). For
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anyn € C, wy € Wi, wy € Wy, the linear functional AP (w3, w)) is P(Zy)-compatible.

Remark 9.0.2. The linear functional A\, ., € (W1 ® Wy)* actually satisfies most

parts of the definition of P(2j)-compatible, except for the fact that

Ja(21, ooy 2 U, oy Uy W1, W25 Ay )

is defined on F,(C — {0, 2y, —22}), instead of F,(C — {0, 2}). In other words, there

are extra singularities of f, at z; = —23, 1 =1,...,n.

Proof. By Lemma 8.0.4, we know that

(W, Vi(wr, Q)Y (ur, 21)ws, G)ws) (9.5)

is absolutely convergent, on the region given by 0 < |21| < |(al, |21|+|C] < |C1], to the
multivalued analytic function fyhy%g(zl + CQ, C1, CQ; Uy, Wy, Wa2, W3, w4). As multivalued

analytic functions, we have

Iovans(z1 + G, G, o un, i, wa, w3, wy)

.fyl,ym (gz +% %—i_ 1 2274-0 17C0 wvaO )w27C0 w37<0 ﬁl) ) (96)

whose right-hand side, as a function on C and , has a regular singularity (21, ?) =
(0,00). This is because since (a —c¢,b—c—1, c) = (0,0, 00) is a regular singularity of
fyiams(a, b, c), we know that (a—c, ¢) = (0, 00) is a regular singularity of fy, y, s(a, c+
1, ¢). Therefore, on the region given by 0 < [2] <1 < |g—§|, 0 < |z1| < |G|, |21]4|C2] <

1], (€1, G2) € U, (9.5) can be written as an absolutely convergent series,

(wh, Vi(w, Qe (Vi (wr, 21wz, G)ws)

j : § : n—1_—m—1,m+n+2+A;
bmnz,jk Ui; w17w27w37w4)c 21 0

m,neC i,j,keN
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(log (¢2))" (log (¢o))’ (log (21))", (9.7)

A=A —wtu; = wtw) — wtu; — wtw; — wtws — wtws,

where by, . = 0 unless —m,n are contained in a fixed finite union of sets of the
form r 4+ N. The right-hand side of (9.7) is absolutely convergent on the region given
by 0 < ]‘z—é| <l< ]g—f}|, or equivalently, 0 < |z1] < |Co| < |C2l-

By the definition of Xf)(wg,wg;g,g), on the region given by 23 € C, 0 <
21| < |G| = |Gl (G,G) € U, we know that (9.7) is equal to its iterate sum
I Xq(f)(wg,wfl;g,{g)(wl ® Yii: (u1, z1)ws). In other words, on the region given

bYJ 0< |Zl‘ < |C1’ - ‘C2|7 (Cl7<2> S 07 we have

> XD (ws, wi; 1, G) (w1 ® Vi (g, 21)we)

neC

= (wh, Vi(wi, ) Va(Yifs (ur, 21)ws, G2)ws)

. /
:Z (Z Z bm,’n;i,j,k(u17w1’w2’w37w4>

neC \meC i,j,keN

GG (log (G))' (log () (log (1)!)  (9.8)

By the definition of Xg)(wg, wy; (1, C2), we know that

AP (ws, wl; ¢, G) (w1 ®@ Y2 (ug, 21)ws)

=) XD (ws, wi; 1, &) <w1 D (it2) (ul)w2> " (log(=)"

meC keN

=22 ( ) (O AN TR <log<<2>>i<1og<<o>>j>

meC keN \ 4,jeN

. (CO)n_Wt w1 —wt ws —wt ul—|—7n—$-1<»2—n—"‘/'t w3z+wt wizl—m—l (log(zl))k

(9.9)
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Comparing (9.8) and (9.9), for any z; with 0 < |z1] < |(1] — |2, we have

XD (ws, wh; €1, &) (w1 @ Vi (un, 21)ws)

= Z Z bm,n+wtw3—wtwfl—l;i,j,k(ul; wy, Wz, W3, wil) ’ (log (€2))Z (log (CO))] (log (Zl))k

meC i,j,keN

n—wtw;—wtwa—wt ur+m+1 5> —n—wt wz+wtwj ,—m—1
G Z2 21 .

_ Sz—wt w1 —wt wa—wt ug C;"*Wt w3+wt w) Z (log (<2))2 (Z Z

i>0 meC j,keN

—m—1
i z
0

(9.10)

Since the right-hand side of (9.7) is absolutely convergent on the region given by
0<[Z <1< |g—z|, or equivalently 0 < |z1| < |(o| < |(2|, we know that for any n € C,
both sides of (9.10) are absolutely convergent and are equal on the region given by

0 < |21] < |(o|, because essentially (9.10) is a finite linear combination of power series

on ZI/CO'
For any a € C, (%’ Z—é) = (00, a) is a regular singularity of (9.6), and also, (9.6)
is analytic at Z—; = a for any a # 0, ,—g—f}. For any n € C, ¢ > 0, we consider the

following sub-series of (9.10), which is convergent on 0 < |z1] < [(ol,

—m—1
; z
Z Z bm,n—i—wtwg—wtwg—l;i,j,k(ul; w1, W2, W3, wil) : (IOg (CO))J (IOg (Zl))k : <_1> .

meC j,keN

(9.11)

After fixing (1, G with (¢, () € U, as a function on 2z, (9.11) can be analytically
extended to a multi-valued analytic function on the region given by z; # 0, (o, — (.
However, these multi-valued functions indexed by ¢ are independent on (, when (j is
fixed. In other words, after replacing (5 by another complex number (5 ,,, such that

(€1 news &2 new) = (Co+C2 new, G2 new) € U, these multi-valued analytic functions (9.11)
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indexed by ¢ would not be changed. This fact means that z; = —( is a removable
singularity for these functions. Therefore, as a finite sum of (9.11) over ¢, on the

region given by 0 < |z1]| < [{ol,the series

2 : 2 : . I\ —n—wtwz+wtw) _m_1
bm,n-{—wtwg—wtwfl—l;i,j,k:(ul7w17w27w3aw4)c2 <1 :

meC i,7,keEN

o (log (6)) (log (o)) (log (21))" (9.12)

converges to a multi-valued analytic function A, (o, (2, 21; U1, w1, ws) on the region
given by (,G, 1 € C with (¢1,¢) € U and 2z € Fi(C — {0,¢(}). We define
hfn)(CO,Cg,zl;ul,wl,wg) on the simply connected region given by ((1,() € U and

z1 € FY(C —{0,¢}) to be the single valued branch of k), such that

hfn)(Coa Ca, 215 U1, W1, Wa) if (C1,¢2) € U and Z1 € Q(%J(Co)y
(9.12) = po1 . (9.13)
hesso : if U and 2 € Q)
)" (o, G2, 213 ur, wi, we) if (G, G2) € U and 21 € Q4 (o).

(see remark 7.0.3)
Therefore by (9.10), for any ((1, () € U, 0 < |z1] < |(o|, we have

Xg)(w?n wy; €1, Go) (w1 @ Yifh (g, 21)ws) =

iy (Co, Gy 215 ur, wi,wa)  if (G1, C2) € U and 2z € Q(()%()),l(CO% (9.14)

by : ]
Ry (Cos Cos 215w, wi, we) - if (G1,¢o) € U and 2 € Q(()?())vl(@)’

We also know that on the region given by 0 < |z1| < [Col, (C1,¢2) € U (larger that
0 < |z1| < |G| = |Gl (€1, &2) € U), the left-hand side and the right-hand side of (9.8)
are absolutely convergent and equal.

Next, we should consider Ay, . (Yif (u1, 21 — Z)w; ® wy) and AP (Vi (u1, 21 —
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Zp)wy @ we). By Lemma 8.0.4, we know that

<w517 yl<yvgi/11(ula 21— Co)wi, G1) Vo (ws, CQ)IU3> (9.15)

is absolutely convergent, on the region given by 0 < |z — (o| + |(2] < [Ci], to the
multivalued analytic function fy, y,3(z1 + Co, (1, o5 ur, wy, we, w3, wy). With (i, G
fixed, as a function on z;, this multivalued analytic function only has singularity at

z1 = 0, (y, —(2. Therefore, the corresponding iterate series

Z/\ (w3, w; C1, ) (Vi (ur, 21 — o)wr ® ws)

neC

is absolutely convergent on the region given by 0 < |23 — {o| < min{|0 — (o|,| — & —

ol = 1Col-

As multivalued functions, we have

fy17y2,3(zl + C27 <17 C?a Uy, W1, W, W3, w:})

21 — _ _ _ _
— 3 ( = “ g L1 %+ 1 g— TLOy O, L0, ”O’ws,cé(“wa) ,
0 0 0

(9.16)

whose right-hand side, as function on =~ & 2% and , has a regular singularity (=2 OCO, gi) =

(0,00). This is because since (a' — b,b — ¢ — 1,c) = (0,0, 00) is a regular singular-
ity of fy, y,3(d’,b,¢), we have (a,b —c —1,¢) = (0,0,00) is a regular singularity
of fy,ys(a+ b,b,c). Also since it is holomorphic at b — ¢ — 1 = 0, we know
that (a,c¢) = (0,00) is a regular singularity of fy, y,3(a + ¢+ 1,¢+ 1,¢). There-
fore, there exist ¢y jk(ur;wr,we,ws,wy) € C such that on the region given by

el 0 < |2 — Gl + ¢l < |Gl (G,¢) € U, we

0 < Zlc;(f“ <1<1+Z1<0 <
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have

<w§;7 N1 (ng‘;}l (u1, 21 — Go)wr, Cl) Vo (w2, (2) w3>
= Z Z Comms e (U ;W01 Wo w3, wh) G (21— Go) TN

m,neC i,j,keN

- (log (¢2))" (log (¢o))’ (log (21 — o))" (9.17)

where ¢, ;i = 0 unless —m,n are contained in a fixed finite union of sets of the

form r+N. The right-hand side of (9.17) is absolutely convergent on the region given

21—Co
¢o

¢}
o

21—Co

Co
|21 — Go| + [Co| < |G-

Similar as above, we know that for (¢;,(,) € U, the series on z; — (o,

by 0 < <l<1l+ < , or equivalently, 0 < |z1 — (o] < |{pl], and

AP (w3, wh; G, G) (Vi (ur, 21 — Go)wr @ ws)

is absolutely convergent on the region given by ({1, () € U, 0 < |21 — (o| < |¢o|, and

A2 (ws, i G, Go) (Yigh (w1, 21 = Go)wy @ w)

= Z Z Cm,n+wtwg—wtwfl—l;i,j,k(ul; w1, W2, W3, wﬁl) . (lOg (CQ))z (log (CO))J

meC i,7,keEN

- (log (21 = (o))" (¢TI (TR () — o) (9.18)
Moveover, also similarly, as a function on z;, (9.18) can be analytically extend to a
multi-valued analytic function on the region z; € Fy(C — {0, (o }).

Also, on the region given by 0 < |21 — {o| < |¢o| < |2, we know the iterate series,

Z XEZ)) (’LU3, wz,l? Cla QZ) (YVSI]/ll (Ul, 21 — CO)wl X w2)

neC

—n— —m— 2+A
:Z ( Z Z Conms ik (W11 Wa, w3, W) G (21— Go) TG

neC  meCi,j,keN
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(log (G2))' (log (o)) (log (=1 — &))" ) (9.19)

is absolutely convergent.

Next, we want to study the equalness between Ay, w1 (Yi1} (u1, 21 — (o)w; ® wy) and
Aws (W1 @ Yii2 (1, 21)wy). Let the multivalued analytic function in the definition of
twisted intertwining operator for V;, Y, be fy,, fy,, respectively.

By Lemma 8.0.4, the multiple series

<’w3‘, V1 (wy, Cl)Y]\%gB(u17 21+ (o) Yo (w2, C2)w3> ) (9.20)

is absolutely convergent on the region given by 0 < [(a] < |21 + (| < |G-
Also, on the region given by 0 < (o] < |21+ G| < |G, 0 < [21] < |G, [21] +]¢] <

C1], [arg(z1 + (2) —arg(G2)| < 5, and |arg(z1 + (o) — arg(z1)| < 5, we know that

(wh, Vi(wr, Ve (Vi (wr, 21wz, GJws)

= Z Z <(A+ D)7™°) _n_lvk(wl)(wi)a Wo(Yifh (uy, 21)ws, Cz)w3> e (15(¢)))k

neC k>0

= Z Z f§;272 (2’1 + Ca, G2; U1, W, w3, (A+(y1)70)7n717k(w1)(wf;)> enlO(Cl)(lo(Cl))k-
neC k>0

= Z Z <<A+ (yl)_o) _n_l,k(wl)(wix)> Y2 (uy, 21) Ya(wo, C2)w3> "ol (15(¢1))*
neC k>0

= (wy, Vi (wy, Q)Y (ur, 21 + () Vo(wa, Go)ws) - (9.21)

Let ¢(21, 1, C2) = (21+C2, (1, ¢2) on C* and O = ¢71(F10,2(C_{0})) with the topology
such that ¢ is a homeomorphism. In other words, O is the region (set-theoretically

and topologically) given by

(21,C1,G) €CP, 20 #£0, 21 # —Co, 21 # Co, G #0, (#0, G # G,

with cuttings z1€R,, z1€-G+ Ry, z1€0+Ry, GER,, GERY, €+ R,
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Define the region O; by 0 < |G| < |21+ G| <[], 0 < |21| < [Cal, |21] + (G| < |G,
|arg(z1+(a) —arg(Ce)| < 3, |arg(21+Ge) —arg(z1)| < 5, —F < arg(z1— (o) —arg(C1) <
~Z, and (G, () €U

Define the region Oy by 0 < (o] < |21+ Ca] < [C1], 0 < |z1| < |Cal, |21] + |G| < |G,
Jarg(1+Co) —arg()] < 3. | arg(a1-+Co)—arg()] < 3. 5 < arg(s1—Go)—arg(Gr) < %,
and ({1, 6) € U.

Notice that Oy and O, are both connected sub-regions of O, if not empty. At least
one of O; and O, has nonempty interior, no matter U is which one in {U;]i = 1,...,5}.

We know that fy, y, 3(z1 + Ca, (1, (o3 ur, Wy, wa, w3, w)) has single valued branches

on O. We defined h¢(z1, (1, (2) to be the unique single valued analytic function on O,

h®(z1, G, G2) if (21,¢1,G) € Oy

(921) =4
Wo(z1, ¢, G) i (21, ¢, G) € O

We first assume Int(O,) # @, which happens for U € {Uy, Us, Us }.
Therefore, on the connected component O3z of {(21,(1,() € O] 0 < || < |21 +

C2| < |¢1]} containing Oy, we know that
(wh, Vi(wy, Q)Y (ur, 21 + &) Valws, G)ws) = he(z1, (1, G). (9.22)

Actually O3z can be characterized by inequalities as the following.

( ~ )
0 <G| <o+ G| <Gl (G,¢&) e U,
0 = { (21,61,G2) € O Jarg (1) — awg(=1 + Go)| < 3
3
\ -5 <arg(an — (o) —ang() < —5- |

On the connected component Oy of

{(21,¢1,¢2) € O [ar] + |Gl < |G, 0 < [z] <G}



178

containing Oy, we know that

<w£1; Vi (wy, Cl)yQ(YV‘[{Z (u1, 21)wa, CQ)w3> = h®(21, (1, G2), (9.23)

Therefore, by (9.7), (9.23) implies that on the region Os given by the union of

connected components of

{(21,¢1,¢2) € O] 0 < || < [Gof < IGal}

which have nonempty intersection with Oy, we have

. I\ —n—1_—m—1,m+n+2+A1
E E bm,n;i,j,k(u17w11w2’w3)w4)<2 21 0

m,neCi,j,keN

(log (¢2))" (log (¢o))” (log (21))"
:he<217C17C2)' (9-24)

Actually Os can be characterized by inequalities as the following.

Os
( ™
(21,C1, ()0 < |z1] < [Go| < [Cal, |arg(z1 + (o) — arg((2)| < 5 N
= 3 - R ,lfU:Ul or U5,
€0 | - 5 < arg(z1 — o) — arg(¢o) < —3 (C1,¢2) € Up.
( s
(21,C1, )0 < |z1] < [Co| < [Cal, |arg(z1 + (o) — arg((e)| < 5 N
- - 3 ~ s if U= U3.
\ €O 5 < arg(z — (o) —arg((p) < bR (C1, G2) € Up.

Similar as (9.21), on the region Og given by 0 < [(o] < |21 + (| < [Gi], 0 <
|21 —Col+[C2| < |Gi], and —3F < arg(z1—(o)—arg(¢1) < —3, |arg(z14¢2) —arg(G)| < 3,

the two sides of the following equality are absolutely convergent as multiple series,
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and are equal.

(wy, V1 (wy, Q)Y (ur, 21 + G) Vo (ws, G2)ws)

= (W), V1 (Vi (w1, 21 — Go)wy, (1) Va(ws, Go)ws) . (9.25)

Therefore, by (9.22), on the region O7 given by the union of connected components

of

{(z1,¢1,¢) € O 0 < |21 — Go| + |G| < |Gl }

which has nonempty intersection with

{(217 (1, G2) € Osf|arg(z1 + (2) —arg(G)] < g} :

we have

(wi, Vi (Vi (w1, 21 — Go)wr, G1) Va(wa, G)ws) = he(z1, (1, C) (9.26)

Actually O7 can be characterized by inequalities as the following.

0 <z —Col + |G| < |G, (G, G) € Uy,

O7 = 1 (21,01,¢2) € O T
, larg(z1) — arg(z1 + ()| < 5

larg(z1 + () — arg(y)| <

Therefore, by (9.17) and (9.26), on the region Og given by the union of connected

components of

{(21,€1,¢2) € O] 0 < |21 = Co| < [Gol, 21 = ol + [Col < [Cal}

which have nonempty intersection with

{(217C1,C2> € O7| (ClaCQ) € U}u
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we have

—n— —m— 24+A
Z Z Cmvn;ivjvk(ul;w17w27w3’wﬁl)c2 " l(zl - CO) mel 6n+n+ o
m,neCi,j,keN

- (log (¢2))’ (log (Go))’ (log (21 — o))"
:he(zb Ci, 42)- (927)

Actually Og can be characterized by inequalities as the following.

Os

(21,¢1,G2) [0 < |21 = Gol < 1ol |21 = Gol + 1ol < |Cal, (¢, G2) € U,

3 )
€ 0|5 < arg(z1) — arg(Go) < 2, Jarg(z1 + ) — arg()| < -

it U = Us,

(21,¢1,G2) [0 < |21 = Gol < [Gol, |21 = Gol + 1ol < [Cal, (¢, G2) € U,

Y

€ O|larg() — arg(@)| < 3, larg(z1 + &) — ang(G))] < -

if U = U; or Us. (9.28)

Case 1: U = U,. In this case, we know that O5NOg has nonempty interior. Therefore

on Os N Og we have

. / —n—1_—m—1,m+n+2+A1
g E brnnsinje (u1;wq,wa,w3,wy)Cy 21 0 )
m,neC i,5,keN

(log (¢2))" (log (o))’ (log (21))"
:he(zl, G, Cz)

5 —m-— A
- Z Z Cm,n;i,j,k(ul;w17w27w37w2><2 " 1(21 - CO) ml 6n+n+2+ 1
m’ne(c Z7]7keN

- (log (¢2))" (log (¢0))’ (log (21 — o))",
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which implies that for any n € C, on O5 N Og we have

. I\ —n—wtwzt+wtw) _m_1
§ E bm,n+wtwg—wtwi—l;i,j,k(ulaw17w27w37w4)<2 21 :

meC i,j,keN

gt (log (6))(log (G)) (log ()"

= Z Z Crm n+wt ws—wt wﬁl—l;i,j,k(ul; wy, W, W3, wﬁl) ’ (log (C2>>Z <1Og (CO))]

meC i,j,keN

(log (1 — Q) g T R gy,

(9.29)

Notice that when U = U, we have 3% < arg(z — () — arg(() < —% for any
(21,(1,8) € Os. In other words, Os N Og is contained in the region given by
(21,¢1, () € C? such that 2, € Qé}&l(g’o). On the region given by (z1, (1,(2) € O5NOks,

(¢, ) € U, by (9.13), (9.14), and (9.29), we know that

AP (w3, wh; G, Go) (w1 @ Vi (ur, 21)ws) = hiny (G, G2, 213 ur, w1, W)

=2\ (w3, wh; G, C2) (Vilh (ur, 21 — Co)wy @ ws) . (9.30)

Since both sides of (9.30) are single valued analytic on the region given by ({1, (3) € U,
21 € Qg&l((o) N Qg%,o(@)a and are equal on a nonempty open sub-region given by
(21,¢1,(0) € O5 N Og, (¢1,6) € U, we know that (9.30) holds on the whole region
{(21.¢1,) €01 (C1.G) €U, 21 € Q0,1 (Go) N0 (G0)}-

Together with the final step below, we proved that for any (¢1, () € U and n € C,
the function A\ (ws, wh; ¢1, ¢2) is P((p)-compatible with respect to Wy and Ws,. In
particular, since (£,2,) € U, we know that Aﬁf)(wg,wg) is P(Zp)-compatible with
respect to W, and Ws. In other words, Py (w3, w)) € COMP p(z) (W1, Wa).

Case 2: U = Us. We also know that O5 N Og has nonempty interior. Therefore
on O N Og, we still have (9.29). However, when U = Us, we have 5 <arg(z1 — (o) —

arg((p) < 37” for any (z1,(1,(2) € Os. Therefore in this case, the region given by
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(21,1, ) € 05N Os, (€1, C) € U is a sub-region of the region given by (¢, () € U,
21 € Q%,l@o) N Q&%’O(CO). On the region given by (z1, (1, () € O5 N Os, (C1,C) € U,

we have

~ b71
A2 (g, w0 Gr, ) (w1 © Vil (11, 21)ws) = B

=22 (w3, wh; G, C2) (Vigh (ur, 21 — Go)wy @ ws) . (9.31)

Co, C2, 215 U1, W, wz)

Similar as Case 1, (9.31) holds on the region given by ((1,() € U, 2 € Q(()?&l(é"o) N
%1.0(Co)-

Together with the final step below, by Remark 7.0.25, we proved that for any
((1,6) € U and n € C, the function X%z)(wg,wﬁl;gl,@) is P((p)-compatible with
respect to ¢g, (W) and Wy. In particular, since (21, 23) € U, we know that )\%2)(103, w})
is P(Z)-compatible with respect to ¢, (W;) and W5. In other words, )\;2)(11}3,71)11) €
COMP p(z) (g, (W1), Ws).

Case 3: U = Us. We have O5 N Og = @. Define Oy as follows.

(z1,C1,G) |0 < |21 = ol < |Gols |21 = Col + [Co| < |Gl (1, ¢2) € U,

Oy = 3

€ O] larg(z) — arg(¢o)| < g, —2m < arg(z; + (o) — arg((y) < -5

The fact that (9.27) holds on the region Og implies that on the region Oy, we have

—n— —m— A
Z Z Conmsi, gk (U1 3W1 W2, w3,w)) G Nz —¢)™ ! 6n+n+2+ '

m,neCi,j,keN

- (log (¢2))" (log (o)) (log (21 — G))"*

:hb<217 ClaC?)? (932)

where b is the group element in 7 (F; 2(C — {0})) represented by the loop 7 defined
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by
1 1 ™
3— 2 1+ 41, 3 — 52,366Z , te0,1/4]
3 1 ™
(7+4_1 — 16¢,3 — 52,3662), te1/4,1/2]
(t) = )
( 1+—Z—4tl 3— 5@,36“), te[1/2,3/4]
1 iy
( 13——@—1—161& 3 — 52,3661). t € [3/4,1]
(See Remark8.0.3)
However, we already know that z; = —(, is just a removable singularity of the mul-

tivalued analytic function Note that Os N Oy is a region with nonempty interior
contained in the region given by ((1,G) € U, 2 € Qoo (&) N QO 1.0(0). On O5 N Oy,

we have

—n— —m— A
Z Z Con s e (U301, W2, w3,w ) G (21— Go) T g e

m,neC i,5,keN

- (log (&2))" (log (Go))’ (log (21 — ¢o))*,
=h"(21, (1, Co)

—3 3G (log ()

neC 1eN

b (Z > b (w1501 wa,ws,w4) 27 ™ AL (log (Go)) (log <zl>>k>

meC j,keN

Therefore for any n € C, we have

Z Z Cm,n+wtwg—wtwgl—l;z,j,k(ul;w1,w2,w3,w:1) - (log (CQ))i (log (Co))j

meC i,5,keN

. (log (Zl . C(]))k gfwtw1fwtw27wtu1+m+l 2—n—wtw3+wtwﬁl (Zl - C(])fmfl

. . I\ ~—n—wtwz+wtw) _mpm—1
_b(z Z bm,nertwgfwtwﬁlfl;i,j,k(ulawl7w27w3;w4)<2 2 .

meC 4,j,keN
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nowwi—w wemwhutmtl (160 (C2))i (log (Co))j (log <Z1))k>

Therefore, on the region O5 N Oy, we have

b. (Xﬁf) (w3, w; C1, C2) (w1 ® ng[,é (u1, 21)w2) ) = . <hfn)(C07 Ca, 215 U1, Wy, w2)>

:Xg) (w3, w; i, G2) (YV‘(I}}1 (u1, 21 — Go)wr ® w2) : (9.33)

Together with the final step below, by Remark 7.0.25, we proved that for any
((1,6) € U and n € C, the function X%Q)(wg,wfl;fl,@) is P((p)-compatible with
respect to ¢g, (W) and Wy. In particular, since (£, 23) € U, we know that )\%2)(11]3, w})
is P(Zp)-compatible with respect to ¢,, (W;) and W5. In other words, A%z)(wg,wﬁl) €
COMP p(z) (g, (W1), Wa).

The next step is to prove that

AP (w1 @ Yif2 (ua, 21) - - Vi (w, 20)wo) (9.34)
is absolutely convergent, on the region given by 0 < |z| < ... < |z1] < |Z], to

a multivalued analytic function defined on (z1,...,%) € Fi(C — {0, %}) satisfying
Condition 3.0.13 for (1,0,{0,2p}). By using the argument essentially same as the
proof of Lemma 3.0.37 and Lemma 7.0.6, we can show that on the region given by

0< ’Zl‘ <... < ’Zl| < ‘CQ‘ < ’C1|
<w2, yl(’wb C1)y2 (Yv‘({é(ul, 21) T YVS{/QQ (ul, Zz)w2, Cz) w3>
is absolutely convergent to

fy17y2,l+2(21 + C27 <oy 2l + <27 Clu <27 Uy, ..., U, Wy, W2, W3, wﬁl)

:fy1,§2+(y2),l+2(217 <y Rl CO? _C27 Uy ..., U, Wy, W2, W3, €<2L(1)wﬁl) (935>
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Therefore (; = oo is a regular singualrity of (9.35) for (z1,...,2,() € F+1(C*).
We know that (9.34) is equal to the sum of coefficients of (" "3tV % ]og((y)*
over k € N in the corresponding expansion with subtitution {y = 2y, (o = 25 (the
subtitution ¢, = 2, is involved only because of the polynomial e¢2“(Vwy,). Therefore,
by part (e) of Condition 3.0.13, we know that the multivalued function that (9.34)

converges to, denoted by
fl(zla ey R ULy ey U, W, W2 )\7(12))7

satisfies Condition 3.0.13 for (1,0, {0, Z}).

The final step is to prove that the multivalue function

2120 2120 9
fi (—,...,—;ul,...,ul,wl,wg;)\g) (9.36)
2l+1 2l+1

satisfies Condition (I, 1,{0}). We know that on the region given by 0 < |z| < |z_1| <
-+ < |z1| < |zi41], the series

)\g) (w1 ® Y (ul, @) Y (ul, @) w2> (9.37)

Zl+1 2l+1

is absoulely convergent to (9.36). Consider

<wfp Vi(wi, C1)Ye <YV?/22 (Ul, ZI—CO) Y (uz, ZZ—CO> wa, Cg) w3> , (9.38)

2141 2141

2160

which is absolutely convergent, on the region given by 0 < o

|42’ < ‘C1|7 to

<...<‘ﬂ

210 21Co
JR R <— + Qoo — + G2, Gy G5 U, - -, U, W, Wo, w37wQ)
Zl+1 241

o 210 21Go . CoL(1),,
_fy1,Q+(y2),l+2 P 7<07_4-27u17"'7ulaw17w27w376 Wy
2141 2141
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—1\— —L(0 —1\— —L(0
:fyl,Q+(y2),l+2 <Zl7 ce ey Rl R4, X7 (QO 1) L(O)Zl-‘rl( )u17 ceey (CO 1) L(O)Zl-‘rl( )UZ,
—1\— —L(0 —1\— —L(0 —1\— —L(0 — L(0
(GO O, () HO 2 e, (GO Vs, (GO e D)

(9.39)

where X = —CZZ%. Notice that (CO’I)_L(O)ZZ;Ll(O)wl is a finite sum of elements of
the form (2}, 1og(¢o)" log(zi41)" 2wy for a,b € C, ki, ko € N. It is similar for the
Virasoro action on uq, ..., u;, ws, wz, and w} in (9.39). They have no influence on
the regularity of any singularity.

Since X = oo is a regular singularity of (9.39) for (z1,..., 2, 241) € Fi41(C),
applying part (e) of Condition 3.0.13 for (I,2,{0}) to (9.39), we know that (9.36)
satisfies Condition 3.0.13 for (1, 1,{0}). Indeed, (9.36) is a coefficient of the expansion
of (9.39) corresponding to the regular singularity (, = co. Multiplying a certain power

of (—z141/Co) to a coefficient of the expansion corresponding to X = oo, one would

obtain the coefficient of the expansion corresponding to (, = oc.

[
From (9.2), we know that near the point ((1, () = (21, 22) € ]\/4\3, we have
(wi, V1(wi, C1) Va(ws, G2)ws)
- Z Z Gnsi,j (W1, wa, w3, wh)e IR (1 (&) )l BTG (1 (¢ — ().
neC i,jeN
(9.40)

ForneC,i,j5 € N, w), € Wy, ws € W3, define

Brsi i (wy, ws; Go) (w1 ® wy) =

= Uy j(e—L(O)slo(Co)w17 e—L(O)slo(Co)MQ’ e—L(O)slo(Co)w& eL(O)SZO(CO)wD. (9.41)
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We have

/\512)(101 ® 7~U2) = (Z 5n—wtwg+wtw3—1;2‘,j(wﬁ77~U3§ Qo)(wl X w2)'

1,J€EN

e(nfwt w)+wt wg)lg(Co)e(fnert w)—wtws)lo({2) (log(Cg))Z(log(Co))J)

G1=7z1, (2=22

(9.42)

Similar to theorem 9.0.1, it is not hard to prove that B, ;(w}), ws; () is P(Co)-
compatible.

Since

fi (Zl;’U>wlaw2;ﬁn;i,j(wﬁbw3§ Co))

=) 0 i (0o 1x(w1), wa, wy, wh)e T EEAN) gm0 (1 (2 — ¢ ) (9.43)
meC keN

Since (¢1 — (2, C2) = (0, 00) is a regular singularity of fy, y, 2(C1, C2; w1, wa, w3, wy),

by the definition of X,(f), we easily have the following property.

Proposition 9.0.3. For any ws € W5 and w)y € W}, there exists N' € N, such that

X;2)<w37w£1;<g17<2) = 07 fOT‘ any n € Ca thh %(n)<_N/; and (ClaCZ) € FQ((CX)
(9.44)

We denote the minimal N such that (9.44) holds by N (w3, w)).

Theorem 9.0.4. Suppose that {N(ws,w}))|lws € Ws,w) € W,} (see Proposition

9.0.8) has an upper bound N € N. In other words, there exists N € N such that

Xg) (w37 wzl’ Cla §2) = Oa

for any n € C with R(n) < —N,ws € W3, w) € Wy, and ((1,(2) € Fo(CX).

Then, the linear functional A%Q)(wg,wfl) =P (ws, wh; 21, 22) € (W @ Wa)* is P(2)-
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locally-grading-restricted for any n € C.

Proof. Since Wy, Wy, Wa, and W}, are generalized grading restricted untwisted V¢-
modules, and the Virasoro action L(n) are induced by the conformal element w € V¢,
we know that the argument from (11.31) to (11.37) in [HLZ4] still hold. In particular,

there exists L € Z, independent of (1,(> € C, w; € Wy, and wy € W, such that

(Lpcy)(0) — wtw) + wtws —n — l)L (Bpsij(wy, ws)) =0,

or equivalently, wt 3, ; (w}, ws) = n + wtw) — wtws + 1 (9.45)
Now, we want to study (Y;ﬁg;)“)o (v,2) (B j(wh, ws)). Since B j(wh, ws) is P({p)-
compatible, we know that there exists the function fi(21;v, wr,ws; By j(w}, ws)) on
21 € M'(0,¢y) as in the definition of P({)-compatibility, and a preferred branch
I5 (2130, w1, wa; By (W), ws)) which is single valued analytic on the region given by
21 € My (0,p). There exist i m jrm.ij = Qirmjrmij (Vs Wi, Wa; B s (W), ws)) € C, such
that on the region given by |z1| > [(o|, |arg(z1 — (o) — arg(z1)| < 5, we have the

expansion

M
i (200,01, w02; B (Whws)) = Y Y @i ge T (o(20)) . (9.46)

i',j’=0 meN

DD Buig (Wl wy)(wy ® wy)em )l mDRER) (14 (G)) (1o (Go))

neC i,jEN

= (wy, Y1 (w1, (1) Vo (w3, Go)ws) (9.47)
We define

(Yl%)gz)—l(exLa)(_xz)L(o)% x’l)(A)> (W @ ws)
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N
= Z Z i i (W, w1, wos N " (log z) . (9.48)

1,j=0 neN

We define AL (w3, w); G, G2) € (W @ Wa)* by

XS) ('U)g, wZ,L’ gla <2)(w1 X 'lUQ) =

~ -1 L(0)s —1 L(0)g -1 L(0)s l L(0)s
Zan+wtw3—wtw§1—1;i,j(€ 0(¢0)L(0) wy, e 0(¢0)L(0) Wwe, € 0(¢0)L(0) w37€0(40) (0) wfl)
i,jEN

. e(nert w3 —wt wg)lg(go)e(fnfwt wa+wt w))lo(C2) (lOg(CQ))Z(lOg(C())y

Therefore, A} (w3, w)) = AP (ws, wh; 21, 7). Let Ay, = wt (Y2, (v)(w))) —wtw; —

ni,i1 4

wt wy — Wt ws :A—th+n1+1.
For any ny € C, i3 € N, there exists ay,, .y € C such that on the region

0 < |(2] < |z1], and (yi ge fujiao budengshi)

11
e(=m—Dlo(z1+¢2) (lo(z1 + CQ))il — (=m—=Dlo(z1) Z Z am,z‘l;k,i’ggzl_klo(zl)i,~

/=0 keN

On the region given by 0 < |G| < |G| <[21 + G, [21] > 2|1,

<w4, Yglgm (v, 21 + Q) V1 (w1, C1) Vo (w2, Cz)w3>
= <(Yé;’;g”3“)" (0,21 + Gl Vi (wn, ) Va(ws, G )
= Z Z< 0 () (W), Vi(wr, () Va(wa, G ws ) e DEHFR) (1 (2 4 ()

ni1€D i1 €N

= Z ZZ)\@) ws, Y, (0)(w)): 1. Ge) e (Fm=Dlolzt @) (1 (24 4 ()™

ni1€D 11ENneC

=30 3TN A (s, V2, (0) ()5 G, &) (w0 © ),
n1€D i1EN neC
i1
<6(—m—1)lo(zl) Z Z am,z‘l;k,i’cngkldzl)z )

/=0 keN
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- Z Z Z Z Z anl,il;k,i’cg'

neC i'eN \ neC 41> n1€D,keN,
—n1—1—k=n

~ .

A (w3, Y2 (0)(wh); Gr, G) (wr @ w2)> 06 (1o (21))!

=2 XX X amawed

neC i'eN | neC 41>’ n1€D,keN,
—n1—1—k=n

~ 1) ! n—wtv—n—wtwi; —wt w2)lo(o
< E an—ﬁ—i—wtwg—wtwﬁl—nl—Q;i,j (wh Wz, W3, Ynl,il (U) (w4>) 6( lo(Co)
i,JEN

-/

e(—n-i—ﬁ—&-m —wtwz+wtwj+1)lo(¢2) (lo(Cg))Z(lo (g&)j) ] eﬁlo(zl) (lo (21))1

_ Z Z [Z e(—n—wt wg+wt wfl)lo(@)e(n—wt v—i—wt w1 —wtw2)lo(Co)

neCi’eN LneC

Z Z Ay iy skl (Z an—ﬁ—l—wt w3—wt wy—n1—2;i,j (U}l, Wa, W3, Y7:)1,i1 (U)(wil))

i1 >4 n1€D,kEN, 1,7EN
—ni1—1—k=n

(lo(Cz))i(lo(Co))j>] ™0 (1 (1))

’

=222 2

#EC neC /€N i,jeEN

E E ~ o /
Anyigsk,i!  On—n+wtws—wt w)—n1—2;i,5 (wla Wy, W3, Ynl,il (U) (w4))

i1>1' n1€D,keN,
—n1—1—k=n

. e(fnfwt w3 +wt wa)lg(gg)e(nfwt v—n—wt wi; —wt wZ)lo(Co)eﬁlo(zl) (lo(zl))i/ (lo(<2))z(l(](<(]))j

(9.49)

The right-hand side is absolutely convergent because (Z, g—g) = (00,0) is a regular

singularity of fylyy%l(g—g +1,1, Z—;; V5 Wy, We, W3, WY).

(Ve ™) (o, 2) (A2 (s s G, 6)) (ur @ o)
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:ff (Zl) U, W1, Wa; Xg) (w37 wil’ gla €2)>
=X§f)(w3,w2; (1, C2) (ng(/ll(va 21 — Go)wr ® wz)

= Za’nert w3 —wt wﬁlfl;i,j (eil()(CO)L(O)SYI/‘?/ll (U7 21 — C0>w17 eilO(CO)L(O)Sw% eil()(CO)L(O)Sw&

i,jeN

GlO(CO)L(O)Swi) . 6(n—‘,—wt w3 —wt wﬁl)lo(Co)e(—n—wt wa+wt w))lo(¢2) <10g<gg))l<10g<<uo))]

- Z Z it w—ww,—1iig (Ymar (V)wr, wa, w3, w)) - (log(G2)) (log(Co)) (lo(21 — ¢o))”

i,5,i' eN meC
. e(n—wt w1 —wt wo —wt v+m+1)l0(C0)€(—n—wt w3+wt 'LUL/L)ZO(CQ) 6(—m—1)l0(zl —Co)
= 3> bt wewtig Y (0)wn, we, w3, w)) - (log(G)) (10g(Go)) (lo (1))
i,5,i €N neC

. e(nfwt w1 —wt wo —wt vffl)lo (Co)e(*n*Wt w3+wt wé)lo(Cg) 6ﬁl0(21)

Y

where by, wtw;—wtw,—1;i,; are some complex numbers, whose existence is because of

lemma 4.1 in a convergence lemma, and the fact that z; = oo is a regular singularity

of

fe (Zl;v,wl,wz;xf)(wg,wﬁ;; (1, Cz)) :

Therefore, we know that

—_1\ © ~
(™)L @ (s 6.)

—_n—

= Z Bn—l—wtwg—wtwfl—l;i,j (Ym,i’(v)wla Wa, W3, wil) ’ (10g(<2))1(10g(<0))]

1,JEN

. e(nfwt w1 —wtwe—wt vfﬁ)lo(co)e(fnfwt wz+wt w))lo((2) ) (95())

Since the right-hand side of (9.49) is equal to

>3 (v |

n,neCi'eN

= Z Z [;n+wtw37wtwafl;i,]’ (Voo (V) w1, wa, w3, wh) - (log(¢2))" (log(¢o) )

n,R€C 4,5,i' EN

(v) (Xg)(ws; wy; i, C2>> (w1 ® wy) - €™ (1y(2))

5!
XA
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. 6(n—wt w1 —wtwz—wt v—ﬁ)lo(Co)e(—n—wt w3+wt wﬁ)lo(@)eﬁlo(zl) (lo(zl))i’

(9.51)

Compare the coefficient of the right-hand side of (9.49) and (9.51), we know that

—1\ O ~
(), @ (Wi 6.0)

=3 buswtug w150 Ymir (V) w1, wo, wy, w}) - (10g(C))" (log(Go))’
1,JEN

. e(nfwt w1 —wtwo—wt ’U*’FL)IO(CO) —n—wt wz+wt 'LUL/L)ZO (<2)

6(

= Z Z Z Qpy ikl * dn—ﬁ+wt w3—wt wy—n1—2;i,j (wla Wz, W3, Y’Vfl,il (U) (wil)>

4,JEN \ i1 >4 n1€D,kEN,
—ni1—1—k=n
e(—n—wt w3+wt wﬁl)lo(qg)e(n—wt v—n—wtwi —wt w2 )lo(¢o) (ZO(C2))1(ZO(CO))j

= Z Z amﬂ'uk,i’gg ) ngwt v— (w?n Ynol,z‘l (U)(wﬁl); Ci, CQ) (9-52)

i1>' n1 €D, kEN,
—n1—1—k=n

By (9.45), we know that wt Xn(wg,wﬁl; (1,(2) = n for any n € C. Therefore, by

(9.52), we know that

r

WO (o) Ve () (N g, w43 G, G) ) == D (whor = ni = 1), (9.53)

i=1
Therefore, we know that
W)\%z)(w?”wi) = H (WAﬁf)(wg,wﬁl)) . (9.54)
leC
Since we have
AP (w3, w); G, G) = 0 if R(n) < =N, (9.55)

for any n € C, and w3 € W3, wj € Wy, by (9.52) and the definition of W@ (1 ary> W€
n Wy

)
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have (Wx\g)(wsvwﬁ)%] =0 for any [ € C with R(I) < —N.

Basically, the P(z) story is finished here.
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Chapter 10

The Q(z) Part

For any z € C*, a Q(z)-intertwining map of type (W%Ivz) is a linear map J from
3

Wi @ Wy to W] = (W1)* of the form
J(wh @ wy)(wy) = (wh, Y(wy, 2)ws), for all w; € Wy, wy € W, ws € Wy,

where ) is a twisted intertwining operator of type (WZVIEVZ) By using the QL and A4

operator, we have

(wy, Y (w, )wa) = (™ Dy, Qp (V) (ws, 7" w)wr)

<Aﬂ:(Qﬁ:(y)) <l,—2L(0)e(:ﬁ:2¥1)mL(0)€x*1L(1)w2’eﬂ:mI—1> €$L(1)wé,w1>

<Q (Ai<Q:l:(y)))(€xL(l)w;/37 (1 l)ﬂlel) x72L(0)€(i2$1)mL(0)ez_lL(l)w2’ efx_lL(l)w1> _
Therefore, we have

<€—a:L(1)wé, y(ex_lL(l)wh x)e—z_lL(l)e(¥2il)mL(0)x2L(0)w2>

= (0 (A (V) (w77 wo, 1) (10.1)
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Let p = p(%) be the unique integer satisfying [,(%™ ") = —lo(%). Then, we know

that

<6752L(1)w:/37 y(ezylLu)wl, Z~2)efzé*1L(1)€($2i1)mL(0)Z~22L(0)w2>

= (Qu(AL(QL ()P (wy, Z27") wa, wr) -

When 2, ¢ Ry, we have p = —1, and Q_(A.(Q_(Y)))? is a twisted intertwinig

operator of type

¢9192 (W{) ) f _ R
(¢919§ (W3) ¢g1g;1 (Ws) if 2 ¢ Ry, (10.2)

For any J € Hom(Wj ® Wy, W/) and z € C*, we define B.(J) € Hom(W} @ Wy, W)

as follows (we identify W/ with (17)*),
B.(J)(w), @ ws)(w1) = <€z‘1L(1)w1’ T (esz(l)wé 2 efz—lL(l)e(ﬂFQil)mL(O)ZZL(O)w2>>

Since €24 and A, are bijections between different spaces of intertwining operators, we
know that J is a Q(2y)-intertwining map if and only if B, (J) is a P(Z, !)-intertwining
map of the type (10.2), which is equivalent to the fact that

yBZé(J)<w,37 I)U)g _ xL(O)(52_1>_L(0)352(J> (x_L(O)(zNQ_l)L(O)wé ® JI_L(O)(ZNQ_I)L(O)U)Q)
:xL(O)(52—1)—L(0)€£2—1L(—1)J (e—z”QL(l)x—L(o)<Z~2—1>L(0)wé®

o~ IL(1) L(F2E)L(0) £,21(0) .~ 1(0) (52—1)L(0)w2>

(10.3)

is a twisted intertwining operator of type (10.2). Let r = F2+1 € {-3,-1,1,3}. In

the following, we take r = +2+1 = 3.
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Now, let J € Hom(W; @ W3, Witlp(s),W>) be defined by

Tn (J(U)Zl ® wg)) = Xg) (wg, wﬁl; Z1, 272) S (ngp(zb)WQ) n € C. (104)

[n]’

When we identify Witp(s)Wa with (W) Mp(s) W2)*, we know that the linear map J

is uniquely determined by
J (W) ® ws) (mn (w1 Bp(z) wa)) = ngz)(w?n wy; 1, Z2) (w1 @ wa), (10.5)
for any w; € Wy, we € Wa, and n € C. By (10.6) and (9.2), we know that

J(wﬁl ® wg)(w1 X’P(i@) wg) = Z J(wﬁl ® U)g) (Wn(wl &p(go) UJQ))

neC

= (W, Y1 (w1, 21) Va(we, Z5)ws) . (10.6)

We want to show that J is a Q(2;)-intertwining map of type

Wlﬁp(go)WQ
. 10.7
( W Wy ( )

From the above discussion, it is equivalent to prove that Vp_ (5)(-, ) is a twisted

intertwining operator of the type

¢919293 (WlNP(z~o)W2) ) o~
if 2 ¢ Ry.
(¢91929§ (Wi) ¢919293_1 (W?)) +

Theorem 10.0.1. For any (21, 22) € Uy (See remark 8.0.7) with Z5 ¢ R, , the map

VB, ( 7)) is a twisted intertwining operator of the type

( ¢919293 (WIEP(EO)W2) )
¢glg2g§ (Wi) ¢g1g2g;1 (W3)
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As a result, (21, 25) € Uy, J is a Q(23)-intertwining map of type

Wibpz)Wa
. 10.8
( Wi Wi (10.8)

Proof. First, we prove the duality property of Vg_ ( »(x)-. We would study the

following three series,

L - _ 1 -
<T]2 (0)(22 I)L(O)e 2 L(l)ﬂ-n(wl Xpz) wy), Dgrgags (Y)(v, 771)sz~2(]) (wﬁl, n2) w3> ,
(10.9)
—L o~ _ —Z —1
<772 (O)(Zz 1)L(0)6 ? L(l)ﬂ—n(wl Xpz) ws), szb(J) (w}, m2) %IQQQ;(Y)(U, 771)w3> )
(10.10)

_ - gt
<T]2 1o (22 I)L(O)e : L(l)ﬂ-n(wl IEP(»fo) w2)7 sz“Q (J) <¢glggg§ (Y)(U7 m — 7)2)“]217 772) U}3> .

(10.11)

Let (o, (1, (2 € C* be complex variables with (o = (3 — (2, and 0 < |(o| < ] < |G-
We can define Jg, ¢, € Hom(W; @ W3, Witlp,)W2) to be the linear map uniquely

determined by

Tooieo (Wl ® ws) (wy Bp(co) wa) = Jeo.co(wh @ w3) (. (w1 Rpgy) ws))

neC

= (W}, Vi(wi, (1) Yo (ws, G2)ws) - (10.12)

Similar as the map J, the map J¢, ¢, is well-defined, and we have J = J 5.

To study (10.9)-(10.11), we first study

—L(0 — —¢ct
<7]2 ( )(CQ 1)L(0)€ 2 L(l)yﬁp(go) (wh CO)w% ¢919293 (Y) (Ua n1>yBgQ(Jg0,g2) (wﬁp 772) w3> ;

(10.13)



198

—L(0 — ¢t
(OGO O Y, n, Go)s, Vi e (W 12) €y, (V) 07003 )

(10.14)

—L _ _ 1
<772 (0)(C2 1)L(0)€ ¢ L(l)yxp(%)(wl,fo)wm yBCQ(JCO,CQ)@gIgQgg(Y)(Ua771—772)w£1>772>w3>>

(10.15)

where Vi, C0)<-,33)' is the unique twisted intertwining operator such that for any

wy € Wy, wy € W, yIXP(CO)<w17CO>w2 =W X’P(CO) Wa.

Cam
mn—n2

First, on the maximal Reinhardt sub-region of the region given by 0 < <

Gl <1, 0 < ] <[], which is the region given by 0 < 2| < ], 0 < |G| < |G,
(10.16) is absolutely convergent. Therefore, on the region given by 0 < 2|n;| < |n2],

0 < |Co| < |Ca] < |C1|, we know that (10.14) is equal to

<772_L(0)(gl)L(O)e*CEIL(U(w1 Mp(co) W) s VB, (Jeg.cy) (Was 12) Y((91929§1)71%7}1)w3>
= (w1 e w2, Jeogs (70 O (G Ot
e—CglL(l)ersz(O)ggL(O)n;L(O) (C{l)L(O)Y((glggggl)_lv, 771)w3>>
= <e‘¢2L(1)n2‘L(O)(C;l)L(O)wi, Yi(wy, G1) Yo (w2, G2)
e’glL(l)e’"’”L(O)C;L(O)U;L(O)(Cgl)L(O)Y((gngQ:;l)flva 771)w3>
= (@ HOn, HOG Ol 1w, ) Valws, )

— _1 — — — — — —
Y <6 @ x)L(l)(l — 12 1771) QL(O)(_@??Q I)L(O) (919293 1) lvv

@TWZeQZO(CQ)elo(CQ_I)e_ZU ("72)77

- 1 ) 6_C2—1L(1)€r7rzL(0) CQQL(O)T]Q_L(O) <<,2_1)L(0)w3>
— X

_.—1
=Ty M

(10.16)
_ <6*C2L(1)n;L(0)(Cgl)L(O)w£L7 Vi(wy, () Vo(ws, Co)

-1 —1
yP (642 (1—n5 ”1)L(1)(1 _ ?7271771)72L(0)(_<2n;1)L(0)(glg2g371)71v7 n@mn )
1 7/2

71 _ _
eGP e (0) 2L(0), L(O) (- 1)L(D)w3>
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Gt ¢ M (1—ny 'm)L(1) —Comp HO —p1 —1y—1
=fYma | G G m—m W 95" (919295 1) o5 wy, wy,

G EWrmO GHO L0 (1) EO) =GR MO (G 1EOW) - (10.17)
where p; = pi(r, (o, m1,7m2) is the unique integer satisfying

—_— 1
Lp, (7742771772) = e+ 2o(G2) + 1o(G 1) = lo(m2) + lo(m) + ) Eng’“n’f, (10.18)
o k>0

and by is an element in the fundamental group dependent on the value of (;, (5, and

m

-2 Gince the right-hand side of (10.17) is holomorphic on the region 0 < .

m—-mn2

<

&, as a finite sum of series on I and %7 we know the left-hand side of (10.17)

€3
o

We define the region R; by

R1={(C07C277717772> (C*)*

Ao w2 oh 01

equipped with the cuttings (o € Ry, (o € Ry, (o + ¢ € Ry, n € Ry, o € Ry,

% -G € Ry, UEQ_TD — (G € Ry, n§2—777172 € R, (which change the topology and
complex structure. All the positive real lines are attached to the upper half complex
planes). Because of the cuttings 7, € Ry, ny € Ry, (o € Ry, and 77(12—_7% e Ry, we

know that p; is locally constant on

G
Go

m
2

0< <l<

Ry = {(Cm@ﬂhﬂ?z) € R

i

Because of the cuttings (; € Ry, 1 = 0,1,2, n; € Ry, j = 1,2, and % € Ry,

S e Ry, S ¢ o€ Ry, and 28— ¢, € Ry, we know that by is locally

constant on R, and therefore R). Because of the cuttings 7, € Ry and 7, € Ry,

we know that the function argn; — argmny is continuous on R)}. We pick a point
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¢ = (—2,-5,—1 —1,—) in R)|. On the connected component C; of R} containing
q1, using ¢; to compute, we know that p; = 2, and b, is the unique element such that

(10.20) holds. On Cy, we have

—L _ _—1
<772 (0)(C2 1)L(0)6 ¢ L(l)y®p<<0>(w1,Co)w2 3 yBCQ(JCO,CQ)(wip772)¢91929;1(Y)(U7771)w3>

G ¢ M (1—ny tm) L(1) —Cop2 O —p1 —1\—1
=% yas | S0 G2 et m_m)yp) % (919295") v

Wy, W, e—C;lLa)ermL(o)CZZL(O)n;L(O)(§2—1)L(0)w3’ e~ C2L(1) —L(O)(C2_1)L(0)w;l>

Up!
(0)

e G — —Camp g — —1\—
:fyl,ygs (Cl,Cz, _772; G (1= ) () W (9192)932(9192931) 1“5
Wi, Wa, e_cglL(l)ermL() ;L(O) , 1O (Cz ) w3 e 2t (Cz )L(O )

(10.20)

Write 9 = n1 — 12. On the maximal Reinhardt sub-region of the region given

by 0 < |G| < |Gi] <

72 Jlrno
&

<1 + }§;|> ol < |mel, 0 < |C2] < |C1], (10.21) is absolutely convergent. Therefore, on

, 0 < |no| < |m2|, which is the region given by 0 <

the region given by 0 < (1 + }?D 1m0] < |m2], 0 < [Co] < |C2| < [C1], we know that
(10.15) is equal to

—L(0) [ et B
<772 O (GO e E W (1) Xp(co) w2) » VB, (g cy) (Y ((g19293) v, mo)wly, m2) w3>
_ —L _ _
:<w1 Mpco) W2r oo (6 CLWp HOGEOY (g19203) M0, mo)wy®
e_CglL(l)ewrzL(O) C22L(0)n2—L(O) (C2_1)L(0)w3> >

= <€_<2L(1)772_L(0)(CEI)L(O)Y((glgzgg)_IU, no)wy, Vi(wi,C1)Va(ws, ()

—¢;t T 2L(0) —L(0 _
e~ LM)ermL(0)c? ()772 ()(C2 1)L(0)w3>

_ L(0) _ -1
_y 6—<2(1+n2—1no>L(1>< e ! ) (19262) v e~lo(m2) glo(Go )y
(m2 +10)? 1+n5 'no

e C2L (Cz DO Yy (wy, &) Va(ws, G)
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-t T L —L _
e~ G2 L(1) grmL(0) 22 (0)772 (0)(C2 l)L(O)w3>

= (et O, 20 (G 1Oy,

. L(0) 1 L(0)
Y Q%JSL(U (et m)* +770) o~ C2(1+ny o) L(1) 126 2)-1,
C (772 +770>2 g19293 )

2

Lt ) Vi, ) Valwn, &)

e~lo(m) elo(GG )y,

—1 — —
oG L(1)ermL(0)<22L(0)772 L(O)(g2 l)L(O)w3>

_.—1
T=Ty 10

(e,

no+n§n2_1L(1) L(0) 14+ 2
Y Co(n2t10) _ —2 2\—1
GQW"O (=G ™) (919:63) O ol elo(G g

—1 o
Vi(wr, 1) Va(ws, G)e™ L(l)emL(O)éL(o)ﬁz o (Cgl)L(O)w3>

-1

T="y Mo
(10.21)
= (e GHg HO (G O,
no+n0n§1 o\ L0 B +
yP2 (e oz gy L) (—C2772770 2) (0) (91929;?) lv, 772_1 o
G Mo
—1 o _
Vi(wy, G1) Vo (ws, Ga)e™ L(l)emw(o)éuo)ﬁz L(O)(Cz 1)L(0)w3> (10.22)
Ui + Ui M o\ L(0 _ _
= 521,312,3 (C1><2> C2 : 662("2%0)”1) (_C2772770 2) © (919293) " (g19293) " v; w1, wo,
2
e’glL(l)e”’L(O)CSL(O)n;L(O)(gl)L(O)wS, €7C2L(1)n2*L(0)(C2—1>L(0)w2> ’ (10.23)

where py = pa((a, M0, 12) is the unique integer satisfying

b () = o) - (6 ) - - S0 020

C2 o k>0

and by is an element in the fundamental group. Since the right-hand side of (10.23)

(10.23) is absolutely convergent on this region.
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We define the region Rs by

Ry = {(Co,@,no,ng) € (C) Co+ G # 0,10+ 10 # 0, 772 Ral/Lp gl} (10.25)
2

equipped with the cuttings (y € Ry,(o € Ry, (o + G € Ry, no € Ry, no € Ry,

% — (¢ € Ry, szzg — (¢ € Ry, ijg € R, (which changes the topology and

complex structure. All the positive real lines are attached to the upper half complex

planes). Because of the cuttings 19 € R,, 7, € R, and % € R, we know that po
2

i

Because of all cuttings in Ro, we know that by is locally constant on RY. Because

is locally constant on

G2
Go

0< <l<2<

R/Q = {(C07C277707772) € R2

772

of the cuttings (, € R, and (; € R,, we know that the function arg(y, — arg (s is
continuous on Ry and therefore R,. We pick a point go = (=2, —5,—1 42, —5) in
RY5. On the connected component Cy of R, containing ¢,, using ¢, to compute, we

know that p, = —1, and b, is the identity group element e. On C5, we have

< (CQ ) _42 L(l)ylzP(Co)(wl CO)wQ’ yBCQ(JCo 42)<¢919293 (Y)('U,nl_n2)wipn2)w3>
e M2+ Mo motngny g o\ L(0 B
= 3.3 <<1v<27 g* 7 ; € c2(nztmo) W (—@772770 2) ( )(919293) : (9192932,) Lo;wy, we,
0

oG L) grmeL( Q)CZZL(O)n;L(O)(€2—1)L(0)w3’ e—ch(l)Tb—L(O)(C2—1)L(0)w§l> (10.26)

Using 19 = 11 — 12, there is a natural bijection between R, and R,. Under this
identification, the line segment connecting ¢; and ¢ is contained in C7; N Cs. On

C1 N Cy, by (10.20) and (10.26), we know that

_L _ 1
<772 (0)((2 1)L(0)€ Ca L(l)yxp(%)(wl,fo)wg, yB(Q(JCO»CQ)<¢g1g29§(Y)(U’771_?72)w£1’772>w3>
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e Ty + 1y Moty o L(0 ~
:fyl,yg,g (Cb@, C”n ; € <2(mztno) o (—C2772770 2) © (919293) : (91929§> 1U§w1,w27
2 Mo

oGt L(1) rmL(0) C22L(0)772—L(0) (GO, 6_C2L(1)772_L(0) (§2—1)L(0)w@

(0)
e Cam o1t —Can2 L _ 1y —
:fyl,yQ,g <C1, Co, ~ 772;6 Gy (I=my "m)L(1) (772 = 771)2 (9192)93 2(919293 1) 11);

-1
Wy, W, €% LD rmLO) 22L(0) (Cz ) Vi, e~ C2L0 ((2 )L(O )
—L(0 - -1
= (1 OGO Y, (w1, G, Vi s cp) (Who 1) Bt (V) (001 )

(10.27)

The right-hand side and the left-hand side are both absolutely convergent series.

Compare the powers of {y, on the both sides, we have

—L _ _—1
<772 (0)@2 1)L(0)6 “ L(l)ﬂn (w1 gP(cjo) w2) ,yBQ(JgO@) <¢g1gQg§(Y)(Ua 771—772)10217 772) w3>

—L(0 _ _ —1
- <772 ( )(CQ e Hm, (w1 Bpg) w2), VBe, (1) (Wi 12) ¢glgzg§1(y)(v’ 771)w3> '

(10.28)

When regard (o, (; as fixed, both sides of (10.28) are absolutely convergent to a single

valued branch of a multivalued function on

{on.m) e

+ + +
m# e L 7’é C1, 172,1 T # (o, 772,1 n # 0} . (10.29)
G G2 Mo Ca 1o

However, when regarding (y and (5 as independent variables, this function is inde-
pendent on (. After taking a union of (10.29) over some open set of (y, we know

that the domain of the multivalued function that (10.28) absolutely converges to is

{(m,m2) € (C) | # a2} (10.30)

It is easy to see that every singularity of this multivalued function is regular.
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It can be checked that for any (a,b) € U; (defined in Remark 8.0.7), the set

{1, m2)|(a = b,b,m1,m2) € C1 N Ca} (10.31)

is nonempty open. In particular, for (a,b) = (71, 23), we know that (10.10) and (10.11)
are absolutely convergent and equal on some nonempty open set, which implies that

they are absolutely convergent and equal on the region given by 0 < |m| < |n9],

0 < |no| < |mal, arg(m — n2) — arg(ne) € (—7, —5) and |arg(n) — arg(n2)| < 5

Let ( ) be a multivalued function with a preferred single

€
fyBQ (J§01g2)72’ fyBCQ (J<01<2)72

valued branch, such that fqu Voo e)? satisfies Condition 3.0.13 for (1,1,{0}), and on
2 0,62

the region given by 0 < |(o| < [(2|, and |arg(n:) — arg(n:)| < 7,

—L(0) / — ¢t
<772 ( )(Cz 1>L(0)€ @ Hm, (w1 P (o) w2)vyB<2(J¢o,<;2) <¢91gzg§(y)<v’ M= 112) W, 772) w3>

e

LR <771’”2;”’w51’“’3”72 (G ) e W, (w, @P(mw))' (10.32)

We know that there uniquely exists such a pair < > because

e
fyBCQ(JCosz)Q’ fyBCz(JCo,Cz)’z

of the part (e) of Condition 3.0.13 applying to coefficients of the expansion of

Camlo
Tyi.0.0m), (Co, —(a, =

at the regular singularity (o = 0.
On the region given by ((o, (2,m1,72) € Cy and | arg(n;) —arg(nq)| < 5, by (10.26)
and (10.32), we have

e My +mo  motmn o\ L(0) _
Ioms (C17C27 T ; € c2(n2tno) M (—C2772770 2) ( (919293) - (919293) ' v; w1, we,
2 0

¢t rm 2L(0) —L(0 — —L
eG L) grmL(0) (2LO) ) ~LO) (1) L(0) =G L) =L(0) (1) L(O )

—L(0 ¢t
_ZZ yB( <JC 2 >2 (7)1777271} w47w37n2 ()<C ) (O)e ¢ L(l)(yﬁp@()))fnfl,k(wl)u@)

neC keN
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CSL+Wt’UJ1+Wt’UJ2 IOg(Co)k (1033)

We define the region Ry by

Ro = {<<0a<27771»772) € (CX)4 Co + Co # 0,11 # 1o, 771@_771772 #* C1} , (10.34)

equipped with the cuttings (o € Ry, (2 € Ry, (o + G € Ry, m € Ry, m» € Ry,
m—1n2 € Ry, % -G € Ry, % — (G € Ry, % € R, (which change the

topology and complex structure. All the positive real lines are attached to the upper

half complex planes). Define

Ry = {(507@77717772) € Ro| |¢o] < min{|(y|, |772§2/770|}}_ (10.35)

Because of these cuttings, the left-hand side of (10.33) is single-valued analytic on
Ry, and the both sides of (10.33) are single-valued analytic on Rj. Therefore, we
know that (10.33) holds on the union Cj of connected components of R, whose
interesction with the region given by (o, C2,m1,m2) € Cy and |arg(n) — arg(ne)| < §

have nonempty interior.

Now, we study (10.13). On the region given by 0 < |(3| +

Gamz
S G| < |G, we

have

R Y <;1n2‘1<m—m)L<1)( —Goy )L(O) LT ¢
€ v, - w1, wy ,
Hr) (m — m2)? m—ny o) U0

N — -t I - —
Jeo 2 (6—CzL(1)772 L(0)<<2 I)L(o)w:1 Qe % L L(O)C22L(O)n2 L(0)<CZ 1)L(0)w3> >

::<e*@LU)n;Lm)«EJ)LmMUL

11, —(amo L) 12C2
Y[V [ ele me tm—m)L) (522 v, —Go | wi, G
(m — 12)? =12

V(. <2)6_<2—1L(1)ersz(O)<22L(0)n2—L(0) (62—1)L(0)w3> (10.36)
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b ?71C2 i YL(1) —Ca2 HO
=1y C7C> ;62% e ( —) vV, Wy, Wa,
Vi,02,3 | 5152 — (m — 1m2)? 1, H2

_CQIL L0 §2 L(0) —L(O)(Cz—l)L(O)w&e—CzL(l)nz—L(O)(<2—1)L(O)wi) (10.37)

The expression (10.36) is absolute convergent on the region given by 0 < |(a] +

Gome CO

R < |¢1], to a single-valued branch (10.37) of its multivalued function. Let

<m@

Then, b3 is locally constant on Rj, and (10.37) is single valued analytic on Rj. Let
qs = (=2, —14, —25i, —5i) € RYy. We have ({1, Gy =22 — (o + (1) = (=16, —14, —17.5)

n—mn2

0<|(2|+‘ Carte —Co
m —

Rg - {<<—07C277]17772) € Rl

at qs3. Using Proposition 8.0.4, we know that b3 = e on the connected component Cj

of RY containing ¢s3. Therefore, on C5 we have

R v [ oG tnz m—m)r(1) ( —Goy )L(O) WG . ¢
€ v, - w1, wy ,
S (m — m2)? m—ny ) U0

N — -t I - —
Jeo.co (6—CzL(1)772 L(0)<<2 I)L(o)w:1 Qe % L L(O)C22L(O)n2 L(0)<CZ 1)L(0)w3> >

—fe C1, Gy 182 5 s (m=m) () (ﬂ)w)v-wl ws
Vivad | S1 62 T (h — 12)? T

efgglL(l)ermL(O) 22L(0)772*L(0)(Cgl)L(o)wg?e—ch(1)n;L(0)(C271)L(0)wﬁl) . (10.38)

Also, on the region given by

0 < ‘ 12C2 — 6l <16 < 72C2 7
m — 172 — 2
1262 e ) m
arg | ———— | —ar < =, ar — —ar < =, (10.39
o2 ) g <3 g (22— )~ are(a)| < 5. (1039)
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we know that as elements in W) Mp) Wa,

N v [ oG s omm)n) < —Gomp )L(O) me . ;
€ v, - w1, w
@P(CO) (771 I 772)2 m— 1 0 1, Qo 2

L(0)
=y [ S 'm (m—m)L() _ G v L Y (w1, Go) w (10.40)
(m = 112)? Ty g ) e RO '

Therefore, on

{(Co, C2ym1,m2) € Cs] Conditions (10.39) hold.} , (10.41)

we have

Gy m—m)r(1) (Gl O g
Y (& m 'Ua 771 o 772 yglP(C()) (wl’ Co) w2 ,

Jeocs <e‘<2L(1)772_L(0)(gl)L(O)wﬁl ® e—glL(l)ermL(O)C22L(0)772—L(0)<C2—1)L(0)w3> >

¢ g Y )L(1) —Gan2 Ho 1262
= () Y [ e m2 (m—m2 (—> v, ———— — (o | w1, (o | wo ,
Mp(co) (0 — 12)? —— 0 1, Go 2

_ - _ et i 2L(0) —L(0) / ~—
Jeo.co <€ C2L(1)772 L(O)(CQ 1)L(0)w£1 ®e 2 e L(O)Cg ( )772 ( )(Cz 1)L(O)ws> >

=5 G, G2 UL oSy (m—m2) L(1) <ﬂ)u0)v'w1 Wo
V1,V2,3 9 9 771 . 7727 (771 . 772)2 9 9 I

¢t T —L - - —L(0 -
e=G2 L) rmL(0) (2L(0) ~L(0) (=1 L(0)yy,, o= CaL(1) L) (- 1)L<0>w;). (10.42)

The region where the left-hand side of (10.42) is equal to the right-hand side of (10.42)
(i.e., ignore the intermediate term) can be enlarged from (10.41) to a larger region as
the following. Notice that the left-hand side of (10.42) is a finite linear combination

(whose coefficients are of the form 3¢5 (1 — n2)¢log(ne)?1log(()¢, a,b € C, ¢ €

Z, d,e € N) of series in 52_"22, and (p, whose coefficients are of the form (ay, J, ¢, (a2 ®

az)) (ay,as,az are module elements instead of elements in algebraic completion of
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modules), which can be written as finite linear combinations of monomials of the
form ($¢8log(C2)¢log((p)?, a,b € C, ¢,d € Z. Therefore, the left-hand side of (10.42)

is an iterate series whose inner sum (i.e. coefficient) are in ¢, and the outer sum

is in (77@;2:771)2 - Cg) and (o. We already know (10.42) is absolutely convergent on the
region (10.41). We know that there is an expansion (multiple series) in (o, X — (o,
and (o of fy, y,3(C1, ¢, X) which absolutely converges on the region given by 0 <

|Co| < |X — (] < |¢2]. This is because (% gz XCTQQ) = (0, 00) is a regular singularity

of the function fy, Q+(y2)3(X_g;, X_Cz 1), which has relation with fy, o, n)3(G —
(2, —C2, X — (o) (using L(0)-conjugation property) and therefore fy, y3(¢i, (2, X). Let
X = nf—Q_’% Since the intersection of the region given by 0 < [(o] < |[X — G| < |
and the region (10.41) is open and nonempty, using unique expansion property, we

know that they are the same series. Therefore, we know that as a series in (5, X — (s

and (s, the left-hand side of (10.42) is absolutely convergent on the region given by

O<|C[)|< <27]1

— G| < [l (10.43)

Moreover, on the region given by (10.43), and the second line of (10.39), (o, (2,71, 72) €

('3 we have

¢ 'yt m—m2) L(1) — G2 HO) 12G2
Yiiee ™ 2 v Vg, (W1, Co) w2

(771 —12) m—1n2

-t T 2L(0) —L(0 _
Jco,cz( ~CL() L0 (1) L(0) ) =G LD rmiL(0) (2L(0) - ()(€21)L(0)w3>>

—=f? 1 Cz Th@ oS g (m—m2) L(1) (i)umv'wl wo
V1,V2,3 ) ) - 7727 (771 - 772>2 ) ) ’

¢ VL(1) rmeL(0) ~2L(0) —L(0) / o - —L(0) o
o6 L1 grmL(0) 2 ()772 O (1) Oy, e LMy ()(Cz 1)L(0)w:1>, (10.44)
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for some group element b. Therefore, since we have

—L(0) [ — -t

<772 NG Oe L(l)y@mm(wl’@)w? » Pongags (V) (0 11) Vi, (7, ) (wg,ng)w3>
L -1 _

<772 O (1O L0 Ve, (Wi, Co)wa, Y ((g19295) lvanl)yBCQ(JCO,Cz)(wi’nz)w3>
—1 1y — L o - —L — ¢t

<€C2 HO(G ) 0, Oy ((919293)"v,m)my (0)<C2 e L(l)ng@o)(wl’Co)wQ’

_L T 2L(0) —L(0 _
Jcm( ~GaL(1)-EO) (VL)1 @ =G LD grmL(0) 2EO),, - ()(<21)L(0)w3>>

— L(0) ~lo(m)—lo(& 1Y)
(v | et m—m2)L(1) G272 1 Tee
< (6 (m — 1m2)? (919290) "0, 1l—x

— —L(0 _
y&lp(go)(wlago)lm s JC07C2 (6 CQL(I)nZ ( )(CQ I)L(O)wil ®

-t rmL 20(0) —L(0) / ~—
e~ L), L(O)C2 ()772 ()(421)L(0)w3)>

, (10.45)

_ —1
T=127]

we know, by taking the maximal Reinhardt sub-region of (10.43), that the left-land
side of (10.45), which is the same as (10.13), is absolutely convergent on the region

given by

Ge
ol

T
2

s
Up)

2< |2, 0<|2+1< (10.46)

On the region given by (10.46) and the second line of (10.39), we have

—L(0 - ¢t
Up; ( )(C2 I)L(O)e 2 L(l)ygp(go)(wlag())ub ) ¢glgzg3(y)(vanl)yBQ(JCO’CQ) (wﬁlvlrh) ’UJ3>

- L(©) ~lo(m)—lo(¢; )
v [ ot memL) Cala L1 e
< (6 (m —m2)? (919295) "0, R

- —L(0) /o
yﬁp(go)(wlag())wZ N (e ch(1)772 ( )(Cz 1)L(0)wfx ®

-7 rmaL(0) ~2L(0 —L I
e G (1)e CZ (Cz ) (0) >>
w——ngnfl

L(0)
-1 -1 _ —C B C
- <Yp3 <€C2 e m )k ((7] —2772)2) (g192g5) v, —222 )ygp(co)(whgo)ua )

1— 12 T — 12
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— —L — -t L L(0 *L
Jeo.co <€ CQL(l)Uz (0)<C2 1)L(0)wﬁl®€ @ EWe L(O)CQQ (Cz ) >>

¢ ng Hm—m2) L(1) —Cam2 Lo p -1 172C2
={(Y|e= ™ — (9192) 72 (919293) v,
(771 - 772) m—12

— —L(0 _
y&p(go)(thO)wQ J407<2 <6 CQL(I)T]Q ( )(C2 I)L(O)wé(@

¢t e 2L(0) —L(0) / —
e L) L(O)C2 ()7]2 ()(§21)L(0)w3>>

G e - o _
:fgbﬁ,y273 CvaZv G2 ;€§2 ny  (m-—m2)L(1) Canpe _ (9192) (919293 11};
— 1) (m —n2)

—1 _ _ -~ _ B
wy, Wa, e 62 L(1)€7«mL(0)C22L(0)772 L(o)(C2 1)L(0)w37 e @L(n772 L(O)<<2 I)L(O)wﬁl

(10.47)

where b, is an element in the fundamental group and p3 = p3((2, 11, 72) is the unique

integer satisfying

Lps (772—{2) = lo(n2) — lo(m) — o Cz +Z 772771 : (10.48)

m— 12 >0

We define the region

=10, G, me) € Rl 2 < |m/ma|, O <|m/me|+1<1¢/Col} (10.49)

Notice that g3 € R, and also satisfies the second line of the condition (10.39). Let
Cy be the connected component of R/ containing ¢s. Because of those cuttings on
R1, ps and by are both locally constant on R, and therefore R). Therefore, p; and
by are constant on Cy. Using ¢3 to compute, we obtain that p3 = —1 on C},. Using
(10.44) and the fact that g is contained in C5 and also satisfies the second line of the

condition (10.39), we know that by = e on C,. Therefore on Cy, we have

< (CQ ) Je=¢ L(l)yﬁp(c )(w17 <O)w2 ) ¢9192g3 (Y) (Ua 771>yBgQ(J<U,<2) (wﬁiv 772) w3>
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L(0)
e M1C2 “l=le, —Cama _
:fy17y2,3 <C17C27 T — 7725642 iz (m =)L) (m) (9192)(919293) 171;

wy, 1wy, 6 OO GHOHO (1) EO) =Gl HO (1) HO0y )

(10.50)

Therefore, for any n € C,

_L _ -1
<772 (0)<C2 1)L(0)€ “a L(l)ﬂ—nygp(g())(wlv CO)w2 ) ¢g19293 (Y)(’U, 771>yB<2(Jg0,g2) (wib 772> w3>

(10.51)

is a coefficient of the expansion of the right-hand side of (10.50) at the regular sin-

gularity (, = 0. By the part (e) of Condition 3.0.13, we know that (10.51), as a

. -1 . . .
function in —(, and 1752:75)2 = ? Ezzzl‘lg is absolutely convergent, on the region given
- 1

by 2 < |n1/n2], to a multivalued function satisfies Condition 3.0.13 for (1,1, {0}). We

know that the expansion at (X7, X3) = (00,0) of a multivalued function in X; and
X, satisfying Condition 3.0.13 for (1,1,{0}) would have the region of convergence
0 < |X3| < |Xy|. Therefore, The region of convergence of (10.51) can be enlarged to

r < |m/nal, for any r > 1 satisfying the condition

B Ga - (i)
@0¢ {1 — (many ")

Im1/m2| > 7“}

We know that r = 1 satisfies the above condition. Therefore, on the region

R = {(Co, G2y m,m2) € Ral [mi/me| > 1}, (10.52)

the series (10.51) is absolutely convergent.

On Cy, by (10.50), we know that

L(0)
e mé . st —Gon2 _
fyl,yQ,g <<17 G2, — 7]2;6<2 ny  (m—m2)L(1) <(m - 772)2) (9192)(919293) lv;
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—1 _ _ _ _ B
Wy, Wa, e 62 L(1)€mrzL(0)C22L(0)772 L(O)(Cg 1)1:(0)w37 e §2L(1)n2 L(o)(C2 I)L(O)wg

—L(0 — —¢;t
= Z <772 ()(CQ 1)L(0)€ ¢ L(l)(yﬁp(go))*nfl,k(wlxw?) ) (bglgzgs(y)(vanl)
neC,keN

Vi ey cp) (W T2) w3 ) G 152 g Gy ). (10.53)

Equipped the coarsest topology on CyNCy such that both embeddings CyNCy —
R and Cy N Cy — Ry are continuous, which is equivalent to the subspace topology
induced by Cy N Cy C Ry. It can be check that ¢, and g3 are both contained in Ry,
and can be connected by a continuous path in Rj,. Therefore, sinse g2 € C, we know
that g3 € Cy, and Cy N Cy has nonempty interior.

On the region given by C; N Cy, compare the coefficient of (5“2 1og((y)*,

in (10.33) and (10.53), we know that

—L(0) / — —t
<772 ( )(<2 I)L(O)e ‘ L(l)(y&p(go))—n—l,k(wl)(UJQ) ) ¢glgzgg(Y)(U>7}1)37342(&0,52) (wﬁpn2)w3>

e —L(0) [ o— ¢t
:fyBQQ(JCOvC2)72 (nl’n%v’wiuw?ﬂb ( )<C2 I)L(O)e 2 L(l)(y@mco))—”‘l’k(wl)w2>

(10.54)

Both sides of (10.54) is analytic and single-valued on the region given by 0 < |ns| <
Im|, and | arg(n: —n2)—arg(n.)| < 7, they are equal in a nonempty open subset C4;NCy,
we know that they are equal on the region given by 0 < || < |n1|, and |arg(n —
n2) — arg(m)| < §. It can be checked that for any (¢, () € U (see the definition of
U in Remark 8.0.7), the set {(n1,12) € Fo(C*)| (¢ — o, Comr, 1m2) € CyNCo} is always
a subset of region given by 0 < |n| < |n1|, and |arg(n, — n2) — arg(n)| < § having
nonempty interior. Therefore, in particular for (i, () = (%1, 22), we know that

<77_L(0) (5 MO -2 L)

3 T (w1 Bp(z) w2) 5 Bgigags (V) (0, 11) V5., () (wi;m2)w3>
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—L(0) -1

=fs 2 (771’7727“ wh, w77 Ve L(l)(y@m;o))—”—17’“<w1)w2> '

(10.55)
So far, the duality property for Vp_ () is proved.
The final step is to prove that
<m;f1(o)(52—1)L(o)e_z~2—1L(1)7Tn(w1 Rp(z) Wa)
¢919293 (Y) (Ub 771) T ¢919293 (Y) (vk7 nk)sz_z(J) (wilv 77k+1) w3> ] (10'56)
is absolutely convergent, on the region given by 0 < |nx1] < -+ < |n1], to a single-

valued branch of a multivalued function satisfying Condition 3.0.13 for (k,1,{0}).
Using a similar arguement as the & = 1 case we have already studied above, we can
show that (10.56) is absolutely convergent, on the region given by 0 < |ng1| < -+ <

In1|, to a multivalued function, which we denote by

e s — —p 1
fszé(J),lc-H(nla--~ank+1;vl7-~ 'Ukaw4aw3777k+1( )( 22 1) O~ L(l)ﬂn(wl X p(z) wy)).

(10.57)

Moreover, we can show that (10.57) converges to the coefficient of the series expansion
of (10.58) at the regular singularity (, = 0. Here, we view (10.58) as a function in (p,

Mk162 Nk+162 : :
—(y, and TR e One can consider fy, o, () k+2 if that helps understand.

mGa mG2
m — 77k+1’ ’ M — 77k+17

fy1,yQ,k+2 (Cl 3 CQ?

oGy (=)L) (—_@"’“*1 )L(O) (9192)(919293) v
152 19243 1,
(M — Mhy1)?

o _ L(0)
%2 e 1 (me—=mk41) L(1) ( Gt 1 2) (9192)(919293)_1vk7 Wy, W,
(M — NMk+1)

—¢t T L —L - -
G L) il 0) (2LO0) L0 (=)L) | =G0 mLO) (=1L ’>. (10.58)
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Since (10.58) satisfies Condition 3.0.13 for (k,2,{0}), using the part (d) of Condition
3.0.13, we know that (10.57) satisfies Condition 3.0.13 for (k, 1,{0}).
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Chapter 11

Associlativities

11.1 Associativity of twisted intertwining opera-
tors

We say that the category C satisfies the associativity of twisted intertwining

operators, the the following two properties are satisfied.

1. Let Wy, Wy, W3, My, Wy be any g1-, go-, g3-, g293-, g1g293-twisted V-modules in

Wy

C, respectively. For any twisted intertwining operators Yy, Vs of types (W1 Ml)’

(Wiw%%), respectively, there exists a gy go-twisted V-module Ms in C, and twisted

") ()

My ws)o WQ), respectively, such that

intertwining operators Y5, Y, of types (
for any w; € W;, i = 1,2,3, and w), € W}, the equation (11.2) holds on the

region given by

0< ‘21 — 22’ < ‘Z2| < ’Zl‘a
T

larg(z1 — 22) — arg(z1)| < 5

Jarg(z)) — arg(z1)] < g (11.1)

2. Let Wy, Wy, W3, My, Wy be any g1-, ga-, g3-, 9192-, g19293-twisted V-modules in

Wy )’

C, respectively. For any twisted intertwining operators Y3, Vs of types ( My W



216

(w7

W W2), respectively, there exists a gogs-twisted V-module M; in C, and twisted

Wy My

W Ml)’ (W2 Wg), respectively, such that

intertwining operators Yy, Vs of types (
for any w; € W;, i = 1,2,3, and w), € Wy, the equation (11.2) holds on the

region given by (11.1).

<w2,y1(w1, 21)y2(w2722)w3> = <wfpy3(y4(w1721 - 22)w2,22)w3> (11-2)
In this section, we shall prove the associativity of twisted intertwining operators for
a nice enough category C.

Theorem 11.1.1. Suppose C satisfies assumptions 6.0.7, 8.0.1, and 8.0.5. In other

words,

1. For any twisted module W in C, the nilpotent part Ly (0)n of Ly (0) is nilpotent
on W.

2. For any twisted module W in C, Ly (1) is locally nilpotent.
3. For any z € C*, and twisted modules W1 and W5 in C, WiSp,)W; is also in C

4. The contragredient of an object in C is also in C. The direct sum of two objects

i C is also in C.

5. For any twisted module W in C and n € C, dim(W,)) < oo. In particular,
W,

6. C is closed under taking image.

7. Let Wy, Wa, Wy, My, My, Wy be any gi-, g2-, g3-, 9293-, 9192-; g192gs-twisted
V-modules in C, respectively. Let Vi, Vo, V3, Vi be any twisted intertwining

operators of types (WYV‘;WI), (Wi\/‘[;vg), (M?/‘I‘/VS), (Wf‘%w), respectively.
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(a) (V1,)s) satisfies the reqular singular point property and the convergence

and extension property for products.

(b) (X5, V) satisfies the reqular singular point property and the convergence

and extension property for iterates.

Furthermore, we assume

8. Let Wy, Wy, W3, My, Y1, Vs be as in 7. For any ws € W3, wy € W}, 21,29 € C
satisfying (11.1), and n € C, the functional X%Q)(wg,wfl;zl,zg) € (W @ Wy)*
defined in (9.4) is P(z1 — 2z3)-C-embeddable.

Then, the associativity of twisted intertwining operators for C holds.

Proof. We first prove the part 1. of associativity of twisted intertwining operators.

Let Wy, Wy, W3, My, Wy be any g1-, 92-, g3-, 9293-, g19293-twisted V-modules in C,
respectively. Let );, Vs be twisted intertwining operators of types (vah)v (Wi\/[%%),
respectively. Let 21, 2o € C satisfying (11.1).

For any n € C, recall that in (9.4) we have defined A\ (ws, w}; 21, 22) € (Wi @Wa)*.
By Theorem 9.0.1, we know that IS (ws, w); 21, 22) is P(z1 — 2z9)-compatible for any
wy € Wy and wj € Wj. By the fact that C is closed under taking image, and
IS (ws, wl; 21, 22) is P(z1 —22)-C-embeddable, applying Theorem 7.0.23, we know that

Xg)(wg,wﬁl;zl,zz) € Witlp(;)Ws. Also, we know that wt (Xg)(wg,wﬁl;zl,@» = n.

Let A(ws,w}; 21, 22) be the element in Witp(., .,)W5 such that

T (Mws, wis 21, 22)) = A2 (ws, wh; 21, 22), for any n € C.

We naturally identify the spaces WiDp(., _.,)W> and (W1 Xp(z1—22) Wg)*. Therefore,

. . . . *
we can view A(ws,w); 21, z2) as a linear functional in (W1 X p(z—z0) Wg) . We have

A(U)g, wﬁp 21, 22) (wl gP(zl—zg) 'll)g)
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= Z X$L2) (w37 w:b 21, 22) (7an1 IEP(zl—zg) w2)
neC

=(wy, Yi(wi, 21)Va(ws, z2)ws). (11.3)

The last step is because of the definition of X%Q) (ws, wl; 21, 22). It is easy to check that

2 o .
)\%)(wg,wg; 21,29), n € C, and therefore A(ws,w); 21, z2) are bilinear in ws and wy.

Consider the map

Wi@Wg — Wl IXP(Zlsz) W2 (114)

/ /.
wy @ws = A(ws, wl; 21, 29)

Recall (10.4), the map (11.4) is equal to J with 2; = z; and Z; = 2. Since z1, 29 sat-

isfies (11.1), by Theorem 10.0.1, we know that the map (11.4) is a Q(22)-intertwining
Willp () Wa
Wj Ws

YV, of type (WI@HZIIZ“Z)% W3), such that for any w € Wy Mp(,, _.,) Wa

map of type ( ) In other words, There exists a twisted intertwining operator

A(ws, wy; 21, 29)w = (W, Ya(w, 21 — 22)ws). (11.5)
Therefore, for any wy € Wy, wy € W, wy € W3, w)y € Wy, we have

<wf47 y1<w17 Zl)y2<w27 22)w3>
:A<w37 wilv 21, 22) (wl IXP(zl—zg) w2)

= Z A(wg, wfl; 21, 2’2) (an1 @P(zl—za) w2)

neC

= Z@Uﬁp y4(7an1 @P(zl—zg) W, 21 — 22)w3)

neC

(=*)<wa Vi(wy X p(z)—z0) W, 21 — Z9)Ws)

=(wl, VaVap., ., (w1, 21 = 22) w2, 21 — 22)ws)
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Notices that the (*) step is because WX p(., _.,)Ws is an object in C, and (w}, Va(w1Xp (s, —2,)
wa, 21 — z2)ws) is absolutely convergent. Let Vs be Vg o)

Using operator €2, , the part 2. of associativity of twisted intertwining operators
can be derived from the part 1.

We have finished the prove. m
The condition 8. in Theorem 11.1.1 is weaker than the following:
e Any twisted module generated by one element is an object of C.

Therefore, we have

Corollary 11.1.2. Suppose C satisfies Condition 1-7 in Theorem 11.1.1. Further-
more, we assume that for any g € {h € Aut(V)| Obj(Cp) # @}, any g-twisted module
generated by one element is an object of C. Then, the associativity of twisted inter-

twining operators for C holds.
The condition 8. in Theorem 11.1.1 is also weaker than the followings:

e Any grading-restricted twisted module generated by one element is an object

of C.

e There exists N € N such that A\\? (w3, wl; ¢, () = 0, for any n € C with

?R(n) < =N, ws € W;, wﬁl € Wi, and (Cl,Cg) € FQ((CX)
Therefore, we have

Corollary 11.1.3. Suppose C satisfies Condition 1-7 in Theorem 11.1.1. Further-

more, we assume

1. For any g € {h € Aut(V)|Obj(C,) # @}, any grading-restricted g-twisted

module generated by one element is an object of C.
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2. Let Wi, Wy, W3, My, Vi, Vs be as in condition 7. in Theorem 11.1.1. There
ezists Ny, y, € N such that AP (ws, wy; 21, 22) = 0, for any n € C with R(n) <

— Ny, 3,, ws € W5, w) € Wy, and (21, 22) satisfying (11.1).

(See (9.4) for the definition of X,(f).)
Then, the associativity of twisted intertwining operators for C holds.

Using Theorems 11.1.1 and 9.0.4, Corollaries 6.0.12, 7.0.24 and 11.1.3, and Re-

marks 7.0.19 and 8.0.2, we derive the following Corollary:

Corollary 11.1.4. Let G be a subgroup of Aut(V'). Assume that the following con-

ditions are satisfied:

1. For g € G, there are only finitely many irreducible grading-restricted g-twisted

V-modules.
2. For g € G, every grading-restricted g-twisted V-module is completely reducible.

3. For g1,92 € G, and grading-restricted g,-, ga2-, g1g2-twisted V -modules Wy, Wo,

and W3, the fusion rule NV%% = dim VVVII,/f’WQ is finite.

4. Forany g € G, and irreducible grading-restricted g-twisted V -module W, Ly (0) n

15 nilpotent.

9. Let Wy, Wa, Ws, My, My, Wy be any gi-, g2-, g3~ 9293+, 9192, 919293-twisted
V-modules in C, respectively. Let Vi, Vo, V3, Vi be any twisted intertwining

operators of types (WI/V‘]‘%), (Wiw%/VB)’ (MZV‘I*/VS), (Wiwi%), respectively.

(a) (V1,)s) satisfies the convergence and extension property for products.
(b) (Y5, V) satisfies the convergence and extension property for iterates.

(¢) There exists Ny, y, € N such that AP (ws, wy; 21, 22) = 0, for any n € C
with R(n) < —Ny, y,, ws € W5, w) € Wy, and (21, 22) satisfying (11.1).

(See (9.4) for the definition ofxg).)
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Then, the associativity of twisted intertwining operators for GM,,.(G) holds.

11.2 Associativity isomorphisms of the P(z)-tensor
products

Using our results on the associativity of twisted intertwining operators, one can always

get the corresponding result on associativity of P(z)-tensor products.

Lemma 11.2.1. Suppose C is a category of twisted V-modules such that for any
z € C*, and any Wy and Wy in C, the P(z)-tensor product Wy Mp(,y Wy of Wi and

Wy in C exists. The followings are equivalent:
1. The category C satisfies the associativity of twisted intertwining operators.

2. For any z1, ze € C satisfying (11.1), there ezists a unique natural isomorphism

P(z1—22),P(z
AP521)7P2()22)( 2) — &P(zl) (_ &P(zg) —) = (— &P(zl—zg) _) &P(zz) _

such that for any twisted modules Wy, Wy, and W5 in C, the map

P(z1—22),P(22)
<’AP(Z1 ),P(22)

>W1’W27W3 : Wi Mp(ay) (Wa Mp(ay) Wa)

— (W1 Dp(zy—2) Wa) Wp(ay) Wi

satisfies that for any wy € Wi, we € Wy, w3 € Wy,

<A£(21—Z2)7P(22)

(21),P(22) >W1,W2,W3 (wl &P(zl) (w2 IEP(Z2) w3))

= (’LUl &P(zlf,@) ’LUQ) IZP(Z2) Wws. (116)

Proof. We only prove that 1. implies 2. because the other direction can be proved
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by inverting the whole arguement. Suppose C satisfies the associativity of twisted
intertwining operators.

Let Vx P and Vx, (29) be twisted intertwining operators which induces the P(z1)-,

W@P(m(WﬂP(zz)WS)) (Wﬂp(zwws
)

Wy Woltp o s W 15 ), respectively.

and P(zy)-tensor product, with types (
There exist a twisted module M5 in C, and twisted intertwining operators )5 and Y,
of types (WlIXP(”])\gV;VE;P(@WS)), (W%?VQ) such that for any w; € W;, i = 1,2,3, and

w’ S (WI &P(Zl) (W2 IEP(ZQ) W3)),7 we have
(W', V., (W1, 21) Vi, (W2, 22)w3) = (W', Va(Va(wr, 21 — z2)wa, 22)ws).  (11.7)

Notice that since ), is a twisted intertwining operator, wy ® wy — Vy(wy, 21 — 22)wy
is a P(z; — z2)-product of W; and W,. By the universal property of P(z; — z2)-tensor
product, there uniquely exists a module map f : Wi Mp(;, _.,) Wo — M such that
Wi(wy, 21 — 29)wy = flwy X p(zy—2y) o) for any wy € Wi, wy € Wa.

Let Vs(w,x)ws = Ys(f(w), x)ws for any w € Wy Mp, .,y Wo and ws € Ws.

Since f is a module map, we know that ) is a twisted intertwining operator of type

(ngp(zl)(WQ&P(zQ)Wg)

WyBs o Wi W ) Since w@wg — Vs(w, 22)ws, w € Wi p(,, _.,) W, ws € Wy is a

P(z;)-product of Wi Mp(;, _.,) Wo and W3. By the universal property of P(2;)-tensor

product, there uniquely exists a module map
B (W1 Rp(oy—zp) Wa) Wpry) Wa — Wi Rp(.,y (Wa Kp(.,) Wa)

such that Vs(w, z)ws = B(w N p(zy) ws) for any w € Wi Mp(,, .,y Wa, wsz € W.
Therefore, for any w; € W;, i = 1,2,3, and w' € (W1 Mp(.,) (W Kp(.,y Ws))', w

have

(W', (w1 Bpzy) (w2 Bpzy) w3)))

:(w’, ygp(m (wl, Zl)yxp@) (wz, 22)w3>
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=(w', Vs(Va(w1, 21 — 22) w2, 22)ws)

=(w', V3(f (w1 Wpzy—z,) w2), 22)w3)
:<U/, y5(w1 ﬁp(zl—m) Wa, z2)w3)

= (@', B (w1 Bp(ey 2y w2) Bp(ay) w3))
Therefore, we know that

E ((wl IXP(Q*ZQ) w2) IXP(ZQ) w3) = Wy IXP(ZQ (w2 IEP(ZQ) wS) ) for any w; € VV“Z = 17 27 3.
(11.8)

Moreover, we know that (11.8) uniquely determines B.

Applying the second part of the associativity of twisted intertwining operators to

(W1®P(21*22)W2)gp(22)w3)
)

the twisted intertwining operator Vg Plag)’ Vx o1 —n) of types ( WiB by W W
21—%2

( Willp(z) —2p) W2

WrBp, i W2)7 we know there exist a twisted module M in C, and twisted inter-
21722

twining operators ), ), of types ((WI&P(ZI‘;‘;BAVZIQMP(Z?’WS), (valvg,)’ such that

(wl, ny(ZQ)(ygp(zl,ZQ)(wl, 2 Zz)wm 22)w3> = <wl,y1(w17 Zl)yQ(w2> Zz)w3>-

Using the university property of P(z3)-tensor product, there uniquely exists a module
map g : Woldp(.,y W3 — My, such that g(wsMp(., yws) = Va(wa, 22)ws for any wy € W,
wy € Wi, Let Ys(wr,z)w = Yi(wy,x)g(w) for any wy € Wi, w € Wy Mp(.,) Ws.

Since ¢ is a module map, we know that )s is a twisted intertwining map of type

((W@p(zrz?)Wz)@p(zz)Wzs

Wy Weblp o s ) Since w1 ® w — Yg(wy, z1)w is a P(z1)-product of Wi and
22

Wy Kp(.,) W3, we know that there uniquely exists a module map
AW X'P(Zl) (WQ IXP(Zz) W3) - (Wl IXP(’H*ZZ) WQ) &P(Q) Wi

such that A(w, Np) w) = Ve(wr, 21)w, for any wy € Wi, w € Wy Mp.,y Ws.
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Therefore, for any w; € Wi, i = 1,2,3, and w' € (W1 Wp(z,—z,) Wa) Kppy W),

we have

(w', (w1 Bp(ey—zp) w2) Bp(ey) ws)
=W, Yap.,, (Vip., ., (W1, 21 — 22)w2, 22)ws)
=(w', V1 (w1, 21)Va (w2, 25)w3)
=(w', V1 (w1, 21)g(ws Wp(2,) w3))
=(w', Ys(w1, 21)(wa Rp(z,) w3))

= (w', A (w1 Bp(ey) (w2 Bpey) ws)) )
Therefore, we know that

A (w1 @P(zl) (w2 &P(ZQ) w3)) = (wl &P(zﬁm) w2) IEP(ZQ) w3, for any w; € Wi, 1 =1,2,3.
(11.9)

Moreover, we know that (11.9) uniquely determines A.
By (11.8) and (11.9), it is clear that AB = id and BA = id. Therefore, A and B
are isomorphisms. Let

P(z1—22),P(z2)
(AR ™) s
It is not hard to see that Aggz)_;?);g(”) is functorial in all three positions. In other

words, Aigi; ;2()2,21;(@) is a natural transformation from the functor

—&p(zl) (— &p(,w) —): CxCxC—=C

to the functor

(— &p(zl_@) —) @p(m) —: CxCxC—C.

The uniqueness of Agg:; ;2()2’5(22) is easy.
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]

As easy results of Lemma 11.2.1, Theorem 11.1.1, and Corollary 11.1.4, we have

the following Corollaries:

Corollary 11.2.2. Assume C is a category of twisted modules satisfying all the con-
ditions in Theorem 11.1.1, or Corollary 11.1.2, or Corollary 11.1.53. Then, we know
that —Xp(.,y (— Mp(zy) —) and (—Np(z, ) —) Mp(s,) — can be viewed as two functors
from C xC xC toC

For any 21,z € C satisfying (11.1), there exists a unique natural isomorphism

P(z1—22),P(2
APE;%PQ()@)( 2 D= gp(u) (_ &P(w) _) = (_ IEP(ZI*Z2) _) &P(ZQ) -

satisfying (11.6).

Corollary 11.2.3. Let G be a subgroup of Aut(V). Assume all conditions in Corol-
lary 11.1.4 are satisfied. Then, we know that — Xp(.,) (= Mp(z,) —) and (— Mp., .y
—) Wp(zy) — can be viewed as two functors from GM g, (G) x GMy,(G) x GM . (G) to
GM (G)

For any z1, z9 € C satisfying (11.1), there exists a unique natural isomorphism

P(z1—22),P(22) |,
ApES D) R,y (= Bp(ey) =) = (= Bp(er—z0) —) Rp(ey) —

satisfying (11.6).
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Appendix A

A lemma on convergence

A.0.1 Settings and Notations

Let A = (a;;) € GL,(C), b = (b1,...,b,) € C", 7 = (1r1,...,1,) € R, and § =
(01,...,0,) € {0,00}". Write u = (u1,...,u,) = (21,...,2,)A — (by,...,b,), where
each

Wi = Ui(21,. .., 2n) = Q121 + - -+ iy — b;

is a function of zq, ..., z,. In other words, u : C* — C" is a invertible affine transfor-
mation dependent on A and b.

Define the region
A?&bﬁ(’f’) = {(Zl, .. .,Zn) € (Cn| |u1| > if 5@ = 00, 0< |Ul| <7T; if 5z = 0} . (Al)

Clearly, A%, 5(r) = u! (Afn7075(r)). For the A,b,d, and r we fixed, we write M =
A’ .s(r). Also, define My to be the space such that My is set-theoretically equal to
M, but with a different topology by adding cuttings along u; € Ry, 1 = 1,...,n.
The positive real line in the u;-plane, namely u; € R, is attached to the upper half

u;-plane. In this way, My become simply-connected.
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We define A 445(r) in the following way. First, define
Aln,(),(;(r) = {(21, c.. >Zn) - (C)n |21| > Ty if (51 = 00, |Zz| <7r; if 52 = 0} ,

where C = CU{oo} is the Riemann sphere and |oo| = +00. (Note that § € Ay, o4(r).
The space Ay, o5(r) has a natural complex manifold structure as it is an open subset

of (C)". Consider the compactification
G:C" = C" = (O (21, 20) = (Ug, . ).

Let C'(A,b) be a complex manifold and i : C" < C(A, b) be a holomorphic embedding
such that @ extends from C* — (C)" to a biholomorphic map @ : C(A4,b) — (C)™.

We know that such C(A,b) and i : C" — C(A,b) are canonically unique. Define
AA,b,(;(T) =4 ! (A]n,075(7’)) C C(A, b),

which has a complex manifold structure given by @ and Ay, o,5(r). Note that A%, 5(r) C
Auaps(r) and a7(8) € Aaps(r). We write M = Auaps(r).

Suppose f(z1,...,2,) is a single valued analytic function defined on some region
2 C C™ containing M such that (z1,...,2,)A — b = 0 is a pole of f(z1,...,z2,).
By “pole”, what we mean is that there exists such a M given above, L € —N, and

gy, k, € Clor k; € Z, j =1,...,n, such that

f(z1,oy ) = Z Wy g UN - - - P (A.2)
K1yeny kn€Z
where the right-hand side is absolutely convergent on the region (z1,...,z,) € M.

Moreover, ay,

k., 7 0 only if k; € L + N for any j with ¢, = 0, and ky € —L — N

,,,,,

for any j’' with 6; = co. Clearly, f(21,..., 2,) is analytic at (z1,...,2,)A = § if and
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only if L can be taken as 0.
Let 2 C C" be a region on C". We define the maximal Reinhardt sub-region of

to be
R(Q) ={(21,...,20) €Q| (e"2y,...,e"2,) € Qforany §; €R, i =1,...,n}.

We say that €2 is a Reinhardt region or Reinhardt domain if @ = R(2).
For holomorphic function with several complex variables, we have the following

theorem:

Lemma A.0.1. Let Q2 C C" be a connected Reinhardt domain containing the origin,

and f € Hol(Q2). Then there exists a unigue power series such that f(z) = cyn Ga2®

. . (%
with normal convergence in ). Moreover, we have a, = w.

We can generalize the condition of containing the origin to containing §. By the

above lemma, we can easily prove the following.

Lemma A.0.2. Let Q@ C C" be a region containing such a M given above, and

f € Hol(Q?). Then, (z1,...,2,)A—b =10 is a pole of f if and only if for any K >> 0,

n K
(Huf) flz1, 0y 2n)

can be analytically extended from M to M, where e; = 1,—1 if §; = 0, 00, respectively.

For A € GL,,(C) and b € C", we also define
R(QGA D) ={(21,...,20) € Q| (Muy,. .. e u,) €u(Q) forany 6, € R, i = 1,...,n},

where u = (uy,...,up) : (21,...,2n) = (21,...,2,)A—0b are the same as above. Using

lemma 1.1, we can easily prove the following.
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Lemma A.0.3. Let Q2 C C" be a connected region containing such a M given above.
For any f € Hol(Q), if (A.2) holds on (z1,...,2,) € M, then it holds on the connected

component of R(€); A,b) containing M.

Let €2 C C™ be a region on C". We define

R(Q;90) = {(zl, —..,zn) € (C)" | There exist \; € C, [N]9 <1, i=1,...,n,
and (wy,...,w,) € Q, such that (z1,...,2,) = (Mwy, ..., \ywy).},

R(Q;A,b,6) =4 (R(1,,0,0)) C C(A,b).

Using lemma 1.1, we can easily prove the following.

Lemma A.0.4. Let 2 C C" be a region containing such a M given above. For
any f € Hol(Q), if (A.2) holds on (z1,...,2,) € M, then it holds on the connected
component K of R(Q2; A, b) containing M.

Moreover, if f can be analytically extended from M to M, then, the right-hand

side of (A.2) is absolutely convergent on the region R(K;A,b,6).
For the following two sections, let A = I,, and b = (0,...,0), which means

M= A;n,o,a(r)-

A.0.2 Pole case

With A = 1,, and b = (0,...,0), the function f in the first section has expansion on

(21,..-,2n) EM = Afxmoﬁ(r),

!
flzr,oozn) = g ay. 1,21 Zfl", (A.3)
lice;-(L+N)
Jj=1,...,n

where L is some non-positive integer and ¢; is defined in lemma 1.2. Let K be the

connected component of R({2) containing A}  5(r). By lemma A.0.4, (A.3) holds on
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K.

Now, let m € Zy, v’ € R/™, and 6 € {0,00}™,i =1,...,n. Let ; C C™, i =

X

T o5 (). Suppose for any i =1,...,n,

1,...,n be connected regions containing A

we have analytic functions
Gi(waey 1, - Weym) + 4 = C,

which has a pole at (wg) 1, ..., Weym) = 8@ . Therefore, for any i = 1, ..., n, on the re-
gion (wg) 1, -, Waym) € AT | <) (1"), and therefore on K, the connected component

of R(€;) containing AF . (r’), we have the series expansions similar as (A.2),

7 k n
gi(Wipts - Wam) = D a;(cf,...,knw(i),l W (A.4)
k; Elf(i),j(LiJrN)
j=1,...n

where L; € Z, and €(;) ; = 1 or —1if 5](-i) = 0 or oo, respectively. We assume g; satisfies

the following condition:

lim Gi(Wey 1, -, Weym) = 05, forany i =1,...,n. (A.5)

(W), 15 W(3),m ) =6

For any [ € Z, on the region (w1, ..., Wa)m) € K, there exists bl(cil),‘..,kn;l eC

such that

giway, - wam) = D bl ke (A.6)
’?jelf(i),j(LH-N)
J=L,....m

m
(4) _ Z Z (4) ()
bk1,...,km;l - an,l,n-,lIl,m an,lv“yql,m )

I=1 q1,5,q1,5€€(5),5 (Li+N)
q1 5+ +a,;=k;

where the right-hand side of (A.6) is absolutely convergent on the region K.

However, to get an expansion like (A.6) for the I € C case, we need some conditions
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for g; to be satisfied. Define

min{k; € Z | al(jl) w #0forsome ky, 1 =1,...,m,l # 7}, if 5J(j) — 0,

=0 0 T
j 4 .
max{k; € Z | a,(jl) ..... k. 7 0 for some ky, 1 =1,...,m,l # j}, if 5](-” = 0.
We assume that a(i()i) @ #0fori=1,...,n. WLOG, we assume a(i()i) o =1 In
AONNAQ KO kS
this case, on the region (wg)1, ..., wu)m) € K;, we have
m (0
gi(was - wim) = | [[wa, | @+ P, (A7)
j=1
where P; = Pj(wi) 1, - - -, Wiym) € (C[[wz;'?’f, e ,wzz());b”]] (A.8)

We know that the constant term P; is zero. Also, P; is absolutely convergent on the
region given by (w1, ..., wu)m) € K;. Notice that the condition (A.5) is equivalent

to either of the followings.

~

e g; can be analytically extended to a holomorphic map (C)™ > Ap oso(r) = C,
and ¢;(6®) = 4. (A.9)

e For any j € {1,...,m}, we have ¢; - €(;); - k](-i) >0, and Ze(i)’j . k:j(i) £ 0.
j=1

(A.10)
Now, regarding P; as formal series, for any a € C, there exist b,(:l) ..... P ,(fl) .... ko €
C such that, as formal series, we have
log(1+ Py = S EUT gyt ® k1 b A1
og(l+ F;) = Z T( ) = Z Chtybmn W(i)1 - Wiiym (A.11)
ZEZ+ ]f:‘jEE(i)’jZJr

exp(alOg(l—FPz')):Zﬁ Z — (P

keN T \lezZy
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J k k
= o Sowr A.12
Z ki+ak$? o km ke (01 (i),m ( )
kj€e(i N
j=1,...m

. (4) (%)
07 (Z) k1+ak1 km+akm
. w . e . _ . . . P . .
g’l( (4),15 ) w(l),m) E bkl_"—ak?) 77777 k}m—l—ak‘ss);aw(l)’l w(z)’m

For any (ji,...,jm) € N™ let Or,jm) = % be a formal differential

operator. Write

Otjr,.jm) (€XD(P(x1, ..., %)) = €xp (P(a;l, o ,:r;m)> By im) (Qg(P), RS Nm),

(A.13)

where P(xy,...,2Z,) € C[[x1,...,2,]] is any formal power series with constant term

.....

of P. Let P = alog(1+ P), z; = w(ez(;"]] Using these notations, we can write down

the following relation

.....

Let lo(z), z € C* be the single valued branch of Log(z) such that 3(ly(2)) €

(—m, m| for any z € C*. We know that for any z € C, |z] < 1,

hl+z)=>_ ﬂzl, (A.15)

l
leZy
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where the right-hand side is absolutely convergent.
By lamma A.0.4, we know that the series P; is absolutely convergent on R(K;; ).
We define

U = { i wim) € R 60) | [P(wiyr, - wipm)| < 1},

7

Since P;(6) = 0 and AY . (r') C K;, for sufficiently small 7, we know that

A; os@(r") C Uj. Let U; be the connected component of U] containing A; 50 (7).

Lemma A.0.5. The right-hand side of (A.11) is absolutely convergent, on the region
R(R(U;); 69, to the analytic function lo(1 + P;). The right-hand side of (A.12) is

absolutely convergent, on the region R(R(U;);0%), to the analytic function
exp <Oél~0(1 + P,)) .

Proof. We only prove the second half of this theorem, because the first half is similar
and easier. To prove (A.12) is absolutely convergent on R(R(U;);6®), by lemma
A.0.4, we only need to prove that (A.12) is convergent on R(U;).

We know that gog) (Weiyas - - - Wiym) = €XP (alNO(l - R)) is a single valued analytic

function on the region U] which contains some A; g s (r”). Therefore, we know that

-----

i _ 7 _ /(1) k km
908)<w(i),17 ce s Wiym) = €Xp (Oélo(l + Pz)) = Z bk1+ak§“ ..... km—i-aks,il);aw(il)’l c Wiy o
kjele(i)’JN
J=L m
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By lemma 1.1, we know that

/(i) _ 1 (kL yekm)
bk1+ak§”,.,.,km+akﬁﬁ);a k]t ! (8

e)) (67),

Ol |
N €(i),1 K] €(i),m [kl
(aw(z)’l ) A <aw(l)7m)

Since exp(z) = Zkzo ‘Z—]: uniformly absolutely converges on any compact subset of C,

(A.16)

we know that ), Wo(lk—fp))k uniformly absolutely converges on any compact subset

. . lo(14+P,))F A(ado(1+P;
of U;. Also, for any j = 1,...,n, the series Ekzo o 68()] <(O‘ O(kT ) > = —(O(;i&(J;J ) .
ROW; (4),3

Zk>0 (oo HP @h(+P)® i¢ als0 uniformly absolutely convergent on any compact subset of Us.

(alg(1+P;)* (ado(1+P;))k
Therefore, we know that - Z()Z)J (Zk>0 T > Zk>0 o :())] < ] . Use
i),J ?

induction, we know that 9k1»km) (Zkzo _(alO(l+P ) Zk <00 Q1) <—(ai°(1kfpi))k>.

Therefore, we know that

k15 (90((1))

— exp (ojoa + R))) By (80P 0mB) (g (1 4 By)), f € N™) (A7)

Similarly, since l~0(1 +2) = Zk>0 k CO ok uniformly absolutely converges on any
compact subset of {z € C| |z| < 1}, we know that Zkgo )kHPZk uniformly abso-
lutely converges on any compact subset of U;. Also, for any j = 1,...,n, the series
> k>0 - L (( DHIPf) = e( )J Y kso(—1)FFPf is also uniformly absolutely con-

ROK;
vergent on any compact subset of U;. Use induction, we know that

( k+1 (_1)k+1
H(Y1svm) Z k; Zaw, Ym) ( > ka>7

k>0 k>0
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for any 7; € €(;);N. Therefore, by (A.15) we know that

k+1

amu Al ( Pk)
Z >0 7 (0)

€(iyn [71] €ty [vm | (5)
(3%1) B (‘9 Wi )

Al bl € (A18)
Therefore, by (A.14), (A.16), (A.17), and (A.18), we know that
B sastie = T @80 (09).
1ok ka0 [Tyl Ko
:W'—M - exp <al0(1 + F)) (5@)) )
Bl (9O 0m8) (al (1 + P)) (67 , 8 € N™)
_m 1 Bl (a Bl Ce s prtr, ., 6<¢),j'5m+k5§)’ﬁ < Nm)
:bl(c?JrakY) ,,,,, ke +akia” (A.19)
[
Since lo(z) exists on C* = C — {0, 00}, we have the following lemma.
Corollary A.0.6. Let p; = pi(wey1,-- - Wa)m) € Z such that
L, (gi(w(im, .. ,w(i)ﬁm)) = l~0(1 + P) + i k:](.i)lo(w(i),j)'
j=1
Then, for any o € C,
Z E(we )+ > dl owl ol (A.20)
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and

m
kiak{ ok tak e (01 (4),m
j=1 kj€6(¢>7jN
j=1,...,n
= E b(i) , , e(k1+ak§i))l0(w(i),1)._.e(km+04k'$riz))10(w(i),m)' (A.Ql)
kl—l—aky),...,km—i-ak%);a
kjEE(i)’jN
Jj=1,....m

are absolutely convergent, on the region R(R(U;); 6®) N (C*)™, to
b (910001, W) and e (500 2100.0)) | espectively,

Now, we consider the composition of f(z1,...,2,) and z; = gi(weya, .- Weym),
1 =1,...,n. First, we do the following formal calculus without taking any conver-

gence issues into consideration.

Flgn- )= D an g0 gi

Zceﬁc'(L‘i‘N)

c=1,...,n
- (1) )
(@) k1 oG
= Y I > v . W Wk
l1yeln ! kl_kéikg”7---7km+£ik'(rrzl)§£i (4),1 (i),m
LeCee (LHN) =1 kj€eqp) ;N
c=1,...,n J=1,..m
n . .
- Z (&) 14! .
= a/€17---7e77, Z H bkl,i/""7km7i/§ei/w(i/)71 e w(i/%m (A22)
becee (LN y L) =1
czele,..,(,n+ ) 'kJ,lEE(i),jNﬁ’Elk‘j ¢

i=1 ., j=1,.;m

Notice that by (A.10), for any i = 1,...,n, there exists j; € {1,...,m} such that



237

So, we know that for any constant k£ € 7Z, the set
{tica(L+N)| ke eosN+r )

is a finite set. The finiteness of these sets implies that (A.22) is summable as a formal
series on wgy j, ¢ = 1,...,n, 7 =1,...,m. In other words, there exists b, € C for any

k= (k;;) € Matyxn(Z), such that the formal series (A.22) is equal to

> e [ wits | (A.23)

By (A.10), we know that b, = 0if k;; << 0 for e;;); = —1, 0r k;; >> 0 for () ; = 1 for
some i,j. In other words, (W) 1, .-, Waymy-- s Wiy iy -« s Winym) = (0D, ..., 6™)
is a pole of (A.23). For sufficiently large positive integer N (actually N > —L is

enough), we do the same formal calculus for (J];_, 9N Flg1,- .., gn), and have

(H gzNel> ’ f(gla s 7gn> = Z a€1 ..... Kngfl—i_Nq T gf;n_'_Nen (A24)
=1

Le€ec-(L+N)
c=1,...,m

n

_ b(i') Ky 4 K it
= D an. > I SR S

fielec'(L‘f'N) kj,iee(i)vjN+(ei+N6i)k§i) =
c=1,...,n i=1,...,n, j=1,....m

= Z Ck H wfj)] : (A.25)

k=(k; ;) EMatumxn(Z) 1

=1
For those ¢ with ¢; = 0, there are only non-negative powers of g; in (A.24). For any
I € N, the lowest (for €;); = 1), or highest (for €y ; = —1) power of w; ; in the
expansion of g! is [ - kj(-i), which is zero or has the same sign as €;) ;. For those 7 with
§; = oo, and | € —N, we have similar result for g!. Therefore, we know that ¢; = 0

unless k;; € e);Nforalli=1,...,n,and j=1,...,m.
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Also, we know that

-1
Cr = (H |k]z||> : Z Qpy,.. 0"
iJ

le€ec-(L+N)

c=1,...,n

n
(") ky o it
ak w:z()l)JJ =0, Z bkl,i’7"'7km,i’;ei’+N€z"w(i/)fl o 'w(i'):m

i=1,...,n, j=1,....m. kj,iee(i),jN+(£i+N6i)k‘§-i) =1
i=1,...,n, j=1,....m

(A.26)

All the procedures to find b, and ¢, above are only formal calculus. Now we

consider the analytic perspective and absolute convergence of (A.23).

Theorem A.0.7. the series (A.23) is absolutely convergent to

f (91 (w(l),l e ,w(l),m), c. ,gn(w(n),l e ,w(n)m))

on the connected component K of the region

(gl(w(l)i, . ,w(1)7m), Ce ,gn(w(n)jl, e ,w(n)m)) € R(K, 5)}) (A27)

containing A’ (r") x -+ x A (") for sufficiently small . (Notice that K

Im,0,6(1) 1,,,0,6(™)

ezists and is non-empty.)

Proof. Since for sufficiently large positive integer N, the function

(H zf’) f(z1,. 0y 20)
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is analytic on R(K;J), we know that

G(w(l),l, N ,w(1)7m7 [N ,w(nm, Ce ,w(n),m) =
. Ne;
(H 9i(Weiy 1, - -+ Weiym) ) (g waym), - ga (Wt Wiy m))
i=1

(A.28)

is analytic on the region given by (91(w(1),1, W m)s e Gn(Wey s - ,w(n)ym)) €
R(K;6). Since, by (A.9), we have (g1(0)),...,g,(6™)) =8 € Ay, 06(r) C R(K;0),
we know that (6(), ..., ™) is contained in the above region, which means that (A.28)
is analytic near (6),... (). Therefore, we have the expansion of (A.28) at this

point, i.e. on K, (A.28) is equal to an absolutely convergent series

Z ¢, H wé’)zj , where ¢}, = 0 unless k;; € ¢ ;N for all 7, j.
k:(k]-,i)EMathn(Z) ;zﬁ ..... 'r;,n
(A.29)

First, we show that ¢} = ¢, for all k € Mat,,,x,(Z).

By lemma 1.1, we know that

-1
), = (H |k;j,z-|!> (0,G) (61, ... 6™,
i,J

OlFiil
where 0y = H — (A.30)
i=1,...n O <w6@’.j> a
j=1,...m ().

lcEE]‘-(L+N)
c=1,...,n

is uniformly absolutely convergent on any compact subset of R(K;d), which is because
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the p = 0 case holds. Therefore, the series

0
l1+Ney In+Ne
Z W (a'll,...,lngl ‘e g’n:n n)

le€ec-(L+N) (4).3
c=1,...,m

_% . i ( Li+Ne | | ln+N€n)
T Ow 96 el ®1 2y
(0. le€ee-(L+N) i

c=1,...,m

(A.31)

Z2i=gi

is uniformly absolutely convergent on any compact subset of the region given by
(gl(w(l)yl, WY m)s s I (W) 1y - ,w(n)ym)) € R(K;d). Therefore, for any i =

1,...,n,5=1,...,m, we have

oG 0 ( L +Nes bt New)
o €@,y awe(i),j Q.. 1,91 " On :
(4),4 le€ec-(L+N) (@).3
c=1,...,n

Similarly, for any k = (k;;) € Mat,,«,(Z) with k;; € €3 ;N, we have

. li+Ne In+N
G = > O (a0 N gtV

lc€ee-(L+N)
c=1,...,m

Therefore, we know that

-1
(H |/<:j7i|!) (0,G)(6W, ... 6™
2
-1
= kl ! 0k a ... lngiﬁNEl cee gl"+N€" (5(1), . 75(71)
s eeey n
i,J )

le€ee (L+N
c=1,...,n

—1
_ (Hmj,iu) S s, () (A3
,J ;

(1),3
lc€ec-(L+N) i=1,...,n, j=1,...,m.

c=1,....,n

Notice that on the non-empty region K, g8 (a € C) has an absolutely convergent

series expansion stated in corollary A.0.6, which is used to define by and ¢;. Therefore,
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we can see that the right-hand side of (A.32) is equal to the right-hand side of (A.26).
By (A.30), we know that ¢}, = ¢, for any k € Mat,,xn(Z).
By lemma A.0.5, we know that on K, (H:’L:l g;NG") can be written as an absolutely

convergent series using corollary A.0.6. Therefore, on K, we have

> b TT wis

k=(kj,;)€Matmxn(Z) i=1,...,n
j=1,....m
n . .
- (Zl) 1,4 m,i!
o Z H bkl,i/7"'7km77j/§_N€i/w(i,),1 tte w(i’)7m

kj’iEG(i)’jN—NQk’gi) i'=1
i=1,...,n, j=1,....m

kj,i
Z Ck W5

A.0.3 Regular singularity case

Suppose we have a multi-valued analytic function f(z1,..., z,) defined on (21, ..., 2,) €
M = Aj ,; with a preferred single valued branch f¢(z1,...,2,) on My such that
(z1,...,2,) = 0 is a regular singularity of f(z1,...,2,). Therefore, there exist

K,L € N, and o,..., 0k, k. kpiri, € C for any k; € D; = UL (o, + N),

in
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and i; € {0,...,L}, j=1,...,n, such that

L
Pzl = 3 Ghbiinz -2 log(z) 7 -+ log(z,)", (A.33)

kjEDj, 11 4eeyn, =0
]:17---7771

where sz = ehilo() log(z;) = lp(z;). The right-hand side of (A.33) is absolutely
convergent (and therefore single valued analytic) on the region (z1,...,2,) € M.

The right-hand side of (A.33) can be written as

K L
0‘t11+k71 ap, +k % %
E E § Qorgy +E1 e gn +Hhiniitsoonin 21 ez log(21)" - - log(zn)™

kj€e;N, qi,..,qn=111,...,in=0
Jj=1,...,n

K L ‘ .
= Z Z (foql .. -Z,O{q" log(zl)“ .. .1Og(zn)zn) . foqu,...,ocqn;ih-..,in (21, e zn)7

‘Ilr'an:l ilv-"vin:O

(A.34)
here f, i ) = Sk R
where QUgy 5oy Qg 38150, Zlye+-y2n) = aaql+k1,...,aqn+k‘n;7,17...,2n21 Zp -
kj€ce;N,
7j=1,..,n
Then, (z1,...,2,) = is a pole for each Sorgy voottgn i1 ymsin
Suppose we have functions ¢, ..., g, satisfying the same conditions in section
2. Using corollary A.0.6, we have formal series for gp(wwy1,. .., wWw)m)*%, and

log(gr (W), - - - Wkym)). Using theorem A.0.7 (series (A.25)), we have formal se-

ries for each faql,...,ocqn;h,...,in(Zla ..., 2n). Therefore, we have a formal series

> a1 a3

k’:(k;j’i)EMatmxn((C)

for f(g1,...,9n) using (A.34), where d;, € C.
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Theorem A.0.8. The formal series (A.35) is absolutely convergent to

K L i i
Z Z (eaqllpl (91) ce eaq"lp"(gn)lpl (gl)“ e lpn <gn)"")

Q1yens@n=1 i1 -yin=0

’ faqp"'vaqniilwn,in (917 < agn)

L
= 3 Y i @O0 Rl O] (g ) (gr)i, (A.36)

kj€Dj, i1,...,in=0
j=1,...,n

where p1,...,pn € Z are defined in corollary A.0.6, on the same region in theorem

A.0.7.
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